PROGEEDINGS

The 8th International School-Seminar

NONLINEAR ANALYSIS
AND

EXTREMAL PROBLEMS
(NLA-2024)

JUNE 24-28, 2024
IRKUTSK, RUSSIA




Matrosov Institute for System Dynamics and Control Theory of SB RAS
Sobolev Institute of Mathematics of SB RAS
Krasovskii Institute of Mathematics and Mechanics of UrB RAS
Irkutsk State University
Mathematical Center in Akademgorodok

Proceedings of the 8th International School-Seminar on
Nonlinear Analysis and Extremal Problems

(NLA-2024)
Irkutsk, Russia, June 2428, 2024

Irkutsk
ISDCT SB RAS
2024



UDC 517.9

Proceedings of the 8th International School-Seminar on Nonlinear Analysis and Extremal Problems
(NLA-2024). Irkutsk, Russia, June 24-28, 2024. Irkutsk : ISDCT SB RAS, 2024, 313 p.
ISBN 978-5-6041814-5-4

This volume contains proceedings of the 8th International School-Seminar on Nonlinear
Analysis and Extremal Problems (NLA-2024). The 8th International School-Seminar on
Nonlinear Analysis and Extremal Problems is a biennial scientific event that takes place
in Irkutsk, Russia. NLA-2024 aims at sharing recent advances in various areas of modern
nonlinear analysis and exposing young researchers to some fast-paced topics in the field. The
8th International School-Seminar is dedicated to the 300th anniversary of the Russian Academy
of Sciences and the 75th anniversary of science in Eastern Siberia. The school-seminar talks
present recent developments in various fields of nonlinear analysis, calculus of variations and
control theory, partial differential equations, optimization, dynamical systems, and numerical
methods.

This volume is intended for researchers specializing in the corresponding fields of mathe-
matics.

The 8th International School-Seminar is supported by the Mathematical Center in Akadem-
gorodok under the agreement No. 075-15-2022-282 with the Ministry of Science and Higher
Education of the Russian Federation.

Scientific Editor: Prof. A. A. Tolstonogov
Editors: E. Yu. Baturina, O. N. Samsonyuk

Computer layout by E. A. Cherkashin

© ISDCT SB RAS, 2024



Preface

This volume contains proceedings of the 8th International School-Seminar on Nonlinear
Analysis and Extremal Problems (NLA-2024). The 8th International School-Seminar on
Nonlinear Analysis and Extremal Problems is a biennial scientific event that takes place
in Irkutsk, Russia. NLA-2024 aims at sharing recent advances in various areas of modern
nonlinear analysis and exposing young researchers to some fast-paced topics in the field. The
8th International School-Seminar is dedicated to the 300th anniversary of the Russian Academy
of Sciences and the 75th anniversary of science in Eastern Siberia.
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The main topics of the school-seminar are

Nonlinear analysis and its applications
Calculus of variations and Control theory
Partial differential equations
Optimization

Dynamical systems

Numerical methods

The school-seminar featured seven lecture courses devoted to various aspects of theoretical
and applied nonlinear analysis and control theory:

a

a

a

“Nonlinear Kantorovich problems of the optimal transportation”
by Vladimir I. Bogachev (Lomonosov Moscow State University, Russia)

“Optimal control of traveling profiles and moving sets”
by Alberto Bressan (Pennsylvania State University, USA)

“Recent advances on the optimal control of Moreau’s sweeping process”

by Giovanni Colombo (University of Padova, Italy)

“On limiting optimization problems”

by Dmitrii V. Khlopin (Krasovskii Institute of Mathematics and Mechanics of UrB RAS,
Russia)

“Convezity of images of (non-)convex sets under nonlinear mappings”, “Harmonic analysis
and optimal control”
by Yuri S. Ledyaev (Western Michigan University, USA)

“Spectral theory and asymptotic behavior of solutions for differential-algebraic equations”
by Linh Vu Hoang (Vietnam National University, Vietnam)

“Recent advances on partial differential variational inequalities”, “A differential system
consisting of an evolution equation and a doubly nonlinear inclusion”
by Zhenhai Liu (Guangxi Minzu University, China)
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On the issue of optimal control of hybrid dynamic
systems

S. V. Akmanova

Nosov Magnitogorsk State Technical University, Magnitogosk, Russia
svet.akm_74@mail.ru

The paper considers the issues of constructing optimal and acceptable software
controls, respectively, for linear hybrid and nonlinear hybrid dynamic control
systems. The construction of an acceptable control of nonlinear hybrid systems is
associated with the solution of the corresponding linear optimal control problems.

Keywords: hybrid control system, optimal control, optimal movement, permissible
control, stabilizing control

K Bonpocy ontuMaibHOro ynpapJjieHusi THOPUAHBIMHA
AUHAMMYECKMMH CUCTEMaMH

C. B. AkmanoBa

OI'BOY BO «MI'TY nm. I'M.Hocosa», Marauroropck, Poccust
svet.akm 74@mail.ru

B pabore paccmarpuBaroTCst BOIIPOCH! MOCTPOEHUS ONTUMAIBHOIO U JJOITYCTUMOTIO IIPO-
IPaMMHBIX YTIpaBJICHUN COOTBETCTBEHHO JJIsl TMHEWHON ruOpUAHON U HEMMHEHHOU THOPHI-
HOM JMHAMUYECKUX cucTeM ynpasiieHus. [locTtpoenue 40nycTUMOro yrpaBieHus HeJTMHEH-
HBIMU THOPHIHBIMU CUCTEMaMH CBSI3aHO C PEIIEHHEM COOTBETCTBYIOIINX JIMHEHHBIX 3a/1a4
ONTUMAJILHOTO YIIPaBJICHUS.

KuiroueBble cioBa: ruOpuHas CUCTEMa YNPABIECHUS, ONTUMAIbHOE YIpaBJIEHUE, ONTH-
MaJIbHOE JIBMKEHHE, IOIyCTUMOE yIpaBlieHHe, CTA0MIIN3UPYIOIlee YIIPaBIeHUE

1. OcHoBHBIE pe3y/abTaThl

I'nOpuHbIe (HENpPEepbIBHO-IUCKPETHBIC) TUHAMUYECKHE CUCTEMBbI YIIPABIICHHUS CITy>KaT a/IeKBaTHbI-
MH MaTE€MaTHYECKUMHU MOJEIAMU MHOTHMX pealbHBbIX cHUcTeM yrpasiaeHusd [1]. IIpu u3ydeHun takux
CUCTEM OJIHUM U3 OCHOBHBIX SIBJISIETCS BOIIPOC O IIOCTPOCHUU ONTUMAJbHBIX YIIPABICHHUM.

B nacrosimeli pabote paccMaTpuBaeTcs IMHEWHAs THOpUIHAs AMHAMUYECKask CUCTEMA yIIPaBJICHUS

BHJIA

Y(tpy1) = Agx(tyy ) + Boy(ty,) + Cul(ty,), k=0,1,2, ...

C Ha4aJIbHBIMHU YCJIOBUAMHA

{ a'(t) = Ayx(t) + Byy(ty), t <t <tpy, (1)

z(ty) = 20, Y(ty) = Yo, (2)



ety —t, = h > 0—nocrosnnas senmuuna (k = 0,1,2,...),x € R",y € R — BeKTOpBI COCTOS-
HUH, XapaKTepu3yIOIie MOBEACHHE HEPEPBIBHOM U IUCKPETHOU yacTel cucteMsl (1) COOTBETCTBEHHO,
u € RY— BeKTOp yIpaBICHUS.

[pu BeiOparHOM ynipasinernn u = u(ty ),k = 0,1,2, ... cucrema (1) pyHKIHOHUPYET 11O CTAHIAPT-
HOM CXeMe, TIPH 3TOM, yIHThIBast (2), 0 pereHneM cucteMs (1), CrapTyrommmm 13 ToIKe 2, = (Z¢; Yo ),

OyzneM MoHUMaTh (PyHKIIHIO
2(t) = (x(t),y(t)), (3)

rae £(t) = ¢y (1), y(t) = y(ty) = ypmpu by, <t <tpy,k=0,1,2, ..,
npudem x(t) = . (t) - pemenne 3anaun Konm 2" = Ayx + By, () =z, k= 0,1,2, .5 y(t) -
KYCOYHO-TIOCTOsTHHAs (DyHKIMsI, MEHSIOIIAs CBOM 3HAYEHHUS B MOMEHTHI Bpemenn t = ¢, k =0, 1,2, ...

Bynem nonarars, uto cucrema (1) ynpasnsiema ipu h = hy > 0. CraBurcs 3a1a4a HOCTPOCHHS OII-
TUMabHOTO nporpammuoro yrpasnenus u' = u°(t,), k = 0,1,2,...,1 — 1 (I € N), nepeponsiero
cuctemy (1), ¢ yuerom (3), U3 3aIaHHOTO HAYAIBLHOTO cocTosHusA 2(ty) = 2(9) B 3aanHOE KOHEUHOE
cocrosnue z(t;) = 2V u munnmusupyromee gyuxiuonan I (u). ®ynxuuonan I (1) oTBeuaeT 3a Kade-
CTBO MIPOIIECCA YIpaBieHus (KOJIUYECTBO PACXOIYEMOM SHEPTHH) & UMEET BH]L

-1
I(u) =Y ™ (t)ulty), (4)
k=0

IJ€ O3HayaeT TPAaHCIIOHUPOBAHUE.
JU71st petieHns MoCTaBISHHO 3a1aul BBIIOIHIM AUCKPETH3aluio cucTeMsl (1) cmaromh = hy > 0
U TIEpENIEM K PaCCMOTPEHHIO PABHOCUIBHON JTMHEWHOW TUCKPETHON CUCTEMBI BUIA

Zk+1 :Aozk+Buk, k:O,1,27... 3 (5)

R A eAilo A7 (eMPMo — B, 5_ 0

Ty = 2(ty), Yp = Y(tg), up = ulty).

PaBHocubHOCTH crcteMm (1) u (5) moOHMMaeTCs B CIIEAYIOMIEM CMBICTIE:

—ecmu (z(t), y;,) — petenne cuctems (1), To (x4, y;,) — pewerne cucremsl (5), rae x;, = =(t);

—eciu (zy,, Y, ) — peuenue cucremsl (5), To (z(t), v, ) — petuenne cucremst (1), rue z(t) - penienne
sagaun Ko ©” = A,z + By, x(t,) = .

Torna mocraBneHHas 11 cucteMbl (1) 3aaua CBOAUTCS K 3aj1a4€ MOCTPOCHUS ONTHMAJIBHOTO MPO-
IPaMMHOTO yIPaBJICHHS ug, k=0,1,2,...,l — 1, nepeBonsmero cucremy (5) U3 COCTOSHHSA 2, = 20
B COCTOSIHUE 2; = 21 MIPH YCIIOBUW MUHUMH3AIMK (PyHKITMOHANA (4).

[TockonbKy KpUTEpU ONITUMAIBLHOCTH ABJSCTCS 001muM it cucteM (1) u (5), 1 TaHHBIE CUCTEMBbI
PaBHOCHIIbHBI, TO, OCHOBBIBAsICh Ha padoTy [2], MOXKHO J0Ka3aTh, YTO HCKOMOE ONTHUMAJILHOE YIIpaBie-
HUe 175 cucteMsl (1) nmeeT Bua

rac

WO(ty) = ST(K)F+(0)d(0, 2), k=0,1,2,...1—1, (6)

e S(k) = AL 1Bk =0,1,2,...,1—1;d(0, 2y) = 2, — Al2zy; F'*(0) — marpuna, nceBnoobparaas

K MaTpule
-1

F(0) = S(k)ST(k).
k=0
[TocTpoeHHOMY ONITUMANILHOUY YIIPABJICHUIO (6) COOTBETCTBYIOT ONITUMAIIBHOE JBHIKCHHE
20 =129 T (k=0,1,2,...,1) cucremsl (5) n onTHMaNBHOE BIKeHHE cucTeMbl (1) Buaa

2(t) = (2°(1),5° (1)),

2



e 2°(t) = ©0(1), y°(t) = ¥°(t) = yomput, <t <t,.., k=0,1,2,...1,
npuuem @) (t,) = 29, k=0,1,2, .., 1.
Hanee B pabote paccMaTpuBaeTcs HeTMHEWHas THOpUIHAS CUCTEMa YIIpaBJIeHUs BUAA

{ z'(t) = f(z(t),y(te)), t <t <tpuq, (7)
Y(tpr1) = 9(@(tyy), y(tg), ulty)), k= 0,1,2, ...,

C HAYaJIbHBIMK YCIOBHUAMHE (2), TIPU 5TOM KOMIIOHEHTBI X, ¥, U COOTBETCTBYIOT OIUCAHHUSIM TIPUBEIECH-
ubim st cucreme (1); f(x,y), g(x, y, u) — HenpepsiBHO AU epeHIEPYEMBIE TT0 COBOKYITHOCTH HEpe-
MEHHBIX (YHKIIHH.

Bynem nonarars, yto npu w = 0 cucrema (7) umeet Touky paBHoBecus r = 0, y = 0, T.e. BbIIOJI-
ustitorest coornomenus f(0,0) = g(0,0,0) = 0.

C yuerom pabor [3,2,4] crpourcs nomycrumoe ynpasienue u* = u*(ty,), k = 0,1,...,1 — 1, nepe-
Bozsmee cuctemy (7) u3 HadampHOro coctosums z(t,) = 2(°) B koneunoe cocrosmme 2(t;) = 2V u
pu 3ToM QyHKImoHan (4) ynosiersopsier yenosuio [ (u*) < +oc.

ITocTpoeHue JOMYCTUMOTO YIpaBJIeHUS! CUCTEMBI (7) OCHOBAHO Ha MOCTPOEHHH CTAOHIIU3HPYIO-
ILIETO YIIPABIEHHS JUIS 3TOM CHCTEMBI ¥ PEIIEHUH COOTBETCTBYIOLINX JIMHEWHBIX 3a/1a4 ONTHMAJIbHOTO
yIpaBIICHHUS.
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On stability of a linear difference equation with complex
coefficients

Ilya Aksenenko

Perm National Research Polytechnic University, Perm, Russia
ilyalb56@list.ru

The stability of a linear autonomous difference equation with two (generally
speaking, complex) coefficients and various delays is investigated. To construct an
exponential stability domain in the parameter space, the D-partition method is used
for the above-mentioned difference equation: geometric stability criteria are found
and exponential stability domains in the four-dimensional space of coefficients, as
well as their three-dimensional sections, are described.

Keywords: difference equations, stability, D-decomposition

00 ycTOMYMBOCTH JIMUHEHHOI0 PA3HOCTHOI'0 YPABHEHUA
¢ KOMILJIEKCHBIMH KO3(puueHTaMm™

H. A. AkceHeHko

[epmckuii HAMOHAIBHBIN HCCen0BaTeNbCKUI nonuTexuuyeckuii yuusepceutet (ITHUITY), ITepmsb, Poccust
ilyalbe@list.ru

Hccnenyercss yCTOMYMBOCTD JIMHEHHOTO aBTOHOMHOTO Pa3HOCTHOTO YPaBHEHHUS C JIBY-
MsI KOMIUTEKCHBIMH Kod(urmerTamu. C momomisto Mmerona D-pa3ouenuii onrcanbl o0iia-
CTH DKCIIOHEHIIUAILHOW ¥ PABHOMEPHOH YCTOMYMBOCTH B YETHIPEXMEPHOM JICHCTBHUTEIb-
HOM TPOCTPAHCTBE KOAPPHUIIMEHTOB U UX TPEXMEPHBIE CEUCHUSI.

KiroueBble cjioBa: JHHEWHOE Pa3HOCTHOE YpaBHEHHE, YCTOMYMBOCTH, D-pazOuenue, 00-
JIACTH YCTONYUBOCTH

Llesbto pabOTHI SBIISETCS UCCIICAOBaHUE YCTONYMBOCTH Pa3HOCTHOTO YPaBHEHHUS BUIa
z(n)+ax(n—1)+bx(n—k) =0, neN, (1)

JUIst Tipou3BONIbHBIX kK € N a, b € C.

OueBuIHO, 4TO B ciydae k = 1 ypaBHeHue (1) 9KCIIOHEHIMAIBHO YCTONYUBO, €CIIH M TOJIBKO €CITH
|a + b| < 1, u paBHOMEPHO YCTONYHBO, €Clii U TONBKO eciu |a + b| < 1. [ToaTOMy HUKE CUMTAEM, UTO
k>1.

* PaboTa BBIIIOTHEHA U HOIepskKke MUHKCTEpCTBa HAyKH 1 BBIcIIeTo oOpazoBanus Poccuiickoit ®enepanym, mpoexkt Ne FSNM-2023-
0005.



Cuauaina paccmotpuM ciaydaii a > 0, b € C. [Tonoxum b = av+13. IToBepxHOCcTh D-pa3zouenus [1]
MPOCTPAHCTBA MapaMeTpoB ypaBHeHUS (1) 3a1aeTcs mapaMeTpUIeCKUMH YPaBHEHUSIMHA

a=acos((k—1)p) — cos(ky),
B =asin((k —1)p) —sin(kp).

rae ¢ € [—m,m]. DTa MOBEpXHOCTH pa3bMBAET MPOCTPAHCTBO MAPAMETPOB Ha KOHEYHOE YHCIIO 00a-
CTeH, cpeli KOTOPBIX CIIEAYeT BHIOpaTh 00JIACTh YCTOWYHMBOCTH.

O603HaunM yepe3 C'), OTKPBITYI0 0011aCTh, IPAHHIIBI KOTOPOiT OMPEIeIISIOTCS H3MEHEHHEM IapaMeT-
poB a u ¢ B npezenax a € [0, k—ﬁl], @ € [—arccosty,arccos t], rue t, — HepBblii OIOKHUTENbHbII

KOPEHb YpaBHEHHUS
alUy,_o(t) = Up_4(1),

a U), — MHOTOuIeHBI YeObIéBa 2-ro posa.

Yepes [C},] 0603Ha4unm 3ampikanne odnactu C).

Teopema 1. [Tycmv a > 0 u b € C. Vpasnenue (1) sxcnonenyuanbHo ycmouuugo, eciu u moibKo
ecau mouka ¢ koopounamamu {Re b, Im b, a} npunaonesxcum obnacmu C,.

Teopema 2. [Iycmo a > 0 u b € C. Vpasnenue (1) pasnomeprno ycmoiiuugo, eciu u moavKo eciu
mouka ¢ koopounamamu {Re b, Im b, a} npunaonescum muoocecmay

1 k
—l’o’k—l}'

(ARE

Tenepb paccMOTpUM 06wl ciyyaii a, b € C. O603Haunm a = |ale™ . TloBepxHOCTh D-pasbueHus
3a1a€TCA HapaMeTpI/ILIeCKI/IMI/I ypaBHeHI/IHMI/I

a = |a|cos((k — 1)¢ + kw) — cos(ky + kw),
B =la|sin((k —1)p + kw) — sin(kp + kw).

[pu GUKCMPOBAHHOM MAPAMETPE W ITA TIOBEPXHOCTh pa3bUBAET IPOCTPAHCTBO MAPAMETPOB HA KOHEU-
Hoe uncio obnacreil. Hazosem (), , OTKPBITYIO 001aCTh, OTPaHUUCHHYIO TIOBEPXHOCTHIO D-pa3oueHus
TIPH TeX XKe M3MEHEHHUSIX apaMeTpoB a | ¢, 4To U B ciny4dae a > 0. Jlerko Buzmetsb, uto odmacts C,
nonyyaercs u3 C), IOBOPOTOM Ha yroi kw.

Teopema 3. [Tycmb a,b € C. Vpasnenue (1) skcnonenyuansHo ycmouuuso, ecu u moivko eciu
mouka ¢ koopounamamu {Re b, Im b, |a|} npunaonesxcum obnacmu C,,,.

Teopema 4. [Iycmo a, b € C. Vpagnenue (1) pagnomepro ycmoiuuugo, ecu u moiavko eciiu moykd
¢ koopounamamu {Re b, Im b, |a|} npunaonexcum mnoxcecmeay

coskw sinkw k

Cnucok ureparypsl
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Urysohn operator in subspaces of the space of essentially
bounded functions*
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The criterion for the action and the uniform continuity of the nonlinear integral
operator of Urysohn from the space of measurable functions with compact range
in the space of continuous functions have been obtained, when the functions take
values in Banach spaces. In this case, an expression was found for the modulus
of continuity of the operator in terms of the kernel of the Urysohn operator. The
result generalizes the well-known classical test for the continuity of an operator
from [1, p. 372], as well as the authors’ results on nonlinear integral functionals [2]
and linear integral operators [3].

Keywords: Banach space, uniformly continuous operator, Urysohn operator, mod-
ulus of continuity

1 Basic notations

Let €2 be a closed bounded set in R™ with the classical Lebesgue measure pu.

Let B, (U) (where r > 0) denote the closed ball centered at the origin with radius r of the
Banach space U.

We assume that X and Y are real separable Banach spaces, with the additional condition
that Y does not contain a copy of ¢, (Y 5 ¢y). The value of the functional g € Y* at the
point y € Y will be denoted as (y, g).

We denote by L (X) the Banach space consisting of measurable bounded functions
u: Q — X, with the norm |u| = sup |u(t)| x, and by LS (X) and C(X) the subspaces of the

Q

space L (X) consisting of measélfable functions with pre-compact range in and continuous
functions, respectively. We denote by L (X) and LS (X) the standard quotient spaces of
L (X) and LS (X), respectively, consisting of classes of p-equivalent functions, equipped
with the norm |[jul|,, = ess sup |[u(t)| x-

te

We assume that k : Q2 x X — Yis a function such that for any ¢ € €2, the function k(t, -, -)
satisfies satisfy the Carathéodory conditions: the function k(t,-,x) is measurable for each
x € X, and the function k(t, s, -) is continuous for almost every s € (2.

The main object of our study is the nonlinear integral operator of Urysohn K with kernel
k, defined by

(Ku)(t) = /k(t, s,u(s))ds, teq,
Q

* The research is supported by SIDA under the subprogram Capacity Building in Mathematics, Statistics and Its Applications, project
No. 1.4.2/UEM-Sweden 2017-2024.



where the integral is understood in the Pettis sense [2, p. 54].
Let’s define, for now formally, the quantity w,.(§) for arbitrary » > 0 and 6 > 0 as follow:

w,(0) = sup / sup |(k(t,s,xq) — k(t, s.245), g)| ds.
te€d; geB (Y*) Jq z1,@2€B (X)), |2, —25[ x <6

From the Carathéodory conditions it follows that the function under the integral sign is
measurable in s, which means that the quantity w,(d) is defined correctly, but we do not
assume a priori that it is finite.

2 The main results

Theorem 1. In order for the operator K to act from LS (X) to C(Y) and to be uniformly
continuous on each ball, it is necessary and sufficient that the following conditions be satisfied
(2), (b) and (c):

(a) There is u € LS (X) such that Ku € C(Y);

(b) For any measurable set A C Q and Vx,,x45 € X, we have

/[k(-,s,xl) — k(- 8,29)]ds € C(Y);
A

(¢) For allr >0, we have lim w,(§) = 0.
6—0

Moreover, if K acts from LS (X) to C(Y') and is uniformly continuous on each ball, then
for any r > 0 the modulus of continuity of the operator K on the ball B,.(LS (X)) is exactly
the function w,.(-).

Theorem 2. Let K be an operator that acts from C(X) to C(Y). Then the following
statements are true:

1) In order for K to be uniformly continuous, it is necessary and sufficient for the
condition (c) of the theorem 1 to hold;

2) If o operator K : C(X) — C(Y) is uniformly continuous on each ball, then K
acts from L (X) to L (Y) and is also uniformly continuous on each ball. Moreover, for
any r > 0, the modulus of continuity of each of the operators K : B;(C(X)) — C(Y) and
K : B(L (X)) — L (Y) is exactly the function w,(-).
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Reduction of computational complexity for solving the
non-guillotine placement problem on an exact model

Anastasiya Andrianova

Kazan Federal University, Kazan, Russia
Anastasiya.Andrianova@kpfu.ru

The paper proposes an approach to reducing the computational complexity of
solving the problem of non-guillotine placement of a set of parts on a half-strip
based on an exact model in the form of a high-dimensional partially Boolean linear
programming problem.

Keywords: non-guillotine placement of a set of rectangles, partial Boolean linear
programming problem, branch and bound method

YMeHbIIeHHEe BLIYUCIUTEIbHOM CJI0KHOCTH IIPpA PCIICHUMA 3a/1a4YU
HEIr'MJIbOTHHHOTO pasMEIICHUSA ¢ MIOMOIIbIO TOYHOM MOIIEJ'II/I*

A. A. AugpuanoBa

Kasanckuii (ITpuBomxkckuit) Genepanbublii yauBepeuret, Kasans, Poccus
Anastasiya.Andrianova@kpfu.ru

B pabote npeiaraercst moaxoJ K yMEHbIIEHUIO BBIYUCIUTEIBHON CIIOKHOCTH pelle-
HUS 337a41 HETMJILOTUHHOTO pa3MelleHs Habopa JeTanel Ha MOJIyoJIoce Ha OCHOBE TOU-
HOU MoJIeNn B BUJIE YaCTUYHO OyJIeBOH 3aJauyu JTMHEHMHOTO MPOrpaMMHUPOBAHUS OOJIBIION
pa3MEepHOCTH.

KiroueBblie cjioBa: HETWJIHLOTUHHOE pa3MelleHHe HaOopa MpsSMOYTOJbHUKOB, 33/a4a ya-
CTUYHO OyJIEBOTO JTMHEIHOTO MPOTrpaMMHUPOBaHUs, METOJ] BETBEH U I'paHUI]

3ajaua HETMIILOTUHHOTO Pa3MeIeHNs Habopa U3 1 MPSMOYTOJILHUKOB 3a/IJaHHBIX pa3MepoB (a; X b;,
¢ = 1...n) Ha momymnooce 3aJaHHOM MUPUHBI B penraeTcs Ha CETOMHSIIHNAN JICHb, B OCHOBHOM, 3BPH-
CTUYECKUMHU aJlropuT™MaMu. TeM He MeHee, CYIIeCTBYIOT MOJIENIN, KOTOPBIE MOTYT IIO3BOJIUTH OIYYHUTh
TOYHOE PELICHUE 337a41, OJHAKO, B OCHOBHOM OHU UMEIOT BUJ TpyJHOpPELIaeMbIX 3a1ad. Hanpumep, Ta-
Kasi MOJIeJIb B BUJIE 3a/1a4l YACTUYHO OYyJI€BOI0 IMHEHHOIO MPOrpaMMHUPOBaHUs OONIBILION pa3MEepHOCTH
Obuta mocTanneHa B [1]. Bux qanHo# Moaenu cremayronuii:

A —= min

* PaboTa BBINOTHEHA 3a cUET CpeAcTB [IporpaMMEl cTpaTerndeckoro akageMmuieckoro nuaepcrsa Kaszanckoro (IIpuBomkckoro) dene-
panbsHoro yuusepcurera («<[IPUOPUTET-2030»)



y; + (a; —b;)z; < B—b,i=1..n

s €{0,1}i=1..n—1,j=i4+1..n
t..e{01}i=1..n—1,j=i+1..n

31ech IEpEMEHHBIE X, ¥J; O3HAYaIOT KOOPAUHTAbI Pa3MeEILeHHs ¢-0T0 NPSIMOYTOJIbHUKA, 2; - IEPEMEPH-
Hasl, 03HaYaroLIasi BEPTUKAJIBHYIO HIIM FTOPU30HTAIIbHYO OpreHTaluio. Habop OylneBbIX IEPEMEHHBIX S, ;
¥ t;; IPEHA3HAYEHBI IS ONPEETICHHs] OTHOCUTEIBHOTO PACTIONOKEHHS KaKI0H Maphl JeTanei Apyr
OTHOCHUTEJILHO JIpyTa U HEHAJIOKEHUS UX IPYT Ha Jpyra - OAUH HAOOp ompenesnsieT OTHOIICHUE Mpe-
IIECTBOBAHUS, APYTOW OMPEEIISAET M0 TOPU30HTAIN UITH TI0 BEPTHKAIH HY>KHO Pa3IeIUTh MECTOIOJIO-
JKeHHs Hapel geTaneit. [lepemennas A ompenenseT HEM3BECTHYIO JIMHY MOTYTONOCH, HEOOXOIUMYIO
JUTS pa3MeIIeHAs Habopa MpsAMOyToMbHIKOB. KorcTanTsl A 1 B BRIGHPAIOTCS He MCHBIIMMI Pa3MepoB
JIMCTA, TOCTATOYHBIX JUIS Pa3MELIeHUsI BCero Habopa MpsiMOyTOJIbHUKOB.

Pemenne nanHON MOAETH MPEACTABIISET TOCTATOYHO OOJIBIINE BEIUNCIUTEIbHBIE CIIOKHOCTH. Tak,
g n = 10 B 3amaye Oynet npucytcTBoBath 20 00bMHBIX TepeMeHHBIX U 100 OyiieBbIX IepeMEeHHBIX.
Jnist pereHus 3a/1a4u MO>KHO BOCIIOJIB30BaThesl, HampuMmep, metofoM JIsua u JIoHT, KOTOpBIN SBISETCS
YHHBEPCAJIbHBIM aJITOPUTMOM Ha OCHOBE METOJ/Ia BETBEH M IpaHMIl. DKCIIEPUMEHTHI TIOKA3bIBAIOT, YTO
MPUEMJIEMOE BPEMsI PELLICHHS 33]1a4H [TOKA3bIBAIOT TOJBKO 3a/1auu pu 1 < 5 (CpeHee BpeMsl pelieHus
He npesbimaet 10 munyT). s 3aga4 ¢ n = 6 yxe BCTpeyaroTcs 3a7a4i, KOTOPhIE PEIajich 3a BpeMs
6onee 3 gacos. [loaTomy pemieHue 3a1a4 Ha OCHOBE TOYHOW MOJIEIH HE TIPECTABIISCTCS BO3MOXKHBIM
JUISL peajbHbIX 337124, BOSHUKAIOUINX, HAIIPUMEp, B TPOMBIIIJICHHOCTH.

[Ipennaraercss MHOTOSTAaHBIA IBPUCTUYECKUN MOJIXOJ] CBEICHUS 3aJauu pasMepHOCTH N > 6 K
cepuu 3amad pasMepa n < 5, KOTOPBIA TpeOyeT 3HaUUTEeIbHO MEHBIIUX BBIUMCICHUN, TEM HE MEHee,
MCTIOJIB3YeT TOYHYIO MOJIEITb JJIS PEeIIeHUsT HEOOIBIINX 3a/1ay.

Wnes momxona OCHOBBIBaeTCs Ha pa3OuMeHHH HAOOpa MPSIMOYTOJBHHKOB Ha MOIHAOOpHI pazmepa
n < 5. Ilycts BbIAENEH mogHA00p U3 5 NpAMOYroabHUKOB N = {iy, iy ... 15 }. JJIs KQXKIOr0 TAKOro
nogHabopa CTaBUTCS 3a7ja4a ONTUMHU3AIUH IJTMHBI TIOTYTIOJIOCH! KaK TOYHAs MOZEIh YaCTUIHO OyJIeBO-
TO JTUHEWHOTO MPOrPaMMHUPOBAHUS U PEIIACTCS ISl TIOTYYCHHS OITUMAIBHOTO Pa3MeIeHus Ha TOITy-
nosnoce mupuHsl B. Jns kaxaoro nogHabopa BbICUUTHIBAIOTCS. OTXOABI MaTrepuana Py NpUMEHEHUs
TaKOTO pa3MeEIIeHUs KaK pa3HUIa MEXKIY TUIOMIAIbIO JIHCTa, KOTOPBIH MMOy4YaeTcs: B pe3ylibTaTe pelie-
HUS 33J1a4U 1 CYMMAapHOH TUIOMIA/IN BCEX pa3MEIEHHBIX JeTaleH.

Jis momydeHust pemeHnsl NCXOHOU 3a/1a4i HeOOXOMMMO HAaWTH pa30MeHne MOHOTO Habopa mps-
MOYTOJIbHUKOB Ha TIOZIHA00PHI ¢ MUHUMAJIbHBIMU CYMMapHBIMU OTXO/IaMH. JTa 3a/1a4a TaKXKe SBISIETCS
BBIYUCITUTENBHO CI0KHOMU. Tem He MeHee, YToObI 30eXkKaTh MOTHOTo nepedopa pazoreHnit Habopa npsi-
MOYTOJILHUKOB Ha TIOIHA00PBI MOXKHO HCIIOIb30BaTh PA3IMUHbIC SBPUCTUYCCKHIE TPOLICAYPbI, BKIIOUast
AJTOPUTMBI JIOKAJIbHOTO TTOUCKA U TEHETHYECKUE allTOPUTMBI.

Emte Gomnpiero agdexra MOKHO JOOUTHCS, €CITU TIOAHA00p pa3MemaeTcss He Ha MOJyIoioce Ta-
KOTO JK€ pa3Mmepa, Kak B UCXOIHOW 3ajade, a Ha IMOJYNOJI0CEe MEHBIIETO pa3Mepa, HalpuMep, MOKHO



YCTaHaBJIUBATh IIUPUHY MOJIYTIOJIOCH] HEMHOI'O OOJIbIIEH MAaKCUMAIILHOTO Pa3Mepa AeTalll U3 I0AHA00-
pa. Takum oOpa3oM, KaK bl MOJHAOOP yMEIIaeTcs Ha JIUCT, pa3MepPbl KOTOPOTO OMPEEIISIOT «1eTalb-
KOHTeiHep». Onpenenus A BceX MOJHA00POB pa3Mephl «eTalei-KOHTEHHEPOB» MOXKHO MeperTH K
PELICHUIO 3aJ]aul pa3MELICHUsI «AeTaleii-KOHTEMHEPOB)» Ha IMOJIyNOJI0Ce, KOTOPYIO TAaKKE MOXKHO pe-
IaTh ¢ MOMOIIHI0 TOYHON MOJICIIH YACTHYHO OyJIeBOM 3a/1aud JTMHEHHOTO TporpaMMHupoBaHus. Takum
00pa3oM, NOTy4aeTcs uepapxudeckasi rpyninupoBKa HCXOIHBIX JETANCH B «A€TalU-KOHTEHHEPbD) U IPH-
MEHEHHE TOUHOM MOJENIU TOJIBKO B CIydae, KOrja KOJUYeCTBO JeTalell B 3a7aue He OyleT NpeBbIIaTh
5 mTyk.

Cnmcok Jureparypsl

[1] AngpuanoBa A.A., Myxrtaposa T.M., ®a3putoB B.P. Mogenu HeTHI50THHHOTO pa3MeIeHus Habopa
NPSIMOYTOJIBHBIX AeTajiel Ha Jucte u nomynonoce // Yuen. 3an. Kazan. yn-ta. Cep. ®usz.marem.
Hayku. 2013. T. 155, xu. 2. C. 5—18.
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Numerical solution of the optimal control problem
describing separation processes in a distillation column*

Alexander Arguchintsev, Daniil Kopylov

Irkutsk State University, Irkutsk, Russia
arguch@math.isu.ru

Optimal control methods are developed to solve optimization problem that
arises when modeling the rectification process in the column. The process is
described by a system of first-order hyperbolic equations. A specific peculiarity of
the model is in the boundary conditions of a special dynamic type. Comparison of
maximum principle methods, gradient methods and mathematical programming
methods for the discrete variant is carried out.

Keywords: distillation column, hyperbolic systems, dynamic boundary conditions,
optimal control

The mathematical model of separation processes of mixtures can be described by the
following first-order system of hyperbolic equations [1]:

ot 9s kV(y; —p(s,t)z;) + @,

a<Hyyi> + O(Vy,)
ot 0s

=kV(p(s,t)z; —y;) + @, ,
N N

v, =1, Y y;=1,i=1,..,N.
=1 =1

3

Here t is a time variable, ¢ € [ty,t1]; s is a spatial variable, s € [s(, s;]; z;(s,t) and y;(s,t) are
i-th component concentrations in liquid and steam phases; functions L(s, t), V (s, t) specify the
flows of liquid and steam in the column; functions Hy(s,t), H,(s,t) determine the retention
capacity of the column with respect to liquid and steam; ®,, (s,?),®, (s,?) are the densities
of input flows of i-th components of the initial mixture; constant k is a steam mass transfer
coefficient. Functions L(s,t), V (s, t), Hy(s,t), Hy(s,t), ®, (s,t), ®, (s,t) and constant k are
given.

The incoming mixture is subjected to evaporation and condensation procedures.

Initial conditions at ¢ = ¢, are given:

T;

x(s,tg) = 7o(8),  Y(s,tg) = Yo(s).

At the bottom of the column (s = s), the inlet liquid flow (L(s,t)) enters the evaporator.
Part of this stream evaporates and returns to the bottom of the column (V (s(,?)), and the

* The reported study was financially supported by the Russian Science Foundation, Project No 23-21-00296, https://rscf.ru/project/23-
21-00296.
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other part of liquid exits the system as the bottom liquid product (W (t)) of the bottom column.
Boundary conditions at s = s, are defined by the following material balance equations:

d(H, (50, 1)Y;(50, )
dt

= L(sg,t)z;(s0,1)

— V(s0,1)y;(80,t) — W(t)y;(s0, 1),
W = L(507t) - V<507 t) - W<t)7

z;(50:t0) = Ti0(80), Hy (S0, o) = Hypoy 1 =1,..., N.

x

At the top of the column (s = s;) part of the flow of liquid leaving the condenser returns
to the column as a reflux (L(s;,?)), and the other part exits the system as the finished product

(W(#)):

dHa: (817 t)xi(slu t)
dt

= Vs, t)yi(s1,1)
— (L(s1,t) + D(t))w;(s1, 1),
1D _ y(ay,) — (Lsy.t) + D)
zi(s1:t0) = wi0(s1), Hy(s1,t) = Hpgor 1=1,..., N.

Controls (flows D(t), W (t)) satisfy the additional constraints constraints defining the
balance of raw material and finished product flows in the column for the whole period of
operation.

The goal is to achieve the specified parameters 6,;, 60,, at a finite moment of time

t
N
J = Z/[Ku(%’(%at) —01,)% + Ka;(y;(s0, ) — 02;)*] dt — min..
=1y

Here K,;, K,, are the coefficients determining the value of the of the product.

A specific peculiarity of the model is in the boundary conditions of a special dynamic type.
At each of the boundaries, boundary conditions are determined from a system of ordinary
differential equations, which also includes unknown values of functions on another boundary.
Therefore, the initial-boundary value problem cannot be solved by solving the initial value
problems first for ordinary differential equations, and then by integrating the hyperbolic
system. A modification of the numerical method of characteristics is developed in [2] to solve
this initial-boundary value problem.

Several variants of methods of numerical solution of the considered optimal control problem
are realized. Comparison of maximum principle methods, gradient methods and mathematical
programming methods for the discrete variant is carried out.
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On the blow up the solution of the Cauchy problem for
a (3 + 1)—dimensional heat-electric model

M.V. Artemeval, M.O. Korpusov':?

1 Lomonosov Moscow State University, Moscow, Russia
artemeva.mv14@physics.msu.ru
2 Nikolskiy Mathemathical institute PFUR, Moscow, Russia
korpusov@gmail.com

A heat—electric (3 4+ 1)-dimensional model of semiconductor heating in an
electric field is considered. For the corresponding Cauchy problem, the existence of
a nonextendable classical solution is proved and a global time a priori estimate is
obtained.

Keywords: nonlinear Sobolev type equations, blow-up, local solvability, nonlinear
capacity, estimates of the blow up time

O paspyumienuu pemenus 3axadn Ko ognoii (3 + 1)—mepHoii
TEIJI0—3JIEKTPHYECKOH Moje ™

M. B. Aprempea’, M. O. Kopmycos!:?
1 MockoBcKHit rocyiapcTBeHHEIH yHHBEpcHTeT MM. M. B. JloMoHOCcOBa, Mocksa, Poccus
artemeva.mvl4@physics.msu.ru

2 Maremarudeckuit unetutyT uM. C.M. Huxonsckoro PYJIH, Mocksa, Poccus
korpusov@gmail.com

B pabote paccmarpuBaeTcst OjiHa Tero—asiekrpudeckas (3+ 1)—MepHast Mozelnb Harpe-
Ba TTOJIYIIPOBOIHHKA B AJIEKTpHYIECKOM 11oie. st cooTBeTcTBYOmIEH 3a1aun Komm nokasa-
HO CYIIECTBOBaHHUE HENPOJOJKAEMOTO BO BPEMEHH KIIACCHYECKOTO PEIICHHUS M MOTydYeHa
n1o0asibHas BO BPEMEHH allpUOpHasi OLICHKA.

KaoueBble ciioBa: HelMHEWHbIE ypaBHEHHUsI COOOJIEBCKOIO THIIA, pa3pylieHue, blow-up,
JIOKaJbHasl pa3peliuMOCTb, HETMHENHAs EMKOCTb, OLICHKM BPEMEHHU pa3 PyLUEHUs

B Hacrosiieit pabote paccMmarpuBaetcs cieyromast 3anada Ko st MonenbHoro (34 1)—meproro
ypaBHenus [1]:

O (Ayula,t) + |Dyule, 0)]7) + Ayu(a,t) =0, u(z,0) = ug(a), M

ot
3
82
A = —.
’ Zﬁwz
7=1 J

* Pabora Beinonuena npu noguepxke PH®, npoexr Ne 23-11-00056.
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JlaHHO€ ypaBHEHHE ONMUCHIBAET TEIIO—AIEKTPUUECKUI pa30rpeB MOITYyPOBOIHUKA.

[Ipu g > 3/2 n0Ka3bIBAETCs CYIIECTBOBAHKE HEMPOIOKAEMOTO PEIEHHUSL, YTO ¢ (PUHUECKOMN TOY-
KM 3pEHUS 03HaYaeT BOZHUKHOBEHUE DJICKTPUIECKOTO «IIP000si». J{Jsi MasIbIX HA4aJIbHBIX JAHHBIX JOKa-
3aHO CyIIECTBOBaHUE MT00AJIHLHOIO BO BpEMEHH peleHus 3aaa4u Ko u noydeHa oleHka yobIBaHUS
10 BpEMEHH.

Pabora BeInonHeHa npu puUHAHCOBOM noaaepxkke Poccuiickoro HayuyHoro ¢onaa, mpoekt Ne23-11-
00056.

Cnucok aureparypsbl
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yeckoit Mmoaenu // TM®. 2024. T. 219, Ne 2. C. 249-262.

Transmissionless propagation of the kink soliton for the
nonlinear klein-gordon equation on branched structures

Quvonchbek Asadov!, Karimjon Sabirov??3
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In this paper we consider the nonlinear Klein-Gordon equation on the metric
star graph with three semi-infinite bonds. At the branched point we put two types of
vertex boundary conditions: the weight continuity and the condition for derivatives
of wave functions as the generalized Kirchhoff rule. We solve this equation satisfying
vertex boundary conditions. We also show reflectionsless propagations of the kink
soliton solution.

Keywords: nonlinear Klein-Gordon equation, vertex boundary conditions, general-
ized Kirchhoff rule, reflectionsless transmission, kink soliton, metric graphs

1 Introduction and formulation of the problem

In this work we focus on one of the exact solutions and transmission of the kink soliton of the
nonlinear Klein-Gordon equation [1] through the vertices of the networks [2] - [9].

We consider a star graph shown Fig.1 with three bonds e, for which a coordinate z; is
assigned. Choosing the origin of coordinates at the vertex, 0, for bond e; we put z; € (—o0, 0]
and for e, 3 we fix ¥, 5 € [0, 4+00). In what follows, we use the shorthand notation g;(z) for
qj(:z; j) where 2 is the coordinate on the bond j to which the component g, refers. Klein-Gordon
equation on the each bond e; of the star graph is written as

atthj - a:%mQj —q;+ ij? = 0. (1
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Figure 1. The metric star graph

Now we define the vertex boundary conditions at the branched point of the star graph,
therefore we derive these boundary conditions from conservation laws. One of the conservation
laws is energy defined as

E =
j

3
E,, @)
=1

where

1 1 1 b;
Bi= [ |50+ 5007 - 5 + o | do @

From E = 0 we can get the following nonlinear boundary condition as

0,010401 | s=0 = 0,420,02|1—0 + 0,430,43| ,—0- )

We need two types of boundary conditions to find a solution of (1) and to fulfil the nonlinear
vertex boundary condition (4). Therefore the first type of vertex boundary conditions is the
following weight continuity

Q11 |pm0 = Qalalm0 = @3G3]4—0> ®)

the second type of vertex boundary conditions is given derivatives of wave functions at the
branched point as Kirchhoff rule

1 1 1
04_1 a:q1|x:0 - a_anq2|x=0 + a_saxq3|x=0' (6)

2 The Kkink soliton solution of Klain-Gordon equation on the star graph with
three edges

The kink (antikink) soliton solution of Klein-Gordon equation (1) on the each bond e; of the
metric star graph is the following

q;(w,t) = :Fitanh (L_Ut)) , (7)

where [ is the initial center of mass of soliton (the kink and antikink soliton solutions are with
the signs — and +, respectively). Fulfilling the vertex boundary conditions (5)-(6) we can get
the following constrains
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From Eq.s(8) and (9) we obtain the following sum rule for nonlinearities

I 1 n 1
by - b, bg'
Using the kink (antikink) soliton solution of Klein-Gordon equation (1) with the sum rule
for the nonlinearities (10) we can also show that the momentum is conserved.

(10)

3 Conclusion

In this work we studied the nonlinear Klein-Gordon equation on the simplest metric graphs as
the star graph with three semi-infinite bonds. From the weight continuity and the condition for
derivatives of the wave function as Kirchhoff rule we obtained nonlinear boundary conditions
at the vertex (branched point) derived from the energy conservation law. We obtained the
soliton solution on the metric star graph and the constrain as inverses of nonlinearities for the
reflectionless transmission. We can also extend obtained results to other topologies such as
tree and loop graphs.
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Integration of the two-body problem equations using
polynomial total systems of PDEs

Levon K. Babadzanjanz, Irina Yu. Pototskaya, Yulia Yu. Pupysheva

St. Petersburg State University, St. Petersburg, Russia
j_poupycheva@mail.ru

In this paper an original algorithm for solving the two-body problem using
the Taylor method is presented. This method often has an advantage over other
numerical integration methods in the accuracy of calculations. But the difficulty
of its application lies in the need to repeatedly calculate the coefficients of Taylor
series. Such calculations can make the method software implementation more
cumbersome and slow. But when the integrated system has polynomial right-hand
sides, the Taylor coefficients are calculated using a simple recurrent formula, and
this numerical method becomes preferable for solving complex problems. One of
such tasks is the two-body problem. This is one of the most famous problems of
classical mechanics. It consists in determining the motion of two material points
interacting only with each other. Examples of this problem are the mutual motion
of a planet and a satellite, a planet and a star, or an electron orbiting an atomic
nucleus. The mathematical model of the two-body problem can be represented as
a complete polynomial system of twenty-three partial differential equations. The
solution of this system can be obtained by the Taylor series method. But, until
recently, there was no literature describing an algorithm for such solving. Only in
2021, an article by the authors “Estimates for Taylor series method to polynomial
total systems of PDEs” was published in the Bulletin of St. Petersburg State
University, which provides the necessary mathematical tools for this. In this paper
the polynomial total system of partial differential equations constructed for the
two-body problem is described. The algorithm for its numerical integration using
the Taylor series method is presented. Recurrent formulas for Taylor coefficients
obtained for the problem being solved are provided.

Keywords: two-body problem, Taylor Series Method, total polynomial PDE system,
numerical PDE system integration

NuTerpupoBanue ypaBHEHMH 321244 JABYX TeJ ¢ IOMOLIBIO MOJTHOM
MOJIUHOMHUAJIBLHOM cucTeMbl YpUIl

JI. K. babamxkansann, U. 0. [Toronkas, O. 1O. [Tynsimesa

Cankr-IletepOyprekuii rocynaperBersslii ynusepeuteT (CIIOIY), Cankr-IletepOypr, Poceus
j_poupycheva@mail.ru

B Hacrosmeit pabote mpeacTaBlieH OPUTHHAIBHBIA aJITOPUTM PEIICHHS 3a/1a9d JBYX
TEeJI C IOMOIIBI0 MeToa psiAoB Teinopa.
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KiroueBsble ciioBa: Metof psiioB Teinopa, 3a1aya IBYX Tel, HOJIHAs MOJIMHOMUAJIbHAS CU-
crema YpUll, koapdunments: Teitnopa

1. OcHoOBHBIE pe3yJIbTaThI

Merton psanoB Teisiopa 4acTo UMEET MIPEUMYILECTBO MEPeT IPYTUMH YUCIEHHBIMUA METOIaMU UHTE-
I'PUPOBAHUS B TOUHOCTH BbIUMCICHUNA. HO CII0)KHOCTB €ro MpUMEeHEeHHUs 3aKJIF04aeTCsl B HEOOX0IUMOCTHI
MHOTOKpPATHOTO BhIUUCIICHUS K03 uinenToB psaoB. B obmiem ciayyae 3T0 MOXKET cenaTh MporpaMMm-
HYIO pean3aluio Metosa 6osee rpomMo3ikoil u memieHHoi. Ho B ciydae, korna uHTerpupyemas cucre-
Ma UMeeT MOJIMHOMHUAIbHBIC TPaBble 4acTH, Kod(duumentsr Teitnopa BEIYUCISAIOTCS 110 IPOCTOH peKyp-
peHTHOI (opmyre, M 3TOT YUCICHHBIA METOJI CTAHOBUTCS MPEINOYTUTENIbHEE IS PEIICHHSI CIIOXKHBIX
3anad. OIHOM M3 TaKKX 3a/1a4 ABJseTcs 3a1a4a AByX Teu [4], [5]. DTo oaHa U3 caMbIX U3BECTHBIX 3a/1a4
KJIaCCUYECKOM MEXaHUKH, KOTOpast 3aKJIF0YaeTcs B TOM, 4YTOOBI OIIPEAETIUTD IBUKEHUE ABYX MaTepHallb-
HBIX TOYEK, B3aUMOJICHCTBYIOIUX TOJIBKO IpYT ¢ Apyrom. [Ipumepamu Takoi 3a1a4u CiryKaT B3aUMHOE
JBYKECHHE IIJIAHETHI U CITyTHHKA, IUIAHETHI U 3B€3/Ibl WM IEKTPOH, BPALIAIOIINUNCA BOKPYT aTOMHOTO
sanpa. Maremarnyeckas MOZEIb 3a/1aud JIBYX T€J MOXET ObITh IIPEACTaBIE€HA B BUJE MOJHOW MOJIMHO-
MUAJIbHON CHCTEMBI U3 JIBAAIATH TPEX YPaBHEHHUM B 4aCTHBIX MPOU3BOAHBIX [3], [2]. Pemenue Takoii
CHCTEMBbI MOXKET OBbITh MoJIyueHo MeToioM psanoB Teitnopa. Ho, 10 HenaBHero BpeMeHHu, JIUTEparTypshl,
OIMCBHIBAIOIIEN TAKOW aJITOPUTM IS MOOOHBIX cucTeM, He Obi10. Tombko B 2021 rony B «BectHuke
CIIoI'Y» Oputa omyOnukoBaHa cTatbs aBTopoB «Estimates for Taylor series method to polynomial total
systems of PDEs» [1], naromass HeoOXoauMBbIe IS TOTO MaTeMaTndecKue MHCTPYMEHTHI. B mpencras-
JICHHOM pab0Te OMUCHIBACTCS MOJIHAS CUCTEMA MOJTMHOMHUAIBHBIX YPAaBHEHHI B YACTHBIX IIPOU3BO/IHBIX,
MOCTPOEHHAs 171 33/1a4U JBYX TeJl, U3J1araeTcs ajJropuT™ €€ YUCIEHHOTO HHTErPUPOBaHUS METO/IOM psi-
noB Teiinopa, npuBoOAATCS peKyppeHTHbIe GpopMyibl 1 ko3 durmentos Teitnopa, moyueHHble A
pelraemMon 3a1a4u.
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Existence and uniqueness of solutions to polyharmonic
equations in weighted Sobolev spaces
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The existence and uniqueness of solutions of an equation
A™u = f(z), z € R™, (1)

are considered in the class of weighted Sobolev spaces WI?,";(R”).

Keywords: polyharmonic operator, weighted Sobolev spaces

The main results

DEFINITION. A function u(z) belongs to weighted Sobolev space W2 (R™) if there exist
generalized derivatives D%u(z), || < 2m of u(z) in R™, and

(1 + |z|)~@m=18) DSu(x), L,(R™)|| < co.
The norm in the space W27 (R™) is defined as
u(z), ), W2 (R™) )| = Z (1 + ) o(@m=16) DBy(x), Lp([Rn)H‘
0<|BI<2m

The following results are established.

Theorem 1. If o > 57—, j < 2m — l,Qmp+~7<a<1 or o >1, a>ﬁ,
the solution is defined up to a polynomial P, ( ) of degree not greater than j.

Theorem 2. Ifn > 2m, o = ﬁ, then V f(z) € L,(R"), supp f is compact, 3 u(z) €

W2 (R"™) — a solution of the equation (1), and the estimate takes place:

then

Jute), W8] < (o), L, R,
where ¢ = c(supp f).
Theorem 3. Ifn > 2m — (N +1), 0 €[0,1—575], N >0 — a natural number, such
that 1 — 27;‘1), NH <o<1-— mp, — 2— then the cond1t1ons

/ 2P f(x)dx = 0vp: |8 <N,

[Rn
are necessary and sufficient for the existence of solutions u(x) € Wg’@(ﬂ?") of the equation (1)
vV f(z) € Lp([R“), supp f is compact; if the conditions are fulfilled, then there exist a unique
solution of the equation (1) and the estimate takes p]ace'

lu(z), WRlG (R < ef|f(w), L, (R™)],

where ¢ = ¢ (supp f).

The research method is based on using the fundamental solution of the quasielliptic operator
L(D,), which was derived from the construction of approximate solutions of the equation
(1) based on the method of integral representation of functions f(x) € L,(R") suggested by
S.V. Uspenskii [1].

Similar questions for quasielliptic operators have been considered in the works [2]—[5].
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On the positivity of the cauchy function and the
fundamental solution of a linear autonomous differential
equation of neutral type

Anton Balandin

Perm National Research Polytechnic University, Perm, Russia
balandin-anton@yandex.ru

A linear autonomous differential equation of neutral type is considered. The
positivity of the fundamental solution and the Cauchy function of this equation is
investigated, and two-sided exponential estimates for these functions are established.

Keywords: functional differential equation, neutral type equation, exponential
stability, fundamental solution, Cauchy function

O nojsoxuTebHOCcTH PpyHKUMU Koy n pyHaamMeHTaIbHOTO
pelieHus1 TMHEHHOr0 aBTOHOMHOI0 Ju(depeHunaabLHOro
ypaBHEHHSI HEHTPAJIBLHOTO THIIA®

A. C. bamanaaua

INepmckuii HalMOHANBHBIN HCCIe0BaTeNbCKUI NonuTexHndeckuid yausepcuret (ITHUITY), [epms, Poccus
balandin-anton@yandex.ru

B pabote paccmarpuBaeTcsi TUHEHHOE aBTOHOMHOE AH(EpeHIINATbHOE YpaBHEHHE
HeWTpanapHOro THNA. Mceenyercs monoKuTeIbHOCTh (YHIaMEHTAILHOTO PELICHHS U (PyHK-
nuu Ko 1anHOTO ypaBHEHUS, a TAK)KE YCTaHABIMBAIOTCS IByCTOPOHHHUE SKCIIOHEHITHATb-
HBIE OIICHKW Ha YKa3aHHbIC ()YHKIUH.

* PaboTa BBIIIOTHEHA U HOIepskKke MUHKCTEpCTBa HAyKH 1 BBIcIIeTo oOpazoBanus Poccuiickoit ®enepanym, mpoexkt Ne FSNM-2023-
0003.
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KuaroueBble ciioBa: QyHKIHMOHAIEHO-IH(QepeHIInanIbHOE ypaBHEHNE, YPaBHEHUE HEHTpaIb-
HOTO THUIIa, SKCIIOHEHIIMAJIbHAs YCTOWYMBOCTD, (DyHIaMeHTaNnbHOE peuieHue, GyHkius Ko-
A

PaccMOTpUM JIMHEHHOE aBTOHOMHOE (p(epeHINaIbHOE YPABHEHUE HENTPAIBLHOTO THIIA
(t) —ai(t —h) —bx(t) — cx(t — h) = f(t), t>0,
z(§) = @(§), #(§) =v(§), &€[-h,0),

mea € R, 0€R, c€R_,h >0, pynxius f 1okansHO cymMMupyeMa.

VYpaBHenwue (1) BO3HUKACT B pa3IMYHBIX MPUKIAIHBIX 33/ja4aX: IHHAMHKA TIOMYJISIUU KIETOK, JIBU-
’KEHHUE TUIOCKUX YIPYTHUX IUIAT ¢ YYETOM TPEHHS, HUCCIIE0BaHKE J1e(EKTOB C MOMOIIBIO YIBTPa3ByKa.
C apyroii ctoponsl, ypaBHeHHe (1) oO6magaet 60IbIUM pa3HOOOpa3ueM aCHMITOTHIECKIX CBOMCTB pe-
[ICHHUH ¥ TOTOMY HHTEPECHO TaKKe C TEOPETUUECKOM TOUKU 3PEHHS.

Yepes I 0603HaYMM TOXKIECTBEHHBIH Omeparop, yepes S) — omneparop CIBHIa, ACHCTBYIOIIHI B
MPOCTPAHCTBE HEMPEPHIBHBIX (KYCOYHO-HENPEPBIBHBIX, CYMMHPYEMbIX ) (DYHKITUH 1O MTPABUITY:

(M

y(t—h), uput> h,
0, npu t < h.

(Spy)(t) = {

VYpasuenue (1) MOXKHO TiepenicaTh B BUIE
&(t) — a(S,)(t) = ba(t) + c(Spx)(t) +o(t), teR,, )

IJe POJIb BHEIIHEro Bo3MyieHus urpaet dynkuus o: R, — R, cymmupyemas Ha [—1, 0] u onpenens-
eMasi 10 TIPaBuILy:
a)(t) + cp(t), mput € [—1,0),
o(t) = 0, uput ¢ [—1,0).

[Ton pewernuem ypaBuenus (2) OyneM moHUMAaTh aOCOIIOTHO HETIPEPHIBHYIO HAa KAKJIOM KOHEYHOM
orpeske Qpynkmuio r: R, — R, ynosnersopsontyio (2) mouru Bcrogy Ha R, .

Kax uzBectno (cM. [1, c. 84, reopema 1.1], [2]), ypaBHeHue (2) ¢ 3aJaHHBIMU HauyaJIbLHBIMHU YCIIOBU-
smu £(0) € R 0qHO3HAYHO pa3pelInMo U €ro PEIieHHE MPEACTABUMO B BUIIE

x(t) = X(¢)x(0) + / Y (t—s)o(s)ds,

rme X: R, — R wnasbiBaercsa ghynoamenmanvuvim pewtenuem, a Y: R, — R — ¢ynxyueii Kowu
ypaBuenust (2). Ha orpunarensroit momyocu X, Y goonpenenum HyaéM.

@Oyuknus X onpeessieTcs Kak pelieHrne OHOPOIHOTO YpaBHEeHUs Br/a (2), TOTIOIHEHHOTO Hayallb-
ubiM ycnosueM (0) = 1.

Teopema 1 [2]. X(t) = (I —aS,)Y (t).

Onpenenum

—y(1 —ae?) — b — ce?

1—ae”

gx(v) = , gy(v) =—y(1—ae’) —b—ce’, yER

Teopema 2. Eciu ¢ < 0, a 011 Xxapakmepucmuueckol QyHKyuu npu HeKomopom 6eulecmeeHiom
¢ > 0 svinonnenvt ycnosus gx () = 0, g (¢) < 0, mo ¢pynoamenmanvroe pewenue ypasnenus (2)
umeem 08yCmopoOHHIOI OYEHKY

1
gx(Q)

e St < X(t) < — t>0, 3)



U, Kpome moeo, tliglo X(t)et = —1/g%(0).

IToka3saresb SKCIOHEHTH! U noctosiHble 1 1 —1/¢' (—() B (3) TouHbIE.

Teopema 3. Eciu ¢ < 0, a 0151 xapakmepucmuueckoui QyHKyuu npu HeKOmopom ey eCmeeHnom
¢ > 0 swinonnenvr ycnosus gy(C) = 0, gy(¢) < 0, mo ¢ynuxyus Kowwu ypasnenus (2) umeem
08YCMOPOHHION OYEHKY
1 ot

—(t _
cr YO < —rEe

t>0, 4)

u, kpome mozo, lim Y (t)et = —1/g4(().
t—o0

IToka3saresb SKCIOHEHTHI U noctosiabie 1 1 —1/gy(—() B (4) TouHBIC.
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Solvability of a problem with the integral gluing
condition for a loaded integro-differential equation

Umida Baltaeva', Yulduz Babajanova?, Boburjon Khasanov?

1 Khorezm Mamun Academy,
Khorezm, Uzbekistan
umida_baltayeva@mail.ru
2 Khorezm Mamun Academy,
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yulduzb90@gmail . com
3 Khorezm Mamun Academy,
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Keywords: Mixed type equation, parabolic-hyperbolic type, integral condition,
Riemann-Liouville fractional integral operator

Let D be a domain bounded by segments y =0, x =1, y = 1 and x = —1. We introduce
the following notations

D, =Dn{x >0}, Dy=DnNn{x <0}, I ={(z,y):x2=0,0<y <1}
We consider the following linear loaded [1],[2] integro-differential equation

1 — sgny 14 sgny

U, + Mu =0, in Dy, (1)

n

n
where Mu = > a,(z, y)DSZu(O, y) in Dy and Mu = ) b,(x, y)Dgéu(O, y) in D, respectively,
i=1 i=1

Dgy Riemann-Liouville fractional integral operator of order v (y = «;, 5;). We assume that
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the functions a,;(z,y)and b;(x,y)(i = 1,n) have a Holder continuous derivative on the closure
of domain D.

Consider the following mixed problem with integral gluing conditions for a loaded integro-
differential equation (1).

Problem 1. Find a function u(x,y) satisfying the conditions:

1) u(z,y) € C(D,)NCHD, UI);

2) u(x,y) is a regular solution of (1) in the domains Dy (k = 1,2);

3) the following gluing conditions

T1(y) = uY)72(y) + o (y),

i @)
v (y) = /v(y, e (n)dn + 6(y)ve(y) + E(y) o (y) + 0(y),
0

are satisfied on L 71 <y> = U(-I-O,y), 4 (y) = um(+07y)a TQ(y) = U’(_Oa y)? V2<y) = u;v(_ov y)a
4) satisfies boundary conditions:

uw(=Ly) =¢1(y), u.(l,y) =wy(y), 0<y<1, 3)
U(.ﬁC,O) = ¢1<1’), uy(x,O) = 07 —1 S T S 07 (4)
’U,(ilj,O) :¢2(i’3)> 0<z< 17 (5)

where 1 (y), 02 (y), ¥1(2), Yo (), W), o(y), 6(y), v,(y:n), &(y),0(y) are given functions,
u(y) # 0, v*(y,n) + 0%(y) # 0, moreover,

©1(0) = 1 (=1), p2(0) = 15(1), 1¥5(0) = u(0)¥1(0) + o(0).

Theorem 1. If¢{(z), 1 (y), ¥5(x), 2(y), c1 (@, y), k' (y), o’ (), " (y), v, (v, 1), §'(y), 0" (y)
are Holder continuous and

5(0)¢1(0) 4 £(0)41(0) +6(0) — ¢5(0) = 0, if 4(y)

£(0)91(0) + 6(0) —45(0) =0, o’(0) + p'(0)¥1(0) =0, if 6(y)
©1(0) =1 (=1),  5(0)

Y

0
0, (6)
0

I~

Y

then there exists a unique solution to problem 1.
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One problem of achieving an incompletely known
target set

Alexandr Barinov

Chelyabinsk State University, Chelyabinsk,Russia
barinovalexmih@mail.ru

We consider the problem of passing a maze with exits unknown in advance,
namely, in the maze there are 2 exits, one of which is real and the other false. Which
of the outputs is real at the initial moment of time is unknown. Subsequently, at
each step, with probability p, the position of the real exit is revealed, so the goal
of the decision maker is to move along a trajectory from which he can get to any
exit as long as possible.

Keywords: optimal control, finding a path in a maze, Lee algorithm

Opana 3agaya JOCTHKEHHS He NMOJHOCThIO U3BECTHOIO
HEJE€BOIo MHOKECTBA

A. M. bapunos

UYensObunckuii rocyaapcteennsiid yausepeureT (PI'BOY BO «Uenl V), Uensounck, Poccus
barinovalexmih@mail.ru

PaccmarpuBaeTcs 3aa4a 0 IpOXOXKACHUY JIAOMPUHTA C HEM3BECTHBIMU 3apPAHEE BBIXO-
JlaMH, @ UMEHHO B JJaOUPHUHTE UMEETCs 2 BBIXOJIA, OIUH U3 KOTOPBIX HACTOSIINMN, a IpYroi
noxHbIi. Kakoll U3 BBIXOJAOB HACTOSIIMI B HayaJlbHBII MOMEHT BPEMEHU HEU3BECTHO. B
JaJdbHEHIIeM, Ha KaKJIOM IIary ¢ BEPOSTHOCTHIO P OTKPBIBAETCS MOJIOKEHUE HACTOSIIETO
BBIXOJ1a, T03TOMY 1enb JITTP — nBukeHne Mo TpaeKTOpuu, U3 KOTOPOH OH KaK MOXKHO JTOJb-
II1€ MOXKET TONacTh B JIFOOOW BBIXOI.

KuaroueBble ciioBa: onTHMaibHOE YIpPABICHUE, TOUCK MYTH B JaOUpUHTE, anroput™ JIn

3a1aun HAXOXKCHHS aJITOPUTMOB BBIOOPA My TH B YCIOBHSX HEOIPEIEIICHHOCTH HCCIIEI0BAIHNCH BO
MHOTHX pabomax, Hanpumep [1,2]. B noknane paccmarpuBaeTcs clieyromas 3aaaqa.

[TycTh MO3MILMSA & 33/1a€TCsI BEKTOP-CTONONOM & = (24, %5) , tne ¢, € {1,2,...,n},
xy € {1,2, ..., m}, WTPHX O3HAYACT OIEPALMIO TPAHCTIOHUPOBAHHSL.

MHOXeCTBO BCEX MO3MIIUI 3a7a4u 0003HAYUM

X ={z = (z,29)||T1, 25 € N,zy <2y <Y,

a MHOXKECTBO JIonycTUMBIX Tio3ummii P C X.
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PaccMarpuBaetcst 3aj1aua ¢ AMCKpeTHBIM BpemeneMm ¢, tae ¢ € {0, 1,2, ..., T'}. Tlonoxenue cucre-
Mbl B MOMeHT Bpemenu &t + 1 (¢t € 0, ..., T — 1) 3anaercs cucTeMoil pa3HOCTHBIX YpaBHEHHI

oy (t+1) =2y (t) +uy (1),

To(t+ 1) = xo(t) + uy(t), M)

e ynpasneHue u(t) B MOMEHT BPEMEHH ¢ UMeeT BH/I

u(t) = (u (1), us(1))",  uy(t) € {=1,0,1} (i =1,2). )

Cucrema (1), (2) onucbiBaeT nepeMeIIeHne TOUKH, pacoI0KEHHOHN B KJIETKe MPSMOYTOJIbHON ceT-
KU B OJJHY M3 BOCBMHU COCEJIHUX KIIETOK, JTMOO OTCYTCTBUE IepeMelleHus. Takas cucrema, ¢ yueToM
MHOYECTBA JIOMYCTUMBIX IMO3ULINN, MOXKET TPAKTOBAThCA KaK JIBUKEHHE TOYKH TI0 JTAOUPHUHTY.

3a1aH0 Ha4yaJIbHOE MOJIOKEHNUE CHUCTEMbI

2(0) = (21(0),25(0))" = 2 = (af,23)". ©)

[Ipennonaraercs, 4To CHCTEMa B MOMEHT BpeMeHH ' TOJKHA TTOTACTh B [ENEBYIO TTO3UIIHIO (BBIXO[
13 JJaOUPHHTA), O KOTOPOW M3BECTHO, YTO 3TO JINOO =¥, MO0 =** (TO €CTh TOHKHO OBITh BBITOJHEHO
omuo u3 yenosuit (1) = ¥, wmm x(T') = x**, HO KaKoe — 3apaHee HEM3BECTHO.

Ha kaxa0M 11are ¢ BEpOSITHOCTBIO ) CTAHOBUTCS M3BECTHO HACTOSIIIIEE TTOJIOKEHHE BBIXOAA.

ITycts MoMenT BpeMenu 1 < T'—3To mocieaHuii MOMEHT BpeMeHH, B KoTopslit JITIP, nBurasce no
HEKOTOPOI TPAEKTOPUH, MOXKET MIPUBECTH cUcTeMY Kak B monoxkenue (1) = x*, taku B x(T') = z**.

BeposTtHocTsb Toro, uto JIIIP 0TKpOeTCcs mosokeHNe HaCTOAIIEr0 BbIXOla K MOMEHTY BpeMeHH 1
Oymer

Pr=p+(1—pp+(1—pP°p+..+1-p"'p

[Iepen JITIP crout crnenyromnias 3agada

1-Pr,
5= — Mar,

P:PT1+

4TO PaBHOCHIIBHO
T, — mazx. 4)

Pemennem 3aauu onTuManbHoOro ynpasneHus (1)—(4) Gynem HasbiBath napy (U, z(-)), rae onTu-
MaJIbHO€E YIIpaBJICHUE

u = (u(0),...,u(Ty — 1), (@ (Ty),u*(Ty)), ..., (@ (T = 1),a*(T — 1))),
a, ompenensieMasi 3TUM YIPaBICHUEM, OTITUMAIIbHASI TPACKTOPHS
z(-) = (2(0), ..., 2(Ty), (z*(Ty + 1), 27 (Ty + 1)), ..., (27(T), 2(T)))-
B noknane npennaraetcs anroputm perneHust 3anaqu (1)—(4) u mpuBoaSITCS pe3yabTaThl YUCICHHOTO
MOJIEIUPOBAHUS.
Cnucok qureparypsl
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Study of the solvability of quasi-parabolic degenerate
integro-differential equations of Volterra type

B. Kh. Barotov!, A. 1. Kozhanov':?

1 Novosibirsk State University, Novosibirsk, Russia
b.barotov@g.nsu.ru
2 Sobolev Institute of Mathematics, Novosibirsk, Russia
kozhanov@math.nsc.ru

The report presents results on the solvability of boundary value problems for
quasi-parabolic integro-differential equations

t
(e (2.t) + Aua.t) + [ Bit = 7)(Bu)a. 7)dr = f(a,1),
0
in which the function h(t) can vanish, A and B are either identical operators
or linear operators elliptic in spatial variables. For the problems under study,
the existence and uniqueness theorems for regular solutions are obtained, that

is, solutions that have all derivatives generalized according to S.L. Sobolev and
included in the corresponding equation.

Keywords: quasi-parabolic, integro-differential equations of Volterra type, degener-
ation, boundary value problems, regular solutions, existence, uniqueness

HccnenoBanue pa3peminMoCTH KBa3UNAPA0OJIHIECKUX
BBIPOKIALIUXCH MHTErPo-Aud depeHINATBHBIX YPABHEHU N
BOJILTEPPOBCKOI0 THUIIA

B. X. Baporos!, A.N. Koxanos':?

1 HoBocuGupcKHii TocyIapcTBeH bl yHuBepcuTet, HoBocuGupck, Poccns
b.barotov@g.nsu.ru
2 Unctutyt maremaruku um. C.JI. Co6onesa CO PAH, Hosocu6bupck, Poccus
kozhanov@math.nsc.ru

B noknane mznararorcs pe3yapTaThl O pa3pelIMMOCTH KPAaeBbIX 3aad Ul KBa3HIapa-
00JIM4YeCcKNX HHTETPO-AuphepeHInaTbHBIX YpaBHEHUN

t
h(t)uyy(x,t) + Au(z,t) + /R(t — 7)(Bu)(z,7)dT = f(2,1),
0
B KOoTOpbIx (yHKIms h(t) Moxer oOpamarscs B Hylb, A 1 B ecTh 1100 TOXKIECTBCHHBIE
orepaTopsbl, TUO0 JIMHEHHBIC MUTUITUYECKHE TI0 TPOCTPAHCTBEHHBIM MIEPEMEHHBIM OTIepa-
Tophl. 1)1 m3ydaemMbIX 3a1a4 MOTY4YeHBI TEOPEMBI CYIIIECTBOBAHUS U €IMHCTBEHHOCTH PEry-

JISIPHBIX PEIICHUH-TO €CTh pelieHnid, uMeronmx Bce o0oomeHnsie o C.JI. CobomneBy mpo-
W3BOJIHBIE, BXOMISIINE B COOTBETCTBYIOIEE YPaBHEHHE.
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KuaroueBble ciioBa: KBazumnapaboiudecKkue, HHTErpo-auddepeHanbHble ypaBHEHUS BOJIb-
TEPPOBCKOIO THUIIA, BBIPOXKJIEHUE, KPAEBbIE 3aJlaul, PETYJISIpHbIE PELIEHUSX, CYIIECTBOBA-
HUE, €IMHCTBEHHOCTh

Realization of additional variables method in problems
of dynamics

Mikhail Bekhovskiy

Saint-Petersburg State University, Saint-Petersburg, Russia
mbexovskij@gmail.com

We propose adapted algorithms based on additional variables method [1,2,3]
and their program realization in Python. Using our program one can reduce
systems of total partial differential equations to a form with polynomial right-hand
sides (which in turn can be numerically solved by efficient special methods, for
example [4]) or symbolically differentiate multivariable functions. The program can
transform expressions written in terms of library of functions and basic arithmetical
operators. The library is organized as a separate module within the program
which can be modified by a potential user. This allows our program to be used
to symbolically differentiate multivariable functions written in terms of special
functions not represented in popular computer algebra systems. Additionally
we could not find an existing program, module or library with which one could
automatically reduce systems of differential equations to polynomial form. Our
program is located in a public repository on GitHub [5] and does not have any
proprietary dependencies. The work of our program is demonstrated on some
model examples.

Keywords: symbolic differentiation, polynomial system, additional variables method

Peanu3zanusi MeTona 10MOJTHUTEIbHBIX MEPEMEHHBIX B 321a4aX
THUHAMUKH

M. A. bexoBckuii

CIIoI'Y, Cankr-IlerepOypr, Poccus
mbexovskij@gmail.com

[Ipeanaratorcs afanTUpoBaHHbIE AITOPUTMBI M IPOrpaMMHas peajiu3alus MeToaa JA0-
MOJTHUTENLHBIX TIepeMeHHbIX [ 1,2,3] Ha s3bike Python. Meton mo3BosisieT CBOMUTH TOTHBIE
cucteMsl auddepeHnnanbHpIX YpaBHEHHH B YaCTHBIX MPOU3BOJHBIX MEPBOTO MOPSIKA K
SKBUBAJIEHTHBIM CUCTEMAM C IIOJTMHOMHAJIbHBIMU [TPAaBBIMU YacTAMU. YHCIIEHHOE pELIeHUE

27



MOJTyYEHHBIX CUCTEM, B CBOIO OU€pEe/lb, MOXKHO OCYILIECTBIATH MPeIHA3HAYE€HHBIMU JJI51 T10-
JMHOMHAJBHBIX CUCTEM MeTOoAaMH, Oosiee 3(h(HeKTUBHBIMU, YEM YUCIIEHHBIE METO/IBI pellie-
HUs b depeHanbHbIX ypaBHeHUH o01iero HazHaueHus [4]. Kpome Toro, mpescrasieH-
HBIE aJITOPUTMBI TTO3BOJISIOT OCYIIECTBIATH CUMBOJIbHOE AnddepeHmpoBanne QpyHKIMNA
MHOTHX ITepEMEHHBIX MUpokoro kiacca [3]. [Tomumo camux anroputmos [1,2], agantupo-
BaHHBIX JUJIs peanu3aluu Ha si3pike Python, kiroueBoil cocTaBisome mporpaMmsl sIBISET-
cs1 6ubnuoTexa pyHkuuid. B TepmuHax npeacraBieHHON OMOIMOTEKH MOTYT OBIThH 3amuca-
HbI 00pabaTbIBaeMble BBIPAXKEHUS. JJOCTOMHCTBOM SIBHOTO BBIAETIECHUS YKa3aHHOW OMOIMO-
TEKH SIBIIIETCSI BOBMOXHOCTH, 0€3 0COOBIX 3aTPYyIHEHUH, IIOTIONHATh €€ HYKHBIMH IT0JIb30-
Barenio GpyHKIMsAMHU. brarogaps sTomy mocie HEe3HAYUTETbHONH MOTU(HUKALNN TTOJIb30Ba-
TEJIb CMOXKET UCIOIB30BaTh HAIIy MPOTPaMMy JJIsl pa0OTHI C BBIPAXKEHUSIMH, COJCPIKAIIH-
MU (YHKLIHH, OTCYTCTBYIOIUE B TOCTABIIIEMOI ¢ mporpamMmoit Bepcueit 6udanorexu. [Ipu
HCIOJIb30BaHUHU TIpeJIaraéMoi mporpaMmsl Ui CUMBOJIBHOTO AuddepeHupoBanus n1aH-
HOE€ CBOWCTBO, KaK HaM Ka)KeTCsl, OJIOKUTENILHO BBIJIENIET €€ Ha (DOHE MOIYIIIPHBIX MaKe-
TOB CHMBOJILHOH anreOpbl. MI3MeHeHue sijipa CyIecTBYIOIMX HaKeTOB JINOO HEBO3MOXKHO
(B ciyuae kommepueckoro I1O ¢ 3akpbITBIM HCXOJHBIM KOJIOM Takoro, kak: Mathematica,
Matlab, Maple), 1u60 cBsi3aHO CO 3HAYUTENIBHBIMH TPYIHOCTSIMH H3-3a OPUEHTUPOBAHUS
MakeTa Ha pelleHue IMUPOKOro Kpyra pa3HOPOIHBIX 33j1a4 (Hampumep, naketr SymPy). B
TO € BPEMsI METO/IbI, MMO3BOJISIOIINE CBOAUTh CUCTEMbI YPABHEHUI K MOJIMHOMHUAIBHON
¢dhopme, He ObUTM HaMH OOHAPYKEHBI B YKa3aHHBIX BHIIIIE TTakeTax. [laHHas mporpaMma pac-
MOJIOKEHA B IMyOIMYHOM PEMO3UTOPHHU [S5] BMECTe C PyKOBOACTBOM K MCIOJIB30BAaHHIO U
HE UMEET NIPOIIPUETAPHBIX 3aBUCUMOCTEH (pacrpocTpaHsaeTcs B KauecTBe CBOOOJHOIO IIpo-
IPaMMHOTI0 00€CIIEYEHHUs C OTKPBITBIM HCXOJHBIM KOJIOM), UTO II03BOJISIET BCAKOMY JKEJar0-
IIEMY HCIOJIb30BaTh €€ B CBOEH paboTe 0e3 JOMOIHUTENbHBIX n3ziepkeK. KoppekTHOCTh U
aKTyaJIbHOCTb HAIlIeH MPOrpaMMbl IEMOHCTPUPYETCSI HA MOZJEIBHBIX IPUMEPAX.

KiroueBble ¢j10Ba: CHUMBOJIBHOE I[I/I(l)(i)epeHHI/IpOBaHI/IC, IOJIMHOMHUAJIbHAaA CUCTEMA, MCTO/
JOIMOJIHUTCIIbHBIX IIEPEMEHHBIX
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Dualism of theories of solitonic solutions of
infinite-dimensional dynamic systems and functional-
differential equations of pointwise type

1

Levon Beklaryan!, Armen Beklaryan?
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lbeklaryan@outlook.com
2 HSE University, Moscow, Russia
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The formalism which central element is existence of one-to-one correcpondence
between solitonic solutions of an infinite-dimensional dynamic system and solutions
of the induced functional-differential equation of pointwise type is presented. Within
such approach the task about longitudinal fluctuations of the infinite absolutely
elastic rod described by finite difference analog of the wave equation is studied.
For such system the family of bounded solitonic solutions is described.

Keywords: solitonic solutions, functional-differential equations, wave equation

Jlyasnu3m Teopuid COJIMTOHHBIX pelieHMH 0eCKOHEeYHOMEPHBIX
AMHAMHUYECKHX CUCTEM U QYHKUMOHAIBHO-AU(PepeHIuaATbHBIX
YPAaBHEHUIi TOUEYHOTO THMA™
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L Lentpanpusiit DkoHOMEKO-Maremarnueckuii Macturyt PAH, Mocksa, Poccus
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[Ipencrasnen ¢popmManusm, HEHTPATBLHBIM JIEMEHTOM KOTOPOTO SBISIETCS CYIIECTBOBA-
HUE B3aMMHO OJTHO3HAYHOTO COOTBETCTBUS MEXK/TY COTUTOHHBIMU PEIICHUSMU O€CKOHEYHO-
MEPHOH JTMHAMUYECKOW CUCTEMBI ¥ PEIICHUSIMA WHYIIUPOBAHHOTO (PYHKITMOHAIBEHO-TU(-
(bepeHInaIbHOTO ypaBHEHUS TOYSYHOTO THIIA. B paMKkax Takoro moaxojia u3ydeHa 3aaada
0 TIPOAOJIBHBIX KOJIEOAHUAX OECKOHEYHOTo abCONIOTHO YIPYTOro CTEPKHS, ONMHUCHIBAEMO-
ro KOHEYHO Pa3HOCTHBIM aHAJIOTOM BOJIHOBOTO ypaBHEHUs. J[Jig TakoM CUCTEMBI OMMCAHO
CEMEMCTBO OIPAHUYEHHBIX COJIMTOHHBIX PEIIEHUH.

KioueBsble ci10Ba: CONUTOHHBIC pelieHNs, QyHKIMOHAIbHO- AU PepeHInaibHbIe ypaBHe-
HHSI, BOJIHOBOE YPaBHEHUE

* MiccnenoBaHue BBINOIHEHO 3a cueT rpaHTa Poccuiickoro HayuHoro ¢onza (mpoekt Ne 23-11-00080).
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1. OcHoOBHBIE pe3y/IbTaThI

CosokynHocts Koucrpykuuii (Y, d, 5,1, Gp|Q, g) Ha3bBAETCA COMUMOHHBIM GYKEMOM W OIHO-
3HayHo onpenensiercs Habopom I' = (Y, d, s, 1, Q, g), tae:

(1) xoHeuHO mopokaeHHas rpymmna Y ¢ 00pasyromumMu {77, .. , 7, } 1 BbIICICHHBIMH JJIEMEHTAMU
{71, -7}, a TaxKe cOOTBETCTBYIOMIEE MPOCTPAHCTBO K Y. = HveFRZYL’ RY = R" GeckoneqnbIx
/
nocnenosarenbuoctelt # = {r.} cr, v, € R, v, = (x%, ..., 7)) €O cTaHmapTHOH TomONOTHEH

MOJTHOTO IPSIMOTO MPOU3BEACHUS;
(2) KOHEYHO MOPOJKAEHHAS TPyMIa CABUIOB [ = {TW : v € T}, neiicTByroutas B mpoctpanctse K%
O CJEIyIOIEMY MPaBUITY

T Az, boer = {2 5}hers YVEY, {z,}iex € X%, T €Ty

(3) amumopdusm 7 : ¥ — @, e (Q rpymnma quddeoMopPpu3MOB IPSIMOiA, COXPAHSAIOIINX OPHEHTAIIHIO,

U, COOTBETCTBEHHO, () KOHEYHO MOPOsKIEHHas rpynna ¢ obpasyrommmu ¢; = 1(7;), j = 1,...,dn
BBIJIETIEHHBIMU deMenTamMu ¢; = 1)(7;), j = 1, ..., 8;

(4) dynkmusa g : R x R™® — R"™ nsmepumas no ¢ € R npu kaxaoMm z,,...,x, € R u npu nouru
KaxaoM ¢t € R HempepeIBHAA 10 T4, ... , 4 € R™ (ycnosus Kapareonopn);

(5) omeparop
GFRX%’,{”%%?{‘? F:(T7d787n7Q79>

TaKoii, uro koopaunara (G (t, »)) GeckoneunomepHO# Bektop-(yrkumun G (¢, ), COOTBETCTBY-
e

oumadg €AMHUYHOMY 2JICMCHTY € I'pYIIIbI T, 3aBUCHUT TOJIbKO JIMIIIb OT KOHCYHOI'O YUCJia KOOPpJAUHAT
U paBHa

(Gp(t, %))e =g(t, Ty xvs);

(6) mpu mout kaxaoM ¢t € R BBIONHSIOTCS “TIOYTH ITEPECTAaHOBOYHBIE COOTHOIICHHS

d _ _ n U
T5Gr(t, %) = —n()(t) - Gr((Y)(8), Tyx), Y € Ky, VY € T.

Jlst conuronnoro oykera (Y, d, s,n,Gp|Q,g) cI' = (Y, d, s,1,Q, g) B pazosom npocTpancTse
K% ¢ dazosoit nepemenHoii » € K. onpenenum cuctemy

#(t) = Gr(t,n), mmans.teER, (1)

w((7)(t) = Tyu(t), WEER, VHeET, (2)

rae npousBoaHas B 0eckoneunomeprom OV (1) nonumaercst Kak npouseoonas no I amo, a Henokalb-
HBIC OTPAHUYCHUS (2) 03HAYAOT, YTO JIJISl PEIICHUH CUCTEMBI CO8U NO NPOCMPAHCMEBY PABEH COBUY
no 8pemeHu. PeeHus Takoi CUCTEMBI HAa3bIBAIOTCS peuleHUsMU muna oe2yujetl 601HbulL (CONUmMoHHble
pewienust), a Tpynna () Ha3bIBACTCA XAPAKMEPUCMUKOU Oe2yujeli 60THbL.

B nape ¢ cucremoii (1)—(2) paccmarpuBaetcs (GyHKINOHATBHO-TUBGEpEHIINATBLHOE YPaBHEHUE

2(t) = g(t, 2(q: (1), -, ¢5(t), tER (3)

Kaxpiii comuronnsti 6yker (1, d, 5,1, Gr|Q,g) ¢ T = (T, d, s,n,Q, g) onpenenser gyanbHyo
napy (Gr|Q, g) ¢ynryusi-onepamop. s Kasxm0ro COIMTOHHOTO OyKeTa (1yalbHOI 1apbl) CyIIEeCTBY-
eT KAHOHUYECKULl COMUMOHHbII GYKem (Kanonuueckas oyanvhas napa) supa (Q,d, s, J, Gp|Q, g) ¢
I' =(Q.d,s,7,Q,9) (Gr|Q, 9)), tae J toxaecrBennblit aBromopdusm rpynmsl (). J1ist 3a1aHHbIX
(), g xaHOHHYECKH OYKET BBIIEIAETCA Hanboee mpoctoii cTpykTypoit Habopa I' = (Q, d, s,7,Q, g)
U, COOTBETCTBEHHO, oneparopa G.
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[IpencraBiaeHHoe UCcIe0BaHUE JEMOHCTPHPYET (hparMeHT HEKOTOPOro odiiero noaxoxaa. B pam-
Kax Takoro moaxoza pazpadbota ¢opmaiusMm [2], HEHTPaTbHBIM 3JIEMEHTOM KOTOPOT'O SIBJISIETCS CYyIIle-
CTBOBAHME B3aUMHO OTHO3HAYHOTO COOTBETCTBHUS MEXKIY COJMTOHHBIMH PEHICHUSIMH O€CKOHEYHOMED-
HOW muHamMu4eckoit cucteMsl (1) (pemenusmu cuctemsl (1)—(2)) u pemeHusMu GyHKIIMOHATBHO-THAD-
(bepeHnnaIbLHOTO YpaBHEHHUS TOUeYHOTO THTa (3).

B Teopun miiactTuueckoit neopmMannu u3ydaeTcsi 06CKOHEUHOMEpHAst JMHAMUYECKask CHCTeMa

my; = Y1 — 29+ Y +0(y;), 1€Z, y, €R, LER, (4)
IJie OTEHIHUAN ¢(+), B 4aCTHOCTH, 33/1aeTCs [N IKOM IIepHOANYecKorl QyHKImen. YpaBHeHue (4) sBiisi-
etcs cuctemoii ¢ noteHuuanom dpenxens-Konroposoii [1]. Takas cuctema sSBisieTcst KOHEYHO Pa3HOCT-
HBIM aHAJIOTOM HEJTMHEHHOTO BOJIHOBOTO YPaBHEHHsI, MOACIUPYET MOBEACHHE CUETHOTO YUCIIa IMapoB
MAacchl 777, IOMEIIEHHBIX B LIEJOYHCIECHHBIX TOUKAX YUCIOBOU NPSIMOH, IIe Ka)k1as Mapa COCEHUX IlIa-
POB COEMHEHA MEX Y CO00H yrpyroi npy>KMHOM, 1 OUCBIBAET PACIIPOCTPAHEHUE MPOIOJIBHBIX BOJIH B
0eCKOHEYHOM OJTHOPOTHOM aOCOIIOTHO YIIpYTroM cTepskHe. Hanbonee BaxHbIN KJ1acC BOJIH OUCHIBAETCS
pELIeHUs MU THMA OeTyIIKX BOJH (COTUTOHHBIE peteH s ). s mpeacTaBIeHHOro KOHEYHO Pa3HOCTHO-
'O aHaJora BOJIHOBOTO YPaBHEHHsI C HETUHEHHBIM IMOTEHIIMAJIOM 00IIero Bua (4) KIFOUYEBHIM SBIISETCS
TaK)Ke ¥ HAJIMIHE Ps/Ia JOTIOIHUTEIBHBIX CUMMETpHiA. J{J1s1 TaKkoi CCTEMBI YCTaHOBJIEHO CYIIECTBOBA-
HHE CeMEeWCTBa OTPaHUYCHHBIX COMTOHHBIX pelieHui [3,4].
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On the exact solutions to the Vlasov-Poisson system in
cylindrical domains*
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We consider the Vlasov-Poisson system which describes the kinetics of charged
plasma particles. New classes of stationary solutions to the problem with a nontrivial
electric field potential are constructed.

Keywords: The Vlasov-Poisson system, external magnetic field
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There are several approaches to the description of high-temperature plasma. One of
them is related to the consideration of the distribution functions of charged particles. Thus,
not each particle is considered separately, but their concentration in the phase space. Let
f? = fP(z,v,t) be the distribution functions of positively charged ions (for 8 = +1) and
electrons (for B = —1) at a point = with velocity v at the time ¢. Let also ¢ = ¢(z,t) be the
potential of the self-consistent electric field. By B(x) we denote the external magnetic field
induction, mg are the masses of charged particles, c is the speed of light. Let {2 be a finite
or infinite cylinder. We consider the Vlasov-Poisson system, which describes the kinetics of
plasma particles:

—A<P=47T€/(f+1—f_1)dv, vER? x€Q, tec(0,7), (1)
R3
aa—jf + (v, V. fP) + (—Ti—sz90+ mﬁ_;C[U7B($)]’VUfﬁ> —0,veER3, z€Q, te(0,T),
)
fﬁ($7v70):f0B7U€R3,$€Q, (3)
0lon =0, veE R, €9, t€[0,T). (4)

Here we assume that f% = f#(z,v,t) and ¢ = o(z,t) are unknown functions and B(z) is
given. There are obtained new classes of stationary solutions to problem (1)-(4) with a nonzero
electric field potential.

Let @ = B, (0) C R? be the two-dimensional disc of radius 7, > 0 centered at 0.

For 2 = @ x R and homogeneous magnetic field corresponding stationary problem is
reduced to a cross-section of the cylinder (an auxiliary problem) through a special substitution.
Using the method of characteristics for the Vlasov equation and the methods of sub- and
super-solutions for nonlinear elliptic boundary problems, it is proved that the auxiliary problem
has smooth stationary solutions. The distribution functions of these solutions are compactly
supported. Returning to the original problem through the use of special substitutions, a
new class of stationary solutions to the problem (1)-(4) is obtained. The supports of the
distribution functions of the constructed solutions lie at a distance from the boundary of
the cylinder. For Q = @ x (—[,[), where [ > 0, an inhomogeneous external magnetic field
of a special configuration is considered. There are constructed the stationary solutions with
distribution functions which satisfy the following property: the supports touch the boundary
of the domain only in two small prescribed discs at the top and the bottom of the cylinder. It
corresponds to a two-component plasma confined in a Mirror trap.
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An asymptotic behaviour for increments of sums of
independent random variables and stochastic processes

Aleksei Bogarev
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The asymptotic behaviour of increments of a stochastically continuous homoge-
neous process with independent increments from a domain of normal attraction of
an asymmetric stable law has been studied.

Keywords: stochastically continuous homogeneous process with independent incre-
ments, domain of normal attraction of an asymmetric stable law, Borel-Cantelly
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ACHMITOTHYECKOE MOBEICHUE IPUPALIEHUA CYMM HEe3aBHCHUMbIX
CJIyYaifHBIX BEJIMYHH U CJIYYAiHBIX MPOIECCOB™

A.C. bBorapes

CIIoI'Y, Cankr-IlerepOypr, Poccus
abogarevsl1997@mail.ru

HccenenoBaHo acCHMIITOTHYEKCKOE MTOBEAEHUE TIPUPALIEHUI CTOXACTHYECKH HENPEPHIB-
HOTO OJTHOPOJHOTO MPOIECCa C HE3aBUCUMBIMU MTPUPAIICHUSAMHU U3 007aCTH HOPMAJIBHOTO
MPUTSKEHUS] aCUMMETPUYHOIO YCTOMYUBOTO 3aKOHA.

KiroueBble c10Ba: CTOXaCTUYECKH HENPEPBIBHBIM OAHOPOIHBIN MpolecC ¢ HE3aBUCUMBI-
MU IpHUPALICHUAMMA, 00acThb HOPMAJIbHOT'O MPUTSKECHUA aCUMMCETPHUIHOTO yCTOfI‘IPIBOFO
3aKoHa, JeMMa bopens—Kanremnm

1. OcHoBHBIE pe3yJIbTaThI

Iycts X, X, X5, ... X,,, ... — HOCIIEIOBaTEILHOCTh HE3aBUCHMBIX OAMHAKOBO PACIIPENeNIEHHBIX
+00

CITydaiiHBIX BENMYMH W {a,, },'°] — HeyObIBafommas MOCIEA0BATEIPHOCTh HATYPAIbHBIX dHced, 1 <
a,<n S, =X, +..+X,,5 =0nu

N3yueHnio acCHMITOTHYECKOTO MOBEACHUS IPUpAIeHut cyMmm S, tea, — S,,, tne ¢ > 0, noces-
HIeHbI paboThl MHOXKECTBA aBTOPOB, cpeau KoTopsix Y. [tagrmromnep [6], X. Jlanmunrep [5,6], A. H.
®ponos [3], M. H. Teprepos [1]. [Ing 5T0ro B 3aBUCHMOCTH OT BHJ1a (,, UILETCS HOPMHUPYIOLIAst MOCIIe-

nosarenbHOCTb {b,, } 129, 1u1st KoTOpOIi cpaBeMBO
. S n+ca, S n
limsup ———— =1 n.H.
n—+o0o bn

* Pabora BeinonHena npu noyuepxkke PH®, rpant Ne 23-21-00078.
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Hanpumep, ipu a,, = n, ¢ = 1, EX = 0, EX? = 1 cnpaseyiup u3BeCTHBIN 3aKOH OBTOPHOTO
norapudpma Xaprmana—Buntaepa, rie b, = v2nInlnn.

Ipu a,, = (Inn)P, tne p > 1, npeaenpHOe MOBEACHHE MpHUpAIIeHuit S, tea, — Sy H3yHAIOCh B
pabotax Terpepona [1] u @ponosa [3] ans BenUyuH U3 00JaCTeH MPUTSHKEHUST HOPMAJIBHOTO 3aKOHA U
ACMMMETPUYHBIX YCTONYMBBIX 3aKOHOB, a Takke Jlaniuarepa [5] u Jlanuuurepa u lltaatMiomiepa [6]
JUISL BEIMYMH C KOHEYHON JUCIIEPCHEM.

[Mycte pyukums pacnpenenenus F'(x) ciaydaiinon Bennannbl X MPUHAIESKAT 00IACTH HOPMAJIBHO-
r0 MPUTSDKEHUS aCHMMETPUYHOTO YCTOWYMBOTO 3aKkoHa ¢ mapamerpoM o € (1,2) ua,, = (Inn)P, roe
p > 1. Honoxkum ¢, = (Inn)Pre=ble ¢ = sup{t >0 | EetXD e < oo},

(o — 1)z®/ (=D
oel/la—1)

go(c):max{a:+y

B [1] TeprepoBbIM ObLT MOTyYEH CIEAYIOUIUN pe3ybTar.

Teopema 1. ITycms t, € (0,400). Tocoa

. Sn+ca )
limsup ————=1 n.n
n—-+00 Cngo(c)

3ameuanne 1 1100 S), npu h & Z noopasymesaemcs Sy, 20e [h] — yenas uacmo yucaa h.

[ToBenenne 0THOPOIHBIX MPOIIECCOB C HE3ABUCUMBIMU MPUPALICHUSIME BO MHOTOM TOXO0X€E Ha MO-
BEJICHHE CYyMM HE3aBHCHUMBIX OJJMHAKOBO pacTpeAeN€HHBIX CydailHbIX Beu4rH (cM. [4]). D10 06cTOosI-
TEJIBCTBO HABOJUT HAC Ha MBICIIb O BO3MO)KHOCTH IEPEHECEHHUS PE3YIbTATOB O IOBEICHNN TPUPALLICHUN
CYMM CJIy4aiHBIX BEJIMUYUH Ha MPUPALICHHS CIyYailHbIX IPOLIECCOB.

[Tycte Berony nanee £(t), t > 0 — cTOXaCTUYECKU HEMPEPBIBHBINA OHOPOIHBINA MPOIECC C HE3a-
BUCHMBIMH MPUPALIEHUSAMH, C BEPOSITHOCTBIO 1 HENpephIBHBIN CIpaBa U MMEIOLIUI HpEelibl CleBa,
£(0) = 0 m.u. [Tycth Takke GyHKIHS pacnpeeneHus ciydaiinoi Bemmannsl &( 1) npuHamieskuT oona-
CTH HOPMAJILHOTO MPUTSDKEHHUSI ACHMMETPHYHOTO yCTONYKMBOIO 3aKoHa ¢ mapameTpom « € (1, 2).

onoxum a;, = (Int)?, taep > 1,uc, = (Int)PT*/* npu ¢t > 0. Onpenemum Tarxe t, =
sup{t > 0 | Eet@M)¥ " 50},

(0 — 1)z®/ (1)
acl/(a—1)

cp(c):max{x—l—y

+toy®/ P L1, 2 >0,y >0 } ,

M, = sup (§(t+s)—E(t)).

0<s<ca,
Kenanue nepenectu pe3yisrar TeprepoBa [1] Ha ciydail cTOXaCTUYECKH HEMPEPBIBHBIX OAHOPOIHBIX
MpoUecCCOB C HE3AaBUCUMBIMHU ITPUPAIICHUAMU IIPUBOAUT HAC K CICAYIOIIEMY YTBCPIKACHUIO.

Teopema 2. ITycmo t, € (0,+00). Toeoa

lim sup £t +ca) = &(1) = lim sup

=1 nmn
t—+00 w(c)e to+oo p(C)cy

I[OKaSaTeJ'IBCTBy TCOPEMbI 2 Obla MOCBJIICHA BbIITYCKHAA KBaJII/I(l)I/IKaL[I/IOHHaSI pa60Ta aBTOpa.
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The Cauchy problem for one pseudohyperbolic system™

L. N. Bondar, S. B. Mingnarov

Novosibirsk State University, Novosibirsk, Russia
1.bondar@g.nsu.ru, s.mingnarov@g.nsu.ru

In the paper we consider the Cauchy problem for one system unsolvable with
respect to the highest time derivative. The system under the study belongs to the
class of pseudohyperbolic systems. It describes flexural-torsional vibrations of an
elastic rod. We prove the unique solvability of the Cauchy problem in Sobolev
spaces and obtain an estimate for the solution.

Keywords: pseudohyperbolic system, Cauchy problem, transverse flexural-torsional
vibrations, solvability conditions

In this paper we consider the Cauchy problem for a pseudohyperbolic system:

I—-D2 0 £ 3
0 I-D? —e, |DU+oDiU+)» ADEIU=F(tz), t>0, z€R,
e, —ey, I—D2 k=0 (1)

Uljg = ®(x), D,Ul;_o = ¥(x),

* The work is supported by the Mathematical Center in Akademgorodok under agreement No. 075-15-2022-282 with the Ministry of
Science and Higher Education of the Russian Federation.
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where ¢ > 0, ¢, > 0, e, > 0, A, are constant matrices of size 3 x 3, k£ = 0,...,3.
Systems of the form (1) arise when modeling flexural-torsional vibrations of an elastic rod
[1]. It is unsolvable with respect to the highest time derivative and belongs to the class of
pseudohyperbolic systems introduced in [2]. In that work solvability of the Cauchy problem
for pseudohyperbolic equations was studied in Sobolev spaces with an exponential weight.
There are no general results about solvability for pseudohyperbolic system, only some special
cases have been studied.
In this paper, we establish theorems on solvability of the Cauchy problem (1):

Theorem 1. Let €2 +e3 < 1 and ®(x) € Wi (R), ¥(x) € W3(R). Then there exists v, > 0
such that, for any F(t,z) € WQOV’WI(Ri), v > 7, the Cauchy problem (1) has a unique solution

U(t,x) in the space of vector-functions W22”74(Ri), ¥ > 7, such that DI DU (t,z) € Ly (R?);
moreover, the following estimate holds:

|U(t, @), Wary (R2)] + | D DU (¢, x), Ly (R
< ¢1(%) (II@(x), Wi (R + ¥ (), W3 (R)] + IIF(t,w%Wz(),ﬁ(Ri)II),

where ¢, (7,) is a constant depending on the system coefficients and -y,.

Theorem 2. Let ¢3 +¢3 =1, A; = Ay = A; = 0, ®(z) € WHR), U(z) € W3 (R), let
F(t,z) e WQOAi(R?F) be such that (1+z?)F(t,z) € Ly (R,;L,(R)),y > 0, and the following
conditions hold:

€1 fl<t,$)d$—€2 f2(t,$>d$— f3(t,a:)d:c:(),
Jreaefrens]

€1 /xfl(t,a:) dac—eQ/fo(t,x) dr — /xf3(t,x) dr =0, t>0.
R R R
Then the Cauchy problem (1) has a unique solution U(t,z) € Wi’j(Ri)yy > 0, such that

DiD3U € L, (R3); moreover,
[U(t,2), Wy (R + | D DU (¢, 2), Ly (R
< c()(12(x), W3 (R)] + [ ¥ (x), W3 (R)]
HF (), Wy (RO + (1 +2?) F(t,2), Ly (R)], Ly o (R)]),

where ¢(7y) is a positive constant independent of f(t,x).
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On discrete equations in a multidimensional space

Abu Bakarr Kamanda Bongay, Vladimir Vasilyev
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We consider a certain discrete boundary value problem and prove its solvability
in appropriate discrete spaces. A comparison between discrete and continuous
solutions is given also.

Keywords: discrete space, digital pseudo-differential operator, discrete boundary
value problem

1 Discrete spaces and digital operators

Let Z? be an integer lattice in a plane, h > 0,h=h"1, K, = {zr € R? : 2 = (21, 25), 79 >
a, |y la, > 0}, where a,, can take values of the type n,1/n,n € N, K, ; = hZ* N K,,. We
consider functions of a discrete variable uy(%),Z = (Z,,%,) € hZ?, T? = [-=,n]*>,h = h~L.
The functions defined in AT? we mean periodic functions in R? with basic quadrate of periods
T2.
We can define the discrete Fourier transform

(Faug)(§) = uy4(8) = Z e tuy()h?, € € hT?

zehz?

and discrete analogue of Schwartz space S(hZ?). Let us denote (2 = h2((et¢1 —1)2 +
(eth€2 —1)2). The space H®(hZ?) consists of discrete functions u, and it is closure of the
space S(hZ?) with respect to the norm

1/2
[luglls = /(1+C2)Sﬂd(€)2d§) :

T2

The space H*(K,, 4) consists of functions [2] from the space H®(hZ?) for which their supports
belong to the set Kn,d- Norm in the space H*(K,, ;) is induced by norm of the space H*)Z?).

,

Given periodic function A,(§) a digital pseudo-differential operator A, is defined as follows

(Aqug) (7 Z h2/ e TV, (&)dE, T e K, 4

2
yehZ A2

The periodic function A4(€) is called its symbol, and we assume that the inequality
ey (1+1¢2)*2 < |Ag(§)] < cp(1 +[¢?)7
holds with positive ¢, cy.
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2 Main results

We consider the following discrete boundary value problem assuming that the symbol A,;)¢)
admits the periodic wave factorization with respect to K, [1,3,4] with the index such that
1/2 < —s<3/2.

(Adud>(§5> = Oa T € Kn,cb (1)
Z Ug(Z1,Z5)h = g4(71), (2)
To€hZ

g, 1s given.

Theorem 1. The problem (1), (2) has unique solution in the space H*(K,, ;) for arbitrary
right hand side g; € H**'/?(hZ).
A priori estimate

[lualls < blglsi1/2

holds with constant b non-depending on h.

The continuous analogue of the problem (1),(2) is the following

(Au)(z) =0, w€ K, 3)
+00
/u@p@m@zgun @

We can give a comparison between discrete and continuous solution under some additional
assumptions and choice of discrete elements.

Theorem 2. If A(§) admits the wave factorization with respect to K, with the index such
that 1/2 < —s < 3/2, g € H*Y/2(R) then problems (3), (4) and (1), (2) have unique solutions
u € H*(K,) and u, € H*(K,, ;) respectively. If additionally g has a compact support then
the estimate

#(6) ~ (O < ch, €€ T2 b, =max{la,)

holds for small enough h with constant ¢ non-depending on h.

References

[1] Vasil’ev V.B., Wave Factorization of Elliptic Symbols: Theory and Applications, Kluwer
Academic Publishers, Dordrecht—Boston—London, 2000.

[2] Vasilyev A.V., Vasilyev V.B. Pseudo-differential operators and equations in a discrete
half-space. Math. Model. Anal. 2018. Vol. 23, no 3. Pp. 492-506.

[3] A.A. Mashinets, A.V. Vasilyev, V. B. Vasilyev, On discrete Neumann problem in a quadrant.
Lobachevskii J. Math. 2023. Vol. 44, no 3. Pp. 1011-1021.

[4] V. B. Vasilyev, Discreteness, periodicity, holomorphy, and factorization. In Integral Methods
in Science and Engineering (New York) (C. Constanda, M. Dalla Riva, P.D. Lamberti, and
P. Musolino, eds.), Theoretical Technique. Vol. 1. Birkhéauser, 2017. Pp. 315-324.

38



On the construction of two-stage multistep methods for
the numerical solution of integral algebraic equations
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Systems of Volterra linear integral equations with identically singular matrices
in the principal part (called integral-algebraic equations) are examined. Two-stage
multistep methods for the numerical solution of a selected class of such systems
are proposed.

Keywords: Volterra integral equations, block methods, multistep algorithms, inte-
gral algebraic equations

O nocTpoeHuH ABYXCTAAUHHBIX MHOTOIIATOBBIX METOA0B JJIsI
YHCJIEHHOTO pelieHUus HHTErpPo ajiredpanvyecKux ypaBHeHHii ™
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2 UJACTY CO PAH, UpkyTk, Poccns
mvbul@icc.ru

Jloknaz nocBsiieH pa3paboTKe Ki1acca YUCIEHHBIX METOAOB AJISl PELICHUS BBIPOXK/IEH-
HBIX CHCTEM B3aMMOCBSA3aHHBIX HHTErpaIbHBIX YpaBHEHUH TUIa Boasrepppa.

KuroueBble cjioBa: nMHTErpajbHbIE ypaBHeHUs BoibTeppa, O109HbIe METO/IbI, MHOTOIIIATO-
BbIC AJITOPUTMBI, HHTETPO are0pandeckre ypaBHEHHUs

B pabote paccmMaTpuBarOTCs BBIPOXKIEHHbIE CUCTEMBI B3aUMOCBSI3aHHBIX MHTEIPAJIbHBIX YPaBHEHUN
Bonsreppa nepBoro u BToporo poaa, 1jisi KOTOpPbIX 3apyO0ekoM yCTOSIICSI TEPMUH «UHTErpo ajnredpau-
YECKOE YPABHEHUEN:

A(t)xz(t) + /K(t,s)x(s)ds = f(t), (1)
31eCh ’
det A(t) =

0,
rne A(t), K(t,s) — marpuusl pasmeproctd (n X n), f(t) u x(t) — n-MepHble U3BECTHAS M UCKOMAsI
BEKTOP-(YHKITHH.

* MiccnenoBaHue BBINOIHEHO 3a cuet rpaHta Poccuiickoro HayuHoro ¢onzaa Ne 22-11-00173, https://rscf.ru/project/22-11-00173/
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Jlnst aucnennoro pemieHus 3anadu (1) mpeasiokeHO CTPOUTH JABYXCTAIUMHBIE MHOTOIIIATOBBIC Me-
Tonbl. B mokmame OyayT mpencTaBlIeHbl YCIOBHUS Ha BECOBBIC KOI(DPUITMEHTHI, IPH KOTOPBIX pa3pado-
TaHHBIC AJITOPUTMBI SBJISIFOTCSI YCTOMYMBBIMH. Pe3ylbTaThl YMCIEHHBIX PacieTOB TECTOBBIX MPUMEPOB
MIPUBENICHBI JIJIS1 WILTIOCTPAIIMHA TEOPETUICCKUX TIOJIOKECHNH 1 BBISIBJICHHS JTOCTUTHYTOTO TOPSIKA TOY-
HOCTH.

[IpencraBnsiemblie pe3yabTaThl ABISIOTCS €CTECTBEHHBIM MPOIOJDKEHUEM UCCIICIOBAaHUN OTpaKeH-
HBIX B [1].

Cnucok aureparypsbl
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On the properties of the collocation-variational approach
for solving differential algebraic equations
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The report deals with the initial value problem for systems of ordinary differen-
tial equations with an identically singular matrix in front of the derivative. For such
systems, collocation-variational difference schemes have been proposed, the con-
struction of which is based on solving a special type of mathematical programming
problem. Calculations of model examples are given.

Keywords: differential algebraic equations, numerical methods, index

O cBoliCTBAX KOJUIOKAIIMOHHO-BAPUAIIMOHHOTO MOAX0AA IJIst
peuienus TP PepeHnnAIbHO-ATITeOPANYECKUX YPABHEHU

M. B. bynaros, JI. C. ConoBapoBa

NACTY CO PAH, HUpkyrtck, Poccus
mvbul@icc.ru, soleilu@mail.ru

B noknane paccMoTpeHa HayaslbHas 3a/1a4a JUIsl CUCTeM OOBIKHOBEHHBIX U depeHIy-
aJIbHBIX YPAaBHEHUHU C TOXKIECTBEHHO BBIPOXKIECHHON MaTpULEH Nepes MPOU3BOAHON. s
TaKHX CUCTEM MPEIOKEHBI KOJUIOKALIMOHHO-BAPUALIMOHHBIE PA3HOCTHBIE CXEMBI, IOCTPO-
€HHE KOTOPBIX OCHOBAHO Ha PELIECHUU 33Ja4d MaTeMaTH4YE€CKOIO IIPOrpaMMUPOBAHUS CIIe-
nuanbHOro Buja. [IpuBeneHs! pacueTsl MOJEIIBHBIX IPUMEPOB.

KaroueBnble ciioBa: nuddepeHnnanbHo-aaredpandeckue ypaBHeHNs, YUCICHHbIE METOIBI,
HHIEKC
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1. OcHoBHBIE pe3yJIbTaThI

B noxmane paccMoTpeHa 3agada
At)z' (t) + B(t)z(t) = f(t), =(0) =z, t € [0,1],

rne A(t), B(t) — (n x n)-marpuusl, f(t) u x(t) — 3a1aHHas 1 KCKOMasi N-MepHbIe BeKTOp-QyHKIHH,
snementsl Marpunl A(t), B(t) u f(t) nocrarouno maakue, u

detA = 0.

Takue 3a1aun IPUHATO Ha3bIBaTh JUddepeHnnanbHo-anredpanueckumu ypasaenusmu (JJAY). Ipen-
MOJIaraeTcsl, YTO Ha4YaJIbHOE yCIIOBUE 33J]aHO KOPPEKTHO, a U3 MCXOTHOM 3aJ1a4u U 7" €€ TPOU3BOIHBIX My~
TEM BJIEMEHTAPHBIX MPEOOPa30BaHNH MOYKHO BBIJICIIUThH KIIACCHYECKYIO CUCTEMY OOBIKHOBEHHBIX JH(]-
(epennmansubix ypasuenuit - (t) + B(t)xz(t) = f(t). 3Hauennue r IPUHATO HA3LIBATH HHIEKCOM Pac-
cMaTpuBaeMoil 3a1a4i. MHOTMe W3BECTHBIE HESIBHBIE METOBI MOTYT MOPOXKAATh HEYCTOMYMBBIA MIPO-
1ecC UM IPUHIUIHNAIBHO HepUMeHUMBI i [JAY.

ABTOPBI 17151 TAKUX 3a/1a4 MPEAaratoT KOJJIOKAIMOHHO-BaPUAIIMOHHBIE PA3HOCTHBIE CXEMBI, KOTO-
pbIe UMCIOT NMPUHIMITHAILHOE OTIIMYHE OT KJIIACCHYCCKUX aaropuTMoB. OnucaH oOIUN MOAXO0A K CO-
3JIaHUIO0 KOJIJIOKALIMOHHO-BapUALIMOHHBIX PA3HOCTHBIX CXEM, OCHOBaHHbBIN Ha MOCTPOCHUH 3a/1a41 KBaJl-
paTUYHOTO MPOTrPAMMUPOBAHUS CTIEUAIbLHOTO BHUa. [IprBeieHbl KOHKPETHBIE aJITOPUTMBI C OJTHOU U
JIByMsI TOUKAMH KOJIJIOKAI[MHU U PE3y/IbTaThl YUCICHHBIX pacueToB [1], [2] ans 3amau uHaekca JBa, 3a1ad,
coniepKallnX KeCTKUE KOMITOHECHTHI.

Cnmcok Jureparypbl

[1] Bulatov M.V., Solovarova L.S. Collocation-variation difference schemes for differential-algebraic
equations // Mathematical Methods in the Applied Sciences. 2018. Vol. 41, No. 18. P. 9048-9056.

[2] Bulatov M., Solovarova L. Collocation-variation difference schemes with several collocation points
for differential-algebraic equations // Applied Numerical Mathematics. 2020. Vol. 149. P. 153—-163.

Hidden stability boundaries of one system with
monotonic nonlinearity in the Hurwitz sector
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Estimates are found for hidden stability boundaries in the parameter space of a
system with monotonic nonlinearity that satisfies the assumptions of the Kalman
conjecture.

Keywords: Kalman conjecture, global stability, hidden boundaries of stability
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CxkpbITbIe TPAHUIBI YCTOMYHUBOCTH OJHOM CUCTEMBbI ¢ MOHOTOHHOM
HEJIHMHEHHOCTHIO B TYPBHIIEBOM CEKTOpE™

. M. Bypkur®, O. H. Ky3nenona?

1 TynI'Y, Tyna, Poccus
i-burkin@yandex.ru
2 TrIy wuwm. JI. H. Toncroro, Tyna, Poccust
oxxy4893@mail.ru

HaiigeHsl OIleHKU CKPBITHIX TPaHUIl YCTOMYHUBOCTH B MPOCTPAHCTBE MapaMETpPOB CHU-
CTCMBEI C MOHOTOHHOI71 HCJ’IPIHCIZHOCTI:IO, YI[OBHGTBOpﬂIOHIef/i HpeILHOJIO)KCHI/ISIM THUITIOTC3bI
Kanmana.

KuaroueBble ciioBa: runoresa Kaimana, rmo6anbHas ycTOHYMBOCTD, CKPBIThIE TPAHUIIBI yCTOM-
YUBOCTH

[leHTpanbHBIMU HAIIPABICHUSAMU U3yUYEHUS TUHAMHUKU HEJIMHEHHBIX CUCTEM SIBIISIOTCS 3a1a4H BbI-
SIBIICHUSI BCEX HETPUBUAIBHBIX (KOjeOaTelbHbIX) aTTPAKTOPOB B (Pa30BOM MPOCTPAHCTBE WUIIM JOKa3a-
TEJIHCTBO UX OTCYTCTBHS (ITI00ATHHON YCTOMYMBOCTH, KOT/Ia BCE TPACKTOPUN MPUTATHUBAIOTCS K CTAIlH-
OHApHOMY MHOXKECTBY, COCTOSIIIIEMY M3 TPUBHAIBHBIX aTTPaKTOpoB). [ paHuIIei mo6ansHOM yCTOHIHBO-
CTH B IIPOCTPAHCTBE MAPAMETPOB SIBJIETCS TPAHUIIA 3aMbIKAHUSI MHO)KECTBA TOUYEK B IPOCTPAHCTBE Ia-
pPaMETPOB CUCTEMBI, JJIs1 KOTOPBIX CUCTEMA HE SIBJIAETCS INI00ATBbHO YCTONYMBOM, @ TOUKH I'PaHULIBI TJI0-
0asbHOM YCTOMYMBOCTH SIBJISIIOTCS TOUKAMH OM(ypKaIIK pOKICHHS HE3aTyXarolux kojaebanuid. Touka
TPaHUIIBI HA3bIBACTCSI CKPBITOH, €CIIH ISl HEKOTOPOM €€ OKPECTHOCTH B IPOCTPAHCTBE TApaMeTPOB TO-
Tepst TII00ATBHON YCTOWYMBOCTH BBI3BaHA TOJIBHKO MTOOATBHBIMU OU(ypKausIMUA POKICHHS CKPBITHIX
Kojie0aHmii, 00IaCTh MPUTSHKEHHSI KOTOPBIX B ()a30BOM MPOCTPAHCTBE HE KACACTCS HEYCTOWYHMBBIX CO-
CTOSIHUI paBHOBecHs. B mpoTHBHOM cityyae TOuka Ha3bIBa€TCs TPUBHAIBLHOWU. B nanHoii pabore npuse-
JICH MIpUMep, KOTOPBII MOKa3bIBAaCT TPYAHOCTH ONPEAETICHHS TOYHON TpaHUIIbI I100aIbHONU YCTOMYUBO-
CTH, a TaK)Ke MOJyYeHHs €€ BHYTPEHHHUX U BHEIIHHUX OLICHOK, CBSI3aHHBIE C HEJIOKAJILHBIM POXKIACHUEM
CKPBITBIX aTTPaKTOPOB.

B pabote paccmotpena cucrema B popme Jlypbe

i = Az + bp(o),0 = clw, (1)

rae A — OCTOsSIHHAS BELIECTBEHHAS 12 X 7, - MATPHULA, b ¥ ¢ — TIOCTOSHHBIE 71 - BEKTOPBI, (p(07) — CKaIsIp-
Has HenpepbiBHas Gymkims. [lepenarounas dynkuus cuctemst W (p) = cT(A — pI)~'b umeer Bux
W(p) = (p +2p?)(p* + p> + ap? + p+ 2)71, rne a > 3 — mapamerp. Oynkims (o) npeanona-
raetcs KycouHo-nuddhepeHIupyeMoit u B Todkax 1uddepeHIrpyeMoCTH yIOBICTBOPSIONICH YCIOBUSIM
0 < ¢’ (o) < k. Ins Takoii cuctemsi cextop ((3—a)(a—2)71, 00) siBNsIETCS CEKTOPOM TyPBHIIEBOCTH.
VernoBue Ha HETMHEHHOCTH 03HAYAET, YTO PACCMATPUBACMas CHCTEMA YIOBICTBOPSIET IPEAIOI0KEHHUIM
M3BECTHOM B TEOPUU aBTOMATHUECKOTo yrpasieHus runote3bl Kanmana [1]. CoriacHo 3To# rumnorese
Takas CUCTEMa C JF0OON HEMMHENHOCTBIO, YIOBIETBOPSIONIEN YKa3aHHOMY BBIILIE YCIOBHIO, ABJISETCS
1006a7IbHO ACHMOTOTHYECKH YCTOHUHBOM.

* Pabora BBITIOJIHEHA B paMKax roCy[IapCTBEHHOro 3ajaHus MunucrepcTBa npocsemienus PO cormamenue Ne 073-00033-24-01 ot
09.02.2024 Tema Hay4HOTO HCCIEAOBAaHHS « TEOPETHKO-YHCIIOBBIC METOMBI B TIPHOIIKCHHOM aHAJIN3€ M UX MPUJIOKEHHS B MEXaHH-
Ke U (pU3nKe».
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B Hacrosiee BpeMs XOpoI1o U3BeCTHO, YTo rumnore3a Kanmana ans cucrem (1), mopsaok KOTOPbIX
npeBbIniaet 3, BoooOiie roBops, HeBepHa. Hanpumep, B pabote [2] mpuBeieH TPUMEDP CUCTEMBI, YIOBIIC-
TBOPSIOILEH BCEM IPEAIION0KEHUAM 3TOM THIIOTE3bl, U COAEPIKALEH COCYLIECTBYIOIUE Xa0THUECKHE
Y IEPUOJNYECKUE aTTPAKTOPHI.

JUist paccMaTprBaeMoi 311eCh CHCTEMBI B IPOCTPAHCTBE MapaMeTpoB (a, k) B AWana3oHe M3MeHe-
HUs apaMerpa a € [3, 5] HaliieHbl OLIEHKH BEpPXHEN U HIKHEH MPaHuIl €€ mI00anbHON YCTOWYHBOCTH.
Jns HaXoXx/1eHUs YCI0BUMA aOCOMIOTHOM YCTOMYMBOCTH CUCTEMBI IPUMEHEH YaCTOTHBIN KpuTepuit B.A.
SxyOoBuua. J[71s1 MOMCKa CKPBITHIX aTTPAKTOPOB CUCTEMBI (CKPBITHIX LUKIOB) MPUMEHEH MPHUEM Ipo-
JOJDKEHUSI TIO0 TIapaMeTpy, UCIIONB30BaH bl B pabote [2]. B kauecTBe HenMHEHOCTH ¢(0) B CHCTEME
(1) paccmarpuBaeTcst PyHKIUS

0.10, || < 0.2,
p(k,0) = § ko + (0.02 — 0.2k) sign 0,0.2 < |o] < 0.4,
0.10 + (0.2k — 0.02) sign o, |o| > 0.4.

[IpousBoaHast 31oit GpyHKIMK npu Tr060M 3HaueHnn k > 0 u a € [3, 5] Haxomutces B cekrope ['ypBuia.
JUi1st KaXKJ0T0 3HaYEHH [TapaMeTpa @ U3 yKa3aHHOTO JIMAIa30HA yaeTcs HalTh 3HaueHust k = ky u k =
k, taxue, gto npu k < k; cucrema abcomoTHO ycToiumBa, a npu kK = K, oHa nMeeT nuki. HalineHnsie
3Ha4yeHus k, u ko Tal0T, COOTBETCTBEHHO, OLICHKH BHYTPEHHEH M BHEIIHEH IPaHUI] yCTOMYMBOCTH IS
(MKCHPOBaHHOTO 3HAYCHUS TAPAMETPA @.

B nponecce uccienoBanus Takxke 0OHapYKEHO, YTO MPH HEKOTOPBIX (DUKCHPOBAHHBIX 3HAYCHHSIX
HapamMeTpa @ U3 yKa3aHHOTO JHAala30Ha M Pa3IMYHBIX 3HAUCHUsX mapamerpa k > k, B cucremMe Mo-
T'YT HaOMIONaThCsl HECKOIBKO COCYIIECTBYIOIINX IIUKIOB. DTH IUKIIBI POXKIAIOTCS B PE3yNbTaTe HeJlo-
KaJIbHBIX OM(ypKanii, TOCKOJIBKY €IMHCTBEHHOE COCTOSHHE PaBHOBECHS CHCTEMBI BCETJa OCTACTCs
JIOKaJIbHO YCTOWYHBBIM.

Cnucok ureparypsl

[1] Kalman R.E. Physical and mathematical mechanisms of instability in nonlinear automatic control
systems // Transactions of ASME. 1957. Vol. 79(3). Pp. 553-566.

[2] Burkin .M., Kuznetsov N.V., Mokaev T.N. Coexisting Chaotic and Periodic Attractors in a
Counterexample to the Kalman Conjecture / 16th Int. Conf. «Stability and Oscillations of Nonlinear
Control Systems (Pyatnitskiy’s Conference)». Moscow, 2022. Pp. 1-4.
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On damping a control system of arbitrary order with
global aftereffect on a temporal tree

Sergey Buterin

Saratov State University, Saratov, Russia
buterinsa@sgu.ru

We study the problem of damping a control system described by functional-
differential equations of arbitrary order and neutral type with non-smooth complex
coefficients on an arbitrary tree with global delay. Each internal vertex of the tree
gives several different scenarios of the further course of the process in accordance
with the number of edges emanating from it. We establish the existence and
uniqueness of an optimal trajectory with account of all prospectives simultaneously.

Keywords: quantum graph, functional-differential equation, global delay, optimal
control problem, variational problem, nonlocal quasi-derivative

00 ycnmokoeHnM CHUCTEeMbI YIIPABJIEHHSI IPOU3BOJIbHOIO MOPSAKA C
IJ1I00aJIbHBIM NOCJIeeliCTBHEM Ha BpeMeHHOM JiepeBe”

C. A. byrepun

CaparoBckuii yausepcuret, Caparos, Poccust
buterinsa@sgu.ru

Hccnenyercs 3amada 00 yCIIOKOGHUU CUCTEMBI YIIPaBIICHHs, OMUCHIBAeMOM (DyHKIINO-
HaNbHO-IU(epeHInaNbHBIMU YPaBHEHUSIMH MPOU3BOJILHOTO MOPSIKA K HEHTPATBHOTO TH-
a ¢ HEMIAJKUMU KOMILIEKCHBIMU KO3(DPHUIIMEHTaMU Ha IPOU3BOJIILHOM JIEpEBE C TI00AIb-
HBIM 3amnas/piBaHueM. Kaxas BHyTpeHHss BepIlIrHA JepeBa 1aeT HECKOJIBKO pa3IMYHbIX
CIIEHapHeB JlaIbHEHIIIEro TeYeHHs PoLiecca [0 YHUCITy BBIXOAALINX U3 Hee pedep. YcTaHas-
JIMBAETCS CYIIECTBOBAHUE U €IMHCTBEHHOCTh ONTHMAJIbHON TPAEKTOPUHU C YUYETOM Cpasy
BCEX MEPCIEKTUB.

KaroueBsble ci1oBa: KBaHTOBEHIN rpad, pyHKIIMOHATBHO- AU GEpEeHIINATHHOE ypaBHEHHUE, TII0-
OanbpHOE 3ama3/bIBaHue, 3a/1a4a ONTHMAJIBHOTO YIPABICHUS, BAPHALIMOHHAS 33/1a4a, HEeJIo-
KaJbHAasl KBa3UIIPOU3BOIHAS

Huddepennnanbabie oniepaTopbl Ha TeOMETPHUYECKHUX Tpadax, 4acTo Ha3bIBa€MbIe KBAHTOBBIMHU I'pa-
(amu, aKTUBHO U3Y4arOTCS C MPOIUIOTO BEKa B CBSI3M C MHOTOYHCIICHHBIMHU MPUIOKEHUSIMH (CM., Ha-
npumep, [1,2,3]). Takue oneparopbl BOZHUKAIOT MPU UCCIETOBAHUN MPOIECCOB B CIOXKHBIX CUCTEMAX,

* PaGora Beinonuena npu noanepxxke PH®, npoexr Ne 22-21-00509.
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NPEACTaBUMBIX B BUJI€ IIPOCTPAHCTBEHHBIX CETEH, T.€. HAOOPOB OJHOMEPHBIX KOHTUHYYMOB, B3aHUMO-
JEUCTBYIOLINX TOJIBKO depe3 KoHLbI [1]. IIpumepoM ciayxaT ynpyrue cTpyHHbIE CETKH, B y3/1aX KOTO-
PBIX TIOMHMO YCJIOBUI HENPEPHIBHOCTH XapaKTEPHBIMHU SIBISIOTCS yciaoBust Kupxroda, Belpaxaromue
OanaHC HaTSHKEHUH.

OpnHako B JOKJIa/ie IpeIaraeTcs HHOM B3MNISA Ha KBAHTOBBIE Tpadbl — KaK HAa BPEMEHHBIE CETH, KO-
IJa mapameTpusyromnas pedpa rpada nepeMeHHast OTOXKIECTBIIAETCS co BpeMeHeM. [Ipu sTom kaxias
BHYTPEHHsIs BEpIIMHA IOHUMAETCsl, KAK MOMEHT pa3BETBIICHUs IIPOLiecca, JAOIUN HECKOIBKO pa3iny-
HBIX CLIEHAPHEB JaJIbHEHIIEro ero MpoTeKaHusl.

Hccnenyercs 3amaya 00 yCIIOKOGHHH CHCTEMBI YIIPaBJIEHUs, ONMUCHIBAeMOi (DyHKIIMOHATBHO-TU}-
(bepeHIMaTbHBIME YPaBHEHUSIMH TIPOU3BOIBHOTO HATYPAJIbHOTO MOPSIKA 7 HEHTPAIBHOTO THMA C He-
IJTaJIKUMH KOMILIEKCHBIMH K03(p(pHULIMeHTaMu Ha IPOU3BOIBHOM JIEPEBE C ITI00ATEHBIM 3aIla3/IbIBAHUEM.
[TocnenHee o3HadaeT, 4TO 3ama3blBaHUE PACIPOCTPAHSIETCsl Yepe3 BHYTPEHHHE BEpIIMHBI epesa [3].
[TpumeuarenbHoO, uTO ycnoBus Thna Kupxroga Bo3HUKAIOT U 34€Ch. A UIMEHHO, UM OyJeT yJIOBJIETBO-
PATH Takasi TPACKTOPHUS TEUCHUS MIPOIlecca, KOTOpas sSBJSIETCS ONTUMAIBHON C Y4eTOM Cpa3y BCEX BO3-
MOJKHBIX ClieHapHueB. Jloka3pIBaeTcs €€ CylleCTBOBAaHUE U €JUHCTBEHHOCTD.

MunumMu3zanus QpyHKIIMOHANA SHEPTHHA PacCMaTPUBAEMON CHCTEMBI PUBOAUT K BAPHALIMOHHOM 3a-
Jlaye. YCTaHOBIIEHA €€ HIKBUBAJIEHTHOCTh HEKOTOPOM CaMOCOIPS)KEHHON KpaeBoH 3aa4ue Ha AepeBe AT
YpaBHEHUH MOPsAKA 271 C pa3HOHAIPABIEHHBIMU CIBUTAMHU apTyMEHTA, a TaKXKe ycIoBUsAMU Tua Kupx-
roga Bo BHyTPEHHHX BepIlInHax. J[oka3aHa ogHO3HAYHAs PAa3peIInMOCTh 00eUX 3a/1au.

YkazaHHBIE Pe3yabTaThl HOTy4eHBI B padboTe [4]. Panee momoOHbIe 3a1au N3y4aTuCh HCKITIOUNUTEIb-
HO Ha WHTEPBAJIC sl YIPABIISIEMBIX CUCTEM TOJIBKO TIEPBOTO MOPSIKA C TOCTOSHHBIMU JTHOO ITIaIKUMHU
BELIECTBEHHbIMU KO3 puninentamu (cMm. [5,6,7] u nureparypy Tam). [1oaToMy nosyueHHbIe pe3yiabTaThl
SBJISIFOTCS HOBBIMM JIaXke AJ1s1 MHTepBasa. Kpome Toro, paccmarpuBaeMslii cityuyail morpedoBasl BBEACHUS
CEMENCTBA ClIEUAIbHBIX HEIOKAJIbHBIX KBA3UIIPOU3BOAHBIX. B [4] Taxke IpOBOAUTCS UX CPAaBHEHUE C
KJIACCHYECKHMHU KBa3UIIPOU3BOIHBIMHU 11 OOBIKHOBEHHBIX U (epeHIHaTbHBIX OIepaTOPOB.
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On the question of an alternative in a differential game
for systems with the properties of generalized
uniqueness and uniform boundedness

Alexander Chentsov, Dmitrii Serkov

Krasovskii institute of mathematics and mechanics, Yekaterinburg, Russia
chentsov@imm.uran.ru ,serkov@imm.uran.ru

We consider constructions related to the alternative solvability of a nonlinear dif-
ferential game (meaning the Krasovsky-Subbotin alternative) under the conditions
of generalized uniqueness and uniform boundedness of the generalized trajectories
used by A. V. Kryazhimskiy. The constructions use procedures based on the method
of program iterations.

Keywords: differential games, theorem on the alternative, condition of generalized
uniqueness, method of program iterations

K Bomnpocy 00 anbsTepHaruse B A pepeHuuaIbHON urpe s
CHCTEM CO CBOMCTBAMH 0000III€eHHON ¢IUHCTBeHHOCTH !
PAaBHOMEPHOI OrPAHUYEHHOCTH

A.T. Yennos, /I. A. CepkoB

VMM VYpO PAH, ExarepunOypr, Poccust
chentsov@imm.uran.ru, serkov@imm.uran.ru

PaccmarpuBaroTcst KOHCTPYKIMHU, CBI3aHHBIE C aJIbTEPHATUBHOM pa3peIiuMOCThIO HEJlU-
HelHol TuddepeHnraabHoN Urpsl (MMeeTcs B BUaY anbTrepHaTiBa KpacoBckoro—Cy06060THHA)
pU yCIOBUSAX 00001IIEHHON €IMHCTBEHHOCTH U PAaBHOMEPHOM MPOAOIKUMOCTH 0000111eH-
HBIX TpaekTopuil, ucnonb3dyeMoix A. B. Kpsxumckum. [locTpoenus ucnons3yror npore-
Zypbl HA OCHOBE METO/1a IPOrPaMMHBIX UTEpaLHiA.

KuaroueBble ciioBa: nuddepeHnmaibHble UTpbl, TeopemMa 00 aJbTepHaTHBe, yCI0BHE 0000-
LIEHHOM eIMHCTBEHHOCTH, METOJI IPOrPaMMHBIX UTEpaIHii

Jlst KOHQIMKTHO yNpaBisieMbIX AUHAMUYECKUX CUCTEM, YIOBIETBOPSAIOUIMX YCIOBUAM 000OIIECH-
HOW €JMHCTBEHHOCTH Y PABHOMEPHOH OrpaHUYEHHOCTH, U3Y4alOTCs BOIPOCH! Pa3pelIMMOCTH 3a/1a41
Ha MUHHMMAaKC U MHbIE CBOWCTBA MPOrpaMMHBIX KOHCTPYKIUII B KJlacce 00OOIICHHBIX yrpaBieHuil (Ta-
KM€ CHCTEMBI, He 0011a/1as1, BOOOILE TOBOPSL, TUIIIMLEBOCTHIO 10 (Pa30BOM IEPEMEHHOM, yOBIETBOPSIOT
teopeme 00 ansrepHaruBe H. H. Kpacosckoro, A. 1. Cy66otuna (cM. [1,2]); kak mokaszano [3], uMeHHO
ycioBre 00001IeHHON eAMHCTBEHHOCTH A. B. KpsiknMCKOTro o3BOJIsSIeT pacipOCTPaHHUTh YTBEPIKICHNE
aJITepPHAaTUBBI Ha 00JIee IUPOKUI KJIACC CUCTEM U, BMECTE C TE€M, YCIOBHS OOBIYHON €JMHCTBEHHOCTH

JUTSI 9TOTO, BOOOIIIE TOBOPSI, HE TOCTATOUHO [4]).
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B c¢Bsi31 ¢ mocTpoeHHEM aNbTepHATUBHOTO pa30MEHNUs IPOCTPAHCTBA TO3UIUI OTMETUM IOIIATOBBIE
MOTISITHBIE TPOIelypbl mocTpoeHus crabmibHbix MocToB H. H. Kpacosckoro B [5] 1 meTon nporpamMm-
HbIX uTepauuit [6,7]. B HacTodAIEeM OKIa/e cOCPEAOTOUMMCS Ha BapuaHTe 3TOro Merona [7, 1. 8], rie
yKa3aHa UTEpAMOHHAs NMPOLEypa B TPOCTPAHCTBE MHOXKECTB IS CIIy4dasi HEMUHEWHOW YIIPaBIIEMOMN
CHCTEMBI, YJIOBIETBOPSIONIEH ycinoBusiM [3]. B 3T0i1 cBsizu oTMeTHM mpotieaypy [8], HIMEIONy0o CMBICIT
uTepalnuii Ha OCHOBE CBOICTBa, monoOHoro crabmibHocTH B padorax H. H. Kpacosckoro. [Ipu stom
B [1,2] paccmarpuBascs ciydaid nuddepeHIanbHOM Urpbl COMMKEHUSA—YKIOHEHHS C 3aMKHYThIMHU (B
MPOCTPAHCTBE MO3UIINI) IEIEBBHIMH MHOKECTBAMH M MHO>KECTBOM, OIPEIEIISIOMNM (pa3oBbIe OrpaHu-
yenus. B [7,8] paccmarpuBanoch mpu ycloBusix [3] mocTpoeHne anbTepHATUBHOTO Pa30UEHNs B CiTydae,
KOTJIa IIeJIEBO€ MHOXKECTBO 3aMKHYTO, 8 MHOXKECTBO, OIpeiensiomiee (pa3oBble OrpaHUuEHHs, UMEET 3a-
MKHYTbIE€ BPEMEHHBIE CEUEHHUs1, HO CAMO MOXKET ObITh HE 3aMKHYTHIM B IPOCTPAHCTBE MO3UIMI. BaxHo
OTMETUTh, UYTO UMEETCS OOIIMPHBIN KJIacC KOH(IUKTHO YIIPABISIEMbIX CUCTEM, YIOBIETBOPSIOMIHNX [3,4]
U, BMECTE C T€M, HE YIOBJIETBOPSAIONINX JIOKAJIBLHO yCIOBHUIO Jlumiuiia no ¢pa3zoBoi mepeMeHHOM, KOTO-
poe Hcnonb30Banoch B [1,2] npu Joka3aTenbCTBE TEOPEMbI 00 aJIbTepHATUBE.
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Distributed software system for reservoir shoreline
recognition based on a pre-trained neural network

Evgeny Cherkashin!, Oksana Mazaeva?

I Matrosov Institute for System Dynamics and Control Theory SB RAS, Irkutsk, Russia
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The problem of automation of shoreline contouring on satellite images and
orthophotos is considered. A number of image processing stages are carried
out: recognition of separate image areas using Segment Anything technology,
then algorithmic processing of the areas and assignment of additional features is
performed, then, on the basis of logical inference, the areas containing the shoreline
contour are identified. The technology is implemented as a distributed software
system including a recognition server and a GIS. The technology is being tested on
the monitoring of water reservoirs of the Irkutsk region.

Keywords: deep learning models, logical inference, image analysis, geoinformation
system, engineering geology

PacnpenejeHHbIl NPOrpaMMHBbIN KOMILJIEKC PACIIO3HABAHUA
0eperosoil JIMHUH BOJOXPAHUJIUII HA OCHOBE NMPea00y4eHHOU
HelpPOHHOM ceTH™

E. A. Yepkammn!, O. A. Mazaepa?

! UncruryT nunamuku cuctem u Teopun ynpasnerus CO PAH, pkytck, Poccust
eugeneailicc.ru
2 HuctutyT 3emuoit kopsr CO PAH, Upkytck, Poccus
moks@crust.irk.ru

PaccmarpuBaercs 3a/1aqa aBTOMaTU3aluy MOCTPOCHUSI KOHTYpa OEperoBoil JIMHUM Ha
CITyTHUKOBBIX H300paskeHUsAX 1 opTodoToruianax. [IpoBoaurcs psi aTanoB 00paboTKH U300-
paKeHUIl: pacrio3HaBaHHE OTIEIBHBIX oOnacTeil n300pakeHHs IPH MOMOIIU TEXHOJIOTHH
Segment Anything, 3aTeM NMPOU3BOAUTCS WX ANTOPUTMUYECKas 00pabOTKa M Ha3HAYCHHE
JIOTIOJTHUTENBHBIX XapaKTEPHUCTHK, Jajiee, Ha OCHOBE JIOTHYECKOTO BHIBOA BBIACIISIOTCS 00-
JaCTH, COZIepIKale KOHTYp OeperoBoii TuHuH. TeXHOIOTHs peann3oBaHa B BHJIE paclpere-
JIEHHOT'O MPOTrPaMMHOI0 KOMILIEKCa, BKItoYarouiero cepsep pacno3Hasanus u ' UC. Anpo-
OaIyst TEXHOJIOTUH OCYIIECTBISICTCS Ha 3a/a4e MOHUTOPUHTA BOoXpaHmnI VpKyTckoi
o0nacTu.

KiroueBble ciioBa: MOACIN FHY6OKOFO O6y‘-ICHI/I$I, JIOTUYSCKUI BbIBO/JI, aHAJIN3 I/1306pa)1(€-
HHﬁ, I‘COI/IH(l)OpMaI_II/IOHHaH CUCTEMA, MHIKCHCPHAs I'COJIOTHA

* Pabota BeInonHeHa npu nojuepxke 6a3oBbix npoexroB Ne FWEW-2021-0005,FWEF-2021-0009.
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@OyHaMeHTabHBIE UCCIICAOBAHHS YHUKAIBHBIX SKOJIOTHYECKUX CHCTEM, Kakoi sBisieTcs: Oepero-
Basi 30Ha KPYITHOTO BOJHOTO 00BEKTA, MPOBOIUMBIE B MUpe U Poccuu, 6a3upyroTcst HA MOHUTOPHHTE, OC-
HOBBIBAIOIIUMCSI Ha OOJIBIIHMX JTAaHHBIX. MOHUTOPUHT OMACHBIX 3K30T€HHBIX T€OJIOTHUECKUX TIPOIIECCOB
BXOJIUT B CIUHYIO HH(POPMAITMOHHYIO CUCTeMY ['0Cy1apCTBEHHOTO MOHUTOPHHTA COCTOSTHHS HEAIP, KOTO-
PBIi ABISIETCA COCTABHON YaCThIO TOCYIapPCTBEHHOTO MOHUTOPUHTA COCTOSTHHSI U 3arPSA3HEHUS OKpYrKa-
IolIe cpenbl. Pe3ynbsraTsl 10AroBpeMEeHHOTO MOHHTOPUHTA BpaTckoro BomoXpaHUIUINA MOKa3aid, YTo
nociue 6osnee SO-TH JIET SKCIUTyaTanuu AHTapCKUX BOJOXPAHHIIHI OeperoBasi 30Ha BCE €IIe HE IOCTHT -
Jla CTaJIM¥ yCTOMYMBOTO PaBHOBECHs. Pa3pyiieHre 6eperos 1o BO3AeiCTBUEM IPUPOIHBIX T€0JIOTHYe-
CKHX TIpoIieccoB (abpa3uu, KapcTa, SPO3HH, OTIOI3HEH) B 3HAYUTEITLHOW MEpe OCTIOKHSIET (PyHKITMOHH-
poBaHue 6eperoBoii 30HbL. OT CTaOMIFHOCTH OEPETrOBOil 30HBI 3aBUCUT BO3MOKHOCTD €€ TEXHHUYECKOTO,
PEKpPEaioHHOTO | JIp. BUJOB UCIOIB30BaHMs, OCOOCHHO B YCIIOBUSX, KOTJa YPOBEHb BOJIBI PETYIHPY-
€TCsl TEXHUYECKH B JJOCTaTOYHO OOJBIIOM JMana30He 3HAYCHUH CE30HHOTO (2-3 M) U MHOTOJIETHErO
peryaupoBanus (10 10 m).

Habopb! 1aHHBIX MOHUTOPUHTA XapaKTEPU3YIOTCS PA3HOPOTHOCTHIO U Pa3HOCTPYKTYPHPOBAHHO-
CTBIO (JIEKTPOHHBIE TAOIHIIBI, TEMATHYECKUE KapThl, KOCMOCHUMKH, 3D-Monenu, Goto u BUAEOn300-
paKeHHs ), IPOCTPAHCTBEHHO-BPEMEHHOM MPUBSI3KOW, OOJIBIIMM 00BEMOM H BBICOKOW CKOPOCTBIO POCTA
00beMoB MH(pOpMaIK. B 1aHHOM UCCIeIOBaHUU paccMaTpUBaeTCs podiieMa aBTOMAaTH3HPOBAHHOTO
npeoOpa3oBaHKs PACTPOBOTO MPEICTABICHHUS U3MEHSIOIIETOCS BO BPEMEHHU KOHTYpa OeperoBoil TMHUU
KPYITHOTO PaBHHHHOTO BOJOXPaHMJIHINA B BEKTOPHBIN (pOpMaT JUIs JaJIbHEHIIIEr0o MOHUTOPHHTA Te0JI0-
THYECKUX MPOIIECCOB.

CoBpemenHble cpeacTBa [1-3] aBroMaTu3anuu NOCTPOEHHUSI KOHTYPOB OE€pEeroBbIX JIMHUM CTPOSTCS
¢ ucrnosib3oBanueM HelipoHHbIX ceTei (HC) riry6okoro oGyueHus, omy4aeMbIX, B HEKOTOPBIX CITydasX,
npu oMo goodyuenus. [Iporecc o0ydenus opranusyercs Ha OCHOBE OOJIBIIOTO KOJINYECTBA pa3Me-
YEHHBIX CITyTHUKOBBIX M300paXeHUH, pa3MeTKa JIeaeTcsl BpyYHYIO, 4TO JOCTAaTOYHO TpynoeMko. [1pu-
MEHsEeMBbIi B JaHHOW paboTe MOJX0Jl OCHOBBIBAETCS Ha MCIOIb30BaHUU NpenodyuenHoir HC Segment
Anything (SA), pacnio3Haro1et mpeaAMeTsI (opsaKa MUJUIMOHA KITACCOB) Ha 300pakeHuu. SA He 00y-
qajach Ha pacro3HaBaHUe OEperoBbIX JIMHUM, HO TECTOBBIE UCTIBITAHUS ITOKA3aJId XOPOILIUE PE3yIbTaThl
BBIJICJIEHUS] KOHTYPOB 00J1acTe, TpaHnYaniux ¢ 6eperoBoil auHuei. YToOb! ONpenenuTh KOHTYP, HE00-
XOJIUMO PACHO3HATh 0OBEKTHI, BKIIFOYAIOIHE TOYKH KOHTYpa. 17151 3TOro HeoO6X0[MMO IPOBECTH MPOLIEeCC
pacrno3HaBaHus, 3aJjaBaeéMblii B BUI€ [TPaBUJI, CUCTEMbl OCHOBAaHHON Ha 3HAHMSIX.

[Tpouecc pacno3HaBaHUs KOHTYpa pealu3yeTcs MOIIaroBo:

1) B 'MC (reonndopMaIimoHHO# crcTeMe) BRIOMPAETCs HHTEpECYIoNIasi 00JacTh M KOHTYp Oepero-
BOI JINHUH C BEKTOPHOI KapThl OpenStreetMap, TaHHBII KOHTYD SBJISETCS HA4YaIbHBIM MPUOITIKSHUEM
pe3yJnbrara;

2) st BBIOpaHHOM 00JIaCTH C CEPBEPOB AMCTAHIIMOHHOTO 30HAUPOBAHUS 3arpyKar0TCs n300paske-
HUSI C Pa3METKOH 10 KOHKPETHBIM JIaTaM, H300pakeHHsI TOMEIIAIOTCS B CEPBEPHOE XPAHUIIHIIIE;

3) 3anmyck cuctembl SegmentAnything B pexume pacrno3HaBaHUsl BCEX BO3MOXKHBIX OOBEKTOB, pe-
3yJIbTaT paclio3HaBaHMs B BUJE HaOOpa OMHAPHBIX MacOK COXpaHsIeTCs Ha cepBepe;

4) aNTOPpUTMUYECKHAN aHAJIN3 CBOMCTB OOBEKTOB, MPEICTABICHHBIX MAaCKaMH, H X PACIIOJIOKECHUE
OTHOCHTEIILHO JIPYT JIpyTra M KpaéB M300paKeHHUsI, PE3yJIbTaThl COXPAHSIIOTCS B A-OOKCE OHTOJIOTHH Ha
cepBepe;

5) aHanu3 B3aMMHOTO PACIIONIOKEHHSI 0OBEKTOB, BBISIBICHHE MHOXKECTBA TOUEK, OTHOCSIIIMXCS K Oe-
PETOBOW JINHUY;

6) MOCTpOCHHE KOHTYPA 10 BBISIBJICHHBIM TOUKaM (IIEPEBOJ] B BEKTOPHEII (hopmar), CoXxpaHeHHUe pe-
3yabTara B shape-daiti.

[IpenMyiiecTBa pacCMOTPEHHOTO MOIXO0AA!

a) OTCYTCTBUE TPYAOEMKOTO 3Tara MoJAroTOBKH JaHHBIX Uit 00y4yenus HC,
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0) pacrio3HaBaHUE KOHTypa IPeCTaBIAeTCs (IPOrpaMMHpPYeTCs) B BUE MPABUIL, YTO AT BO3MOXK-
HOCTB YIIPABJIATH IIPOLCCCOM paCliO3HABAHUSA, B YACTHOCTH «CUCILIIATHY 00BEKTHI MU KOHTYPEI C pas-
HBIX U300pakeHUI;

B) SA, BBUAY O0OY4EeHHOCTH Ha OOJBIIIOM KOJIMYECTBE M300pakeHUH, HEe TIpHUBsI3aHa K CBOWCTBAM
KOHKPETHBIX N300paxkeHHi (pa3Mepy, IBETOBOIl raMMme, OBOPOTY U T.J.), YTO MO3BOJIET PEan30BbI-
BaTh (B MEPCIEKTUBE) MPOLEAYPhI MOCIEA0BATEIBHOTO YTOYHEHHSI XapaKTEPUCTHK OEeperoBoil IMHNH,
nepexoss K n300pakxeHusM 00j1ee BBICOKOTO Pa3pelIeHus.

Pazpaborannas minardopma 1 Mmozaenu odecriedar oosnee 3phekTuBHbIN cr1ocod OLUPPOBKU JAHHBIX
¢ M300paKeHMH, pe3ynbTaThl OyIyT BOCTPEOOBAHBI BO MHOTHX MPOEKTHBIX, H3bICKATEIbCKUX M HAYYHO-
UCCIIEI0BATENILCKUX OPraHU3aLUsIX AJIsl IPOBEIEHHS KOMIUIEKCHBIX OLIEHOK, IPOrHO3UPOBAHUS U IpU-
HATHSA peIIeHUH 110 YIPaBICHUIO pa3InYHbIMU 00beKTaMH OeperoBoil 30Hoi i obecneyeHus ux 6es-
OIaCHOTO M PAI[OHAJIBHOTO HCIIOTb30BAHUSL.

Cnmcoxk ureparypbl
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Singular points of the Jacobi equation and their
influence on the properties of the singular quadratic
functional

Viktor Chistyakov, Elena Chistyakova
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We consider some properties of a singular quadratic functional. We identify
singular points of the Jacobi equation that corresponds the functional and study
their influence on the functional’s properties.

Keywords: differential-algebraic equations, Lyapunov exponents, Bohl exponents,
stability of exponents

1 The main result

In this talk, we consider the following quadratic functional

B

D(x) = / (A1), () +2 (Bt)i(t), 2(1))

«

] dt, (1)

where  A(t), B(t), C(t) are sufficiently smooth (n X n)-matrices,
teT =|a,B CRY (. ,.>q is a scalar product in the spaces R, ¢ is some number,

#(t) = dx(t)/dt. The functional (1) is defined on a set of vector functions
X = {z = (t) : C\(T), w(a) = 2(8) = 0}, @

We study (1) for the case
det A(t) =0 Vt € T.

In particular, it means that the strengthened Legendre condition
Alt)>0VvteT

is violated at each point of the segment 7. We search for conditions fulfillment of which ensures
that

1. dim ker ®(x) < oo, x € X, in particular, ker ®(z) =0, = € X;
2. ®(x) >0 Vo € X;
3. small variations in ®(x) correspond to small variations in z.

As in the non-singular case, when it is assumed that the strengthened Legendre condition
is satisfied, many properties of functional (1) are determined by the properties of its Euler
equation, which is often referred to as the Jacobi equation. We identify singular points of the
Jacobi equation and study their influence on the properties of the functional (1).

51



Sufficient stability conditions for solutions to linear
differential equations with aftereffect

Kirill Chudinov

Perm National Research Polytechnic University, Perm, Russia
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We study effective stability conditions for solutions to differential equations
with aftereffect, coming from the well-known Myshkis theorem on 3/2. We consider
applicability of the ideas underlying these results, and present a theorem that
generalizes known results for the linear equation with delay of general form.

Keywords: differential equations with aftereffect, stability, effective conditions

JlocTaToyHbIe YCI0BUSA YCTONYUBOCTH PellIeHUMH JTMHEHHbIX
nuddepeHINATBHBIX YPABHEHHIH ¢ MOCJIeelcTBHEM

K. M. Yynunon

[lepMmckuit HalMOHANBHBII HCCIleoBaTeNbCKUi monuTexHunaeckuil yausepcuret (ITHUITY), [lepmb, Poccust
cyril@list.ru

PaccmarpuBatorcst appexTrUBHBIC YCIOBUS YCTOMYUBOCTH peuieHuil quddepeHnnab-
HBIX YPaBHEHHIT C MOCIEACHCTBIEM, HIyIIHE OT H3BECTHBIX TeopeM Mpiikuca o 3/2. O6-
Cy)XJaetcs o0IacTb IPUMEHUMOCTH HJIEH, JIeKaIIUX B OCHOBE 3THUX PE3yJIbTaTOB, U IIPUBO-
JUTCS TeopeMa, 000011aromas U3BECTHBIC PE3Y/IbTAThI I TMHEHHOTO YpaBHEHHS C 3ara3-
JbIBAHUEM TIPOU3BOJIBHOTO BHJIA.

Karouesble cioBa: nuddepeHnransHoe ypaBHEHUE C MTOCIIEACHCTBHEM, YCTOHYUBOCTb, d(-
(heKTUBHBIE YCIOBUS

ACUMITOTHYECKHE CBOMCTBA PELICHUN JIMHEHHBIX YPABHEHUN C MOCIEAEHCTBUEM IIEPBBIM CUCTE-

Matrueckn usydan A. J[. Meimkuc [1]. B wacTHOCTH, OH yKa3ali rpaHuily 00JacTH YyCTOMYHUBOCTH JIH-
HEIHOTO HEaBTOHOMHOTO ypaBHEHMS B BHUJIE BEpXHEW OLEHKH (PyHKIMOHAJIA OT MMapaMeTpoB ypaBHe-
Hust KoHcrantoit 3/2. Tocne mpousomieamero B 80-90-x rr. XX B. BCIulecka MHTEpeca K TEOPEME O
3/2 u BO3MOXHOCTSIX ee yTouHeHust U 06o6uerus [2], B XXI Beke 0CHOBHOE BHUMAHHE MCCIIE0BATE-
JIell aCUMIITOTUYECKUX CBOMCTB PEIIEHUI YPABHEHUN € NIOCIIEACHCTBUEM MIEPEKIIFOYMIOCH Ha IIEPEHOC
M3BECTHBIX OIICHOK peIIeHHi Ha 0oJiee MHMPOKUE KIIACCHI ypaBHEHUH. JTO, OJHAKO, HE O3HAYAET, YTO

HOBBIC THUIIBI OLICHOK 0oJIbIIIE HE HY>XHBI.

* PaboTa BBINOIHEHA NIpHU HOZJepkKe MUHKCTepCTBa HAyKH U BhIcniero oopaszoBanus Poccuiickoit @enepanyn, npoekt FSNM-2023-

0003.
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PaCCMOTpI/IM JIMHEMHOE HEAaBTOHOMHOE YPaBHCHHUC C HOCHeHeﬁCTBHeM O6H.[€FO BHa

t

z(t) + / x(s)dgr(t,s) =0, t=>0. (1)

h(t)
Ilie MHTErpaj MOHUMAETCs B cMbiciie Pumana — Cruntbeca; aiis Beex ¢ GpyHkuus r(t, -) uMeer orpa-
t

HUYCHHYIO Bapuauuio, npu otoM ¢yskums p(t) = \/ 7(f,s) nokampHO cymmupyema; GyHKIHS
s=h(t)

(-, $) mamepuma [uist Beex s. CoOTBETCTBYOIIEE YpaBHEHHO (1) HEOMHOPOIHOE YpaBHEHHE BKIIFOYAET

KaK YacTHBIC CIy4adl YPaBHEHHS C COCPEIOTOYCHHBIMH 3alla3/bIBaHUSIMU, HHTErpO-IuddepeHraib-

HbIC YPaBHEHHUSI C MMOCICICHCTBIEM U YPABHCHUS, COCPIKAIIHE TTOCIICICHCTBUS Pa3HBIX TUIIOB (SCITU B

MOCTAHOBKE 3aJ[a4M y4acTBYeT HaualbHasl (PyHKIUS, TO OHA IEPEHOCUTCS B MPABYIO YaCTh YPABHEHHS).
Haszosem ypasuenue (1) ypasuenuem ycmotiuugoco muna, ecima Gyuxuus 7(t,-) He yObIBaeT u

h(t) — +oonpu t — +o00. s T' > 0 nosnoxum

+oo t
r, <1
) = su der(n, &) d d r(s,7)ds, e ’ -
g// //gngn (s.7)ds, mep(r) = 47 T

Teopema 1. Ilycms (1) —ypasnenue ycmouuugoeo muna. Ecnu ons nexomopoeo T > 0 ume-
em I(T) < 1, mo ece pewenusi ypasnenus (1) pasnomepro ycmotiuugel; ecau sce I(T) < 1 u

f p(t) dt = oo, mo ece pewenus ypagnenus (1) acumnmomuuecku yCmonuyugsl.

Jlnst ypaBHEHUSI ¢ OJJHUM COCPEAOTOYEHHBIM 3ara3iblBaHueM TeopeMa 1 naet teopemy Mpbimikuca
0 3/2. llpeumyiiecTBO TeopeMbl | mepe H3BECTHBIME 0000UICHUSIME T€OpeMbl MBIIIKHCA COCTOHT B
TOM, YTO €CJIM UHTErpas B JEBOW YacTH ypaBHeHUs (1) pa3OUT HA HECKOJBKO CIIaraeMbIX, TO YCIOBHE
YCTOMUYMBOCTH B PAaBHOW CTENIEHU YUHUTHIBAET BIUSHUE BCEX ciaraeMblx. Hampumep, nist ypaBHEHUs ¢
HECKOJIbKMMH COCPEIOTOYECHHBIMH 3aMa3bIBAHUSIMU

D+ a el () =0, t>0, @)
k=1

e a(t) > 0w hy(t) — +o0 npu t — 00 (ypaBHEHHE YCTONYIUBOTO THIIA), 0003HAINB

Bt = (s2tm<th L= [ / 7 dr | ag(s) ds,
k=1

HoJTy4aeM

Caencrsue. Ecnu 1,(T) < 1 ons HeKOI’I’lOpOZO T > 0, mo ece pewenus ypasnenus (2) pag-

Homepro ycmouuuewl. Ecu I, (T) < 1 u f Z a,(t)dt = oo, mo ece pewenus ypasnenus (2)
0 k=1

acumnmomudeckKu yCWlOlZItMGbl.

Cnucok ureparypsl

[1] Memmkuc A.Jl. Jlunelinbie auddepeHnanbHble ypaBHEHUS C 3ala3/bIBAlONIUM apTyYMEHTOM.
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Using the Hamilton principle in finding impulse controls
for manipulation robots

Ilya Chupin!, Yurii Dolgiit?
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A method for solving a nonlinear non-integrable problem of motion control of a
manipulation robot is proposed.

Keywords: canonical equations, impulse control, manipulation robot

HUcnoab3oBanue npuHUMna ['aMUIbTOHA IPU HAXO0KICHUH
UMITYJIbCHBIX YIIPABJICHUN JJISI MAHUITYJIAIHOHHBIX PO0O0OTOB

. A. Yynun', FO. ®. Tonruit!-2,

L VpdV, Exarepunbypr, Poccus
mr.tchupin@yandex.ru
2 MMM VYpO PAH, Exarepun6ypr, Poccus
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[IpennoxxeHa MeTOAMKA pelICHUs] HEIMHEHHOW HEMHTETPUPYEMOil 3a/1a41 ypaBICHUS
JBUKEHUEM MaHUITYJISIHUOHHOTO po0oTa.

KiroueBble ¢jioBa: KaHOHHYECKHE YPaBHEHHS, UMITYJIbCHOE YIIPABICHHE, MAHUITY/ISIIHOH-
HBIH poOOT

1. OcHOBHBIE pe3yJIbTAThI

B pa6ote [1] Obl1a npenokeHa METOAMKA PEIICHUsT HEIMHEHHOM 3a/laun yNpaBiIeHUs JBUKECHU-
SIMM MHOTO3BEHHOTO MaHUMYJISAIIMOHHOTO poOOTa C MCIOJIb30BAHUEM MMIYJIbCHBIX yrpaBieHuid. Nm-
MyJIHCHBIE YIIPABIICHUS MTO3BOJISIFOT B HAYaIbHBI MOMEHT BPEMEHH BBHIUTH Ha TPAEKTOPHUIO CBOOOTHOTO
JIBYDKEHHS, COSMHSIONIYIO0 HaualbHOE M KOHEYHOE TOJIOKEHHE B IIPOCTPAHCTBE KOH(puUrypanuii. B xo-
HEYHOM IOJIOKEHUH UMITYJIbCHBIE YIPABICHUS UCIIONIB3YIOTCS ISl rameHus: ckopoctu. [Ipu nmxennn
10 CBOOOIHOW TPACKTOPUH YIIPABJICHHUS BBIKIIOYAIOTCs. HEOOXOMUMBIM yCI0BUEM PUMEHEHUST METO-
JIMKY SIBJISIETCS] BO3MOKHOCTB HAXO0XKACHUS ITOJIHOTO MHTErpaja ypaBHeHus [ amunbrona-Ako6u. B pado-
Te [2] U1t ABYX3BEHHOTO MHEPLIMOHHOTO MAHUIYJIILIHOHHOTO po0O0Ta TPAEKTOPHS MIOCKOTO JIBUKEHUS
B TOPU30HTAIBHOM TUNIOCKOCTH OBLIA TOJTyY€Ha B PE3yIbTaTe MPUMEHEHUS I KAHOHUYECKOW CHCTEMBI
muddepeHnnanbHEIX ypaBHEHUH TeopeMbl SIkobu u TeopeMsl JIMyBrILIs 0 mepBBIX HHTETpajiax, Haxo-
JSLIUXCA B HHBOJIIOLIUH.
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B nanHoii pabote paccMaTpuBaeTCs BEPTUKAIBHOE ABUKEHHUE JIByX3BEHHOI'O HHEPLIMOHHOTO MAHU-
HYJILMOHHOTO po0O0Ta, ONMCAHHOTO B [2]. B 3TOM cityuae n3BecTHas METOAMKA HAXOXKJEHUS MOJIHO-
ro unterpana ['ammisrona-Sko6u He pabotaet. TpaekTopus CBOOOAHOTO ABUKEHUS SBIISAETCS NPSIMBIM
MyTEM COIJIACHO NMPHHIMITY HAaMMEHBIIEro aeiicTBus ['amumnbrona. [y HaXoKIeHNs IPSAMOTO Iy TH UC-
HOJIb3YeTCs CIeLUalibHas KpaeBas 3a/1aua.

CucrteMa KaHOHMYECKUX ypaBHEHHMH ["'aMMIIBTOHA MMEET CIIeTy IO BUJ

QO' _ J2pg01 - JT(SO2>p(p2 90 _ J(pl (¢2)p¢2 - JT(SO2>pgp1
LT, (po) o — JR(0) 2 T, (o) s — JR(ps)
]'7% = M;(t) + Q1 (1, ¥2),

My Ly Lsing, 9
Jo(J, () — Jo)p2 +
Ty (on) — Ty (260 = BB, 0

+<J¢1(<P2)J2 —2J,.(p3)Jy + J3<902)>P¢1P¢2+
T (02) () = Ty, (22))P2, ) + Ma(t) + Qo1 2),

rae Gynxunn J, (), J,.(¢2), 0600mennbie chunbl TskecTH Q1 (01, P2), Q2 (91, o) onpenenstores
bopmynamu

p902:

Jo (pa) = Jy +my L3+ Jy+2my Ly L cospy,r
J.(pg) = Jy +mgy Ly L cos gy,
Q1(p1,92) = — (mygLy + mygLy) cos gy — mygL cos (1 + ¢s),
Qa(01,92) = —mygLcos (o1 + ).

3neck Ly = |00, | — nnuna kaxmoro 38ena, L, —paccrosiaue ot ocu mapaupa O 1o uexrpa mace C
nepsoro 38ena, L < L, —paccrosiHue ot ocu mapuupa O, 10 uentpa macc C'y BTOPOTro 3BeHa € Tpy3oM;
M, — Macca MepBoro 3BeHa, 1M, — Macca BTOPOro 3BeHa ¢ rpy3oMm; .J;, .J, — MOMEHTBI HHEPLIUH TIEPBO-
IO U BTOPOTO 3BEHA C IPY30M OTHOCHTENBHO oceil mapHupoB (), O] COOTBETCTBEHHO; g — yCKOPEHHE
cBOOOJTHOTO MAJICHUSL; 01 — YTOJI MeX 1y ocbio O MHepIUaIbHOH cucTeMbl KoopauHat u npsimoit OO0,
COCIMHSIONIECH IMITMHAPUYECKUE APHUPBL. YTOI ¢y Mexay npsmbiMu OO, u O, O, coeanHsomen
BTOPOIi IIAPHHUP CO CXBATOM, OIPEEISET OTHOCUTEIHLHOE JBHKEHUE BTOPOTO 3BEHa MaHHITYJISITOPA OT-
HOCHTEIILHO NIEPBOTO.
MHOXeCTBO MPOrPaMMHBIX YIIPABICHUN ONpeaeseTcs: GopMyiaMu

My(t) = SY6(t) — S{o(T —t),  My(t) = S36(t) — S30(T — 1),

e §(-) — dynkuus Tupaxa, T'— BpeMst ABHKEHHS MAHUITYJIATOPA.
Jlnist HaXOXKAEHUSI TPACKTOPUH CBOOOIHOTO JBIKCHHUS, COSTUHSIONIEH HAaYaIbHOE M KOHEYHOE TI0-
JIOKEHUS MaHUMYJATOPA, Ui cucTeMbl (1) ¢ Hy/leBbIMU YNpaBICHUSMHU peIIaeTcsl KpaeBas 3ajada ¢

yenosusvu 01 (0) = ¢f,  5(0) =3, o1 (T) =], ¢u(T) = i.
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A penalty functions method for feadback control design
in terminal weakly nonlinear optimal control problems
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In this paper the method of solving a terminal continuous linear quadratic
optimal control problem using the penalty functions method is transferred to a
weakly nonlinear continuous formulation using the SDRE approach technique. The
applicability of this approach to a terminal discrete linear quadratic optimal control
problem is also demonstrated. In addition, it is shown that it is possible to improve
the accuracy of phase constraints satisfaction using the Richardson extrapolation
procedure.

Keywords: penalty functions, SDRE, small parameter, extrapolation

The penalty function method is effectively used in optimal control theory to eliminate
phase constraints. In various applications, problems of transferring a system to a certain fixed
state in a finite time using the synthesizing controls may arise. In this case, it is desirable
to select feedbacks following some criteria of rationality, while often choosing a quadratic
criterion, the minimization of which leads to a compromise between the good “behavior” of
the closed-loop system trajectory and the desire to save costs on the energy required for such
a transition. As in the continuous case [1], we will use the penalty functions method and the
corresponding asymptotic expansions of the gain matrix to solve the same terminal problem,
only the system will be weakly nonlinear with two parameters: the penalty parameter and
a small parameter in the right-hand side of the system equations. In this case, the general
structure of reasoning is preserved, as in [1], [2], [3] but an expansion by the powers of two
parameters (the penalty parameter and the parameter of regular disturbances) is added, as
in the discrete case in [4]. Moreover, along with the numerical calculations, considerations
are given for using the Richardson extrapolation method with the asymptotic expansions
of the solutions of the corresponding initial problem in terms of the inverse value of the
penalty coefficient and the nonlinear perturbation parameter for continuous or discrete matrix
Riccati equations solutions, which form the corresponding matrices of gain coefficients in the
closed-loop controls. Asymptotic approximations make it possible to apply the Richardson
method [5] to refine the controller gain matrices, which leads to the construction of a controls
that provide the solutions to the terminal problems with increased accuracy.

Let us consider the following weakly nonlinear system

i = A(x,e)x + B(x,e)u, x(ty) = 2,

1
re€XCR", uelR", tety,t], 0<e<g, 1 M

where x and u are the state and control vectors respectively, ¢, is a given sufficiently small
positive parameter, A(x,e) = Ay, + A, (z), B(z,e) = By +eBy(x), Ay and B, are known
constant matrices, A;(x) € R™*"™, B;(z) € R™*" are known matrices with sufficiently smooth
and bounded coefficients, X is a closed neighborhood of the origin such that the closed-loop
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system trajectories corresponding to (1) exist, are unique and belong to X for any continuous
control u(t) and t € [ty,t;]. it is assumed that there is a terminal condition z(¢;) = 0.
Let us consider the next cost functional

ty

J(u) = %/(xTQac + ul'Ru) dt — rngn, Qx,e, 1) = Qu+eQ o(2)+pQp 1 (x)+... > 0, (2)

to

where () is a symmetric positive semidefinite matrix for z € X,0 <e <¢; <« 1, <« 1 and
Qo, R are symmetric positive definite matrices.

By applying a quadratic penalty we replace the terminal control problem with a problem
with the free right endpoint

ty

1
2T (t)) Fax(ty) + 5 / (27Q(x,e, )z + uTRu) dt — min, 0<p << 1,F>0.(3)

to

J(u) = i

It is known [6] that the optimal control in problem (1),(3), if it exists, can be sought in
the form
u(z,t,e, 1) = _R_lBT(xa e)(P(x,t e, p)z + Iz, ¢, €, 1)), “)

T
where II(z,t,e, u) = %[xTﬁP(g;:&H)x fo)P(:g;Zt;&,u)x .’ETWCE € R™ and P € R™™" is

a positive definite solution of the following Cauchy problem for the next differential Riccati-like
equation

dpP
E = _ATP_PA+PSP_Q(‘T’€> —QP(Qf,t,&,,U,), P(x(tl)atlag) = F:UJ_la (5)

where A = A(z,¢), S = S(x,e) = B(x,e)R B (z,¢),
1- _
Qp(a,t,e.p) = APIBl. )R (@) B (2.0)P,,

_ T
P(z,te,u) = [%x,...,&—iw] € R™™ and Ccll—f is the total time derivative. The ob-

~ T ~ ~
tained problem is solved approximately. 1P, B(z,e)R™(z)BT(z,e)P,, P,(x,t,e,p) =

T
[g—:x g—ix gﬂ—im] € R™"™ and ‘fl—f is the total time derivative. The obtained problem

is solved approximately.
The same scheme is applied to the terminal weakly nonlinear discrete control problem.
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Conditions for the existence of periodic solutions to
one class of systems of
nonlinear differential equations*®

Gennadii V. Demidenko

Novosibirsk State University, Novosibirsk, Russia
g.demidenko@g.nsu.ru

A class of systems of nonlinear differential equations is considered. It is assumed
that the linear parts of the systems have periodic coefficients and are exponentially
dichotomous. Conditions for the existence of periodic solutions are established and
their stability is proved under small perturbations of coefficients of the linear parts
and nonlinear terms.

Keywords: periodic solutions, exponential dichotomy, Lyapunov equation

We consider systems of nonlinear differential equations

dy _

where A(t) is an (n x n)-matrix with T-periodc entries, the continuous vector-function f(¢,y)
satisfies the Lipschitz condition locally with respect to y and the following conditions

fE+T,y) = fty), [fEyl<q+]yl)*, 2)

where ¢ > 0 and w > 0 are constants. We assume that the linear systems are exponentially
dichotomous (see, for example, [1]). According to the spectral criterion, this is equivalent
to the fact that the spectrum of the monodromy matrix does not intersect with the unite
circle. In [2] we established a criterion of the exponential dichotomy for systems of differential
equations with periodic coefficients. The criterion is formulated in terms of the solvability of a
special boundary value problem for the Lyapunov differential equation

d

EH + HA() + A*(t)H =C(t), 0<t<T,

* The work is supported by the Mathematical Center in Akademgorodok under agreement 075-15-2022-282 with the Ministry of Science
and Higher Education of the Russian Federation.
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where C(t) = C*(t) is a special matrix. Using this criterion, one can obtain estimates for all
dichotomy parameters, establish the existence of T-periodic solutions to (1) and prove their
stability under small perturbations of the right-hand sides.

The obtained results can be used for more detailed study of stability of periodic oscillations
of an inverted pendulum whose suspension point oscillates along a straight line having a small
angle with the vertical (see, for example, [3]):

g — aw?sin(wt) cosa aw? sin(wt) sin

i sin @ + ;i

90”+590/_

cosp = 0.
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An energy estimate for one pseudohyperbolic equation*®

Gennadii V. Demidenko, Vakhobbiddin S. Nurmakhmatov

Novosibirsk State University, Novosibirsk, Russia
g.demidenko@g.nsu.ru, v.s.nurmuhammad@gmail . com

We establish an energy estimate for one pseudohyperbolic operator of the fourth
order with variable coefficients.

Keywords: pseudohyperbolic operator, weighted Sobolev spaces, energy estimates

We consider the differential operator of the fourth order of the following form
L(x;D,,D,) = (Y _ a%(z)D} —al)D} + Y al(x)DID, + > ad(x)DZ, a>0,
|B1=2 1B]=3 [B|<4

where the coefficients are real-valued sufficiently smooth functions, which are constant outside
of some ball. We suppose that the operator L(zy; D,,D,,) at any fixed point z is strictly
pseudohyperbolic (see [1]).

Theorem. Let

3 a%2)ef > qlel?, €eRr, >0
|8|=2

Then there exists 7, > 0 such that for any function u(t, x) € Wf’f([R"“), ¥ > 7, such that
DiDju(t,x) € Ly ,(R™), |8 =2,

* The research is supported by the Russian Science Foundation (grant no. 24-21-00370), https://rscf.ru/project/24-21-00370/.
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the estimate holds

YA + a) (Inl + v+ [€]) iy (1, ), Lo (R™H)] < e L(w; Dy, Dy ult, @), Ly ,(RTH](1)

with a constant ¢ > 0 independent of u(t, ).
Estimate (1) is an analogue of the energy estimate for strictly hyperbolic operators [2, 3].
The obtained energy estimate can be used for studying the correctness of the Cauchy
problem for strictly pseudohyperbolic equations

L(x; D, D )u= f(t,z), t>0, zeR",

uli—g = p1(x), Dyuli_g = pa(z),

in weighted Sobolev space Wi’j(ﬂ?ﬁﬂ) (see [1, 4]).
Note that pseudohyperbolic equations arise when studying some problems of hydrodynamics,
elasticity theory, when constructing waveguides, etc. (see, for example, [5-7]).
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Asymptotic properties of solutions to a system of
nonlinear ordinary differential equations*

Viktor A. Denisiuk

Novosibirsk State University, Novosibirsk, Russia
v.denisyuk@g.nsu.ru

A system of nonlinear ordinary differential equations of large dimension is
considered. We investigate asymptotic properties of solutions to the system in
dependence on the growth of the number of the equations. We prove that, for

* The work is supported by the Mathematical Center in Akademgorodok under agreement No. 075-15-2022-282 with the Ministry of
Science and Higher Education of the Russian Federation.
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sufficiently large number of differential equations, the last component of the solution
to the Cauchy problem is an approximate solution to an initial problem for one
delay differential equation.

Keywords: system of ordinary differential equations of large dimension, asymptotic
properties of solutions, delay differential equation

In this paper we consider the Cauchy problem for a system of nonlinear ordinary differential

equations of the form

dz
% :an+f(ta Zn), Z|t:0 = 20 (1)

where B, is a constant matrix whose entries depend on n and parameters. Here f(t,z,) €

C (ﬁi) is a bounded function and satisfies Lipschitz condition with respect to the second
argument. Such systems appear in multistage synthesis models (see, for example, [1]), where
z,,(t) describes consentration of the final synthesis product. Since number of stages n can be
very large, then a problem of “large dimension” occurs when finding z,, (¢).

In this paper we study properties of solutions to (1) for n > 1. Using methods proposed
by G.V. Demidenko (see, for instance, [2, 3]), we prove closeness of z,(t) and a function y(t)
for n > 1, where y(t) is a solution to an initial value problem for a delay differential equation

dy(t)
=g(t—7,y(t—7)). (2)
dt
This paper is a continuation of our research of systems of nonlinear ordinary differential

equations of large dimensions [4].

References

[1] Demidenko G. V., Kolchanov N. A., Likhoshvai V. A., Matushkin Yu. G., Fadeev S.
[. Mathematical modeling of regular contours of gene networks. Comput. Math. Math.
Phys. 2004. Vol. 44, no. 12. Pp. 2276-2295.

[2] Likhoshvai V. A., Fadeev S. I., Demidenko G. V., Matushkin Yu. G. Modeling nonbranching
multistage synthesis by an equation with retarded argument. Sib. Zh. Ind. Mat. 2004.
Vol. 7, no. 1. Pp. 73-94.

[3] Demidenko G. V. Systems of differential equations of higher dimension and delay equations.
Siberian Math. J. 2012. Vol. 53, no. 6. Pp. 1021-1028.

[4] Denisiuk V. A., Matveeva I. I. Properties of solutions to one class of nonlinear systems of dif-
ferential equations with a parameter. Chelyabinsk Physical and Mathematical Journal. 2023.
Vol. 8, no. 4. Pp. 483-501.

61



Construction of approximations of optimal impulse
stabilizing control for a delayed system

Y.F. Dolgii, A.N. Sesekin

1 IMM UB RAS, Ekaterinburg, Russia
yurii.dolgii@imm.uran.ru
2 UrFU, Ekaterinburg, Russia
a.n.sesekin@urfu.ru

The problem of optimal impulse stabilization for an autonomous linear system
of differential equations with delay is considered. A method for constructing
approximations for optimal impulse stabilizing control is proposed.

Keywords: optimal stabilization, impulse controls, retard

HOCTpOCHI/Ie l'[pl/lﬁ.]'[lfl)KEHI/Iﬁ ONTUMAJIBbHOTO0 UMITYJIBbCHOI'O
CTaﬁmm?,npymmero YHpaBJdCHHUA NJIA CUCTEMBI C 3alla3/IbIBAaHUECM

IO. ®. Joaruii, A. H. Cecexkun

1 UMM YpO PAH, Exarepunbypr, Poccus
yurii.dolgii@imm.uran.ru
2 Vp®dY, Exarepunbypr, Poccus
a.n.sesekin@urfu.ru

PaccmarpuBaeTcs 3ajaua onTUMaIbHOW UMITYJILCHOW CTAOMIIM3ALIMU JJIsI aBTOHOMHOM
JUHENHOH cucTteMsl b depeHIaIbHbIX YpaBHEHHH ¢ 3ana3apiBanueM. [Ipeqiaraercs me-

TOJ TOCTPOCHUS MPUOTMKEHNH 1J151 ONTUMAIBHOTO UMITYJIECHOTO CTA0MIN3UPYIOIIETO YIpaB-
JICHHA.

KiroueBble ciioBa: onTHUMaibHas CTa6I/IHI/IBaLII/I${, HUMITYJIbCHBIC YIIPABJICHHA, 3alla3bIBa-
HHC

OOBEKT ynpaBjIeHUs OIMCHIBAETCS aBTOHOMHOM JIMHEHHON cucteMoil auddepeHnnanbHbpIX ypaBHe-
HUH C 3ama3/bIBAHUEM U UMITYJIbCHBIMH YIIPABICHUSIMU

dz(t)
dt

= Ayz(t) + A x(t — 1) + Bu. (1)

3nech t € RT = (0, 400), 2 : [—7, +00) — R™, nonoxurensHoe yncno 7— 3anasapisanue; Ay, A,

— MaTpHLbl pa3MEpPHOCTH N X N, B — marpuna pasMepHocTH 1 X 7. UMIynbcHbIe yrpaBieHHs SB-
_ dv(t) R+

JAFOTCS 0000IIEHHBIME (GYHKIHSMHE, onpesessieMbiMu opmynamu u(t) = 7 t € R™, B xoTOpBIX

UMITYJIbChI yrpaBinerust v : [0, +00) — R” UMEIOT orpaHHYeHHbIe BapHALMK HA JFOOOM KOHEYHOM
oTpeske nonoxuTensHoi nomyocu, v(0) = 0.
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TpeOyeTcs HATH UMITYJIbCHOE yIpaBiieHHe, (OPMHUPYEMOE 110 MPUHLIUIY 0OpaTHOH CBS3H, KOTO-
poe obecreunBaeT yCTOMUMBYI0 paboTy cuctembl (1) 1 MUHUMU3HPYET 3aaHHBIN KPUTEPH KauecTBa
MIEPEXOIHBIX TPOIIECCOB

+0o0

J = / (z"()Cpx(t) + 0" (t)Cyu(t)) dt, )
0

rae C,, C,, — MONOXHUTEIBHO ONPEACIICHHbIE MaTPHILIBI.

B pabore [1] monydena cucrema ypaBHEHHH, ONPEICIISIONIas HEMOCPEACTBEHHO KOA(DGUITUEHTHI
ONTUMAJIFHOTO UMITYJIbCHOTO CTa0MIM3UPYIOIIETO yrpaBieHus. HaliileHbl aCHMIITOTHYECKHE PEIICHUS
PEryasipu30BaHHOM 3aJja4u ONTHUMAJIbHOW CTaOMIM3AIMK aBTOHOMHOM JIMHEHHOM CUCTEMBI C 3amas3/ibl-
BaHMEM JJIsl UMITYJIbCHBIX YIPABICHUN C BRIPOXKICHHBIM KpUTEPUEM KadecTna [2].

B nacrosime#t paboTe n3ydaroTcsi KOHECYHOMEPHBIE alPOKCUMAITNH 33]]a91 ONITUMAaIbHOW HMITYJTBC-
HOW CTa0MIIN3aIni aBTOHOMHOH JIMHEHHOUW CUCTEMBI C 3ama3piBaHueM. J{J1s yripaBiisieMoi CHCTEMBI ¢
3ana3zabiBanueM (1) paccmarpuBaeTCst KOHEYHOMEPHAs alPOKCUMHPYIOLIAast CUCTEMa OOBIKHOBEHHBIX
quddepeHInaIbHbIX YpaBHEHHHA

d N
= = Aga + Aa + Bu(t), 3)
dxév N, N N

dt :_<‘(Ek:71_xk')’ k:L_]V,Nzg
T

I[J'ISI aHHpOKCI/IMI/IpyEOH_Ieﬁ ynpaBnﬂeMoﬁ HMHYHBCHOP'I CUCTCMbI UCIIOJIb3YCM IMOKA3aTCJIb Ka4CCTBA IIC-
PEXOAHBIX ITPOLECCOB

+o00
JN = / (2T () Coxl (1) + v" (t)Cyu(t)) dt, N > 3. 4)
0

HpI/IMeHSISI 3aMCHBI
YN (t) = 2V (t) — Bo(t), yN(t) = 2N (), t e RY, k=1,N, N > 3,

MIEPEX0IMM OT KOHEUHOMEPHOH 3aJ1auu UMITYJIbCHOM cTadbmimu3anuu (3), (1) k BcmoMorareabHOU 3a1aue
HE UMITYJIbCHOM CTaOMIIN3aLIMKY JIJIsl aBTOHOMHOM JIMHEHHOM ccTeMbl 0OBIKHOBEHHBIX AU epeHmab-
HBIX YpaBHEHUH.

[TocTpoeHs! MPUOTIKEHUS ONITUMATBHOTO UMITYJIBCHOTO CTa0MIM3UPYIOIIETO YIPABICHHS 7S aB-
TOHOMHOM JIMHEWHOU cucTeMbl MuddepeHInaIbHBIX YpaBHEHUH ¢ 3ama3npiBanueM. [Ipemiokena cu-
cTeMa anreOpandecKuX ypaBHEHHUH IJIST HAXOKICHHUS KO3()(OUIIMEHTOB MPHOIMKEHHBIX HMITYITbCHBIX
ynpasieHui. Pa3MepHOCTb 3TOH CUCTEMBI CYIIECTBEHHO MEHBIIIE pa3MEPHOCTH MAaTPUYHOIO ypaBHe-
Husa Pukkaru.
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Stabilization of discrete-time generalized quasi-one-sided
Lipschitz nonlinear systems with multiple delays

Wengiang Dong

1 Shanghai Customs College, Shanghai, China
2 Sobolev Institute of Mathematics, Novosibirsk, Russia
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In this article, a generalized quasi-one-sided Lipschitz condition is introduced to
investigate the stabilization problem for a kind of discrete-time nonlinear systems
with multiple delays. The feedback stabilization and observer-based stabilization
for discrete-time nonlinear multiple delays systems are studied, respectively. It
is shown that the nonlinear terms of systems will yield a beneficial impact on
the whole systems for stabilization under generalized quasi-one-sided Lipschitz
condition. A simulation example is given to illustrate the feasibility of the obtained
results.

Keywords: discrete-time nonlinear systems with multiple delays, generalized quasi-
one-sided Lipschitz condition, feedback stabilization, observer-based feedback sta-
bilization

1 The main results

Consider discrete-time nonlinear systems with multiple delays as follows:

{x(k +1) = Agz(k) + Z;nzl Asx(k —d;) + Bu(k) + F(x(k), z(k — dy), -, z(k—d,,)),
y(k) = Ca(k),
(1)
where constant matrices Ay, A; € R"*", B € R, C' € R1*", state vector x(k) € R™, delayed
state vector x(k—d;) € R", constant delays d; > 0 for j = 1,2,---,m, output vector y(k) € R?,
control vector u(k) € RP, F(x(k),z(k—d;),-,x(k—d,,)) is a nonlinear function with respect
to z(k),z(k —dy),-,z(k —d,,), assume that F(0,0,--,0) = 0.
At first, a state feedback controller is designed to achieve feedback stabilization for discrete-
time nonlinear systems with multiple delays (1). Let the structure of the feedback controller
of systems (1) be

u(k) = —Kyz(k) — i K;x(k —d;), (2)

where K, Ky,-, K, € RP*™ are the controller gain matrices. By (1) and (2), the nonlinear
closed-loop systems with multiple delays can be obtained as:

{x(k +1) = (4, — BK,)z(k) + Z;n:l(Aj — BK)x(k —d;) + F(z(k),z(k —dy), -, 2(k—d,,)),
y(k) = Cz(k).
3)
The sufficient condition for asymptotic stability of zero solutions of multiple delays closed-
loop systems is derived under the generalized weak quasi-one-sided Lipschitz condition.
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Subsequently, we will achieve the observer-based stabilization for systems (1). Firstly,
a state observer is designed for estimating the state of systems (1). then, a observer-based
controller is designed for achieving the stabilization of the systems.

Consider the following structure of state observer of systems (1):

( T(k+1)=Ayz(k) + i A;7(k —d;) + Bu(k) + F(z(k), 2(k — dy), -, 2(k—d,,))
j=1
< + Lo(y(k) = Ca(k) + 3 Ly(ylk — dy) — Cilk — ), “
L) = i k),
where Ly, Lq,-+, L,, € R"*7 are observer gain matrices.

By Lyapunov-Krasovskii theory, the sufficient condition that observer (4) is a asymptotically
stable observer for systems (1) is presented.
Next, combining the controller

m

u(k) = —Koi(k) = Y K;i(k—d)) (5)

=1

with the observer (4), by construct the series Lyapunov-Krasovskii functional

m dj
V(a(k), e(k) =ala"(k)Qow(k) + Y D> ok — d;)Qu(k — dj)] + e (k) Pye(k)
- dj 7j=1 =1 (6)
+3 N €Tk —d;) Pie(k — d;),

We will proof that the feedback controller and state observer can be designed separately when
discrete-time systems with multiple delays and nonlinearities carried out the control based on
observer under the generalized quasi-one-sided condition. Finally, an illustrative numerical
example is given to show the feasibility and superiority of the proposed methods.

The research is carried on with support of the Mathematical Center in Akademgorodok
under agreement No. 075-15-2022-281 with the Ministry of Science and Higher Education of the
Russian Federation, the National Natural Science Foundation of China (Grant No.12371399),
Shanghai Science and Technology Talents Sailing Plan (22YF1415300).
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Application of piece-wise linear support functions in
linear bilevel programming problems

N. V. Dresvyanskaya

Melentiev Energy Systems Institute SB RAS, Irkutsk, Russia
nadyadresvyanskaya@gmail.com

The linear bilevel programming problem in the optimistic formulation is consid-
ered. It is reduced to a single-level linear programming problem with an additional
inverse-convex constraint. A local search method based on the application of piece-
wise linear convex support functions is proposed for solving the single-level problem.
The convergence of the proposed method to the local minimum is established.
Results of computational experiments are given.

Keywords: bilevel optimization, local search, support functions

IIpumeHeHne KYyCOYHO-TMHEHHBIX ONMOPHBIX (PYHKIUI B 3a1a4aX
JIMHEMHOI0 IBYXYPOBHEBOI0 IPOrpPaMMHUPOBAHUA

H. B. JlpecBsinckas

Wucruryt cucrem suepretuxu uM. JI. A. MenentbeBa CO PAH (MC3OM CO PAH), Upkyrck, Poccust
nadyadresvyanskayal@gmail.com

B pabote paccmarpuBaeTcs 3a1a4a JMHEHHOTO ABYXYpPOBHEBOTO IPOTPaMMHUPOBAHUS B
ONTUMHUCTUYECKON MOCTaHOBKE M OCYIIECTBISIETCS €€ peAyKIHs K OJTHOYpPOBHEBOI 3a1a4e
JMHEHHOTO MPOTPaMMHUPOBAHUS C AOMOIHUTEILHBIM 00pPaTHO-BBITYKJIBIM OTPaHUYECHUEM.
Jlig penieHust OqHOYPOBHEBOM 3a7a4M MPEAIaraeTcsi METO/ JOKaJIbHOIO TOMCKA, OCHOBAH-
HBII Ha MPUMEHEHUH KyCOUYHO-JIMHEHHBIX BBITYKJIBIX OMOPHBIX (pyHKIMHA. OO0CHOBBIBACT-
Csl CXOMMOCTb METO/Ia K TOYKE JIOKaJIbHOr0 MUHUMYyMa. [IpuBonsaTcs pe3yaprarsl BRIYUC-
JUTENTBHBIX SKCTIEPUMEHTOB.

KiroueBble ciioBa: ABYXYPOBHCBaAs OIITUMHU3aAlU, JIOKaJIbHBIM IOUCK, OITIOPHBIC (1)YHKLII/II/I

3asada AByXypOBHEBOTO JMHEWHOTO MPOrPaMMHUPOBAHUS (YOPMYIUPYETCS CIETYIOINUM 00pa3oM:

e +dfy — rgcligl, (1)
A1$+Bly<T1,xGXCRn1, (2)
cx + dfy — min, 3)

y
Asx + Byy <ry, ye Y C R"2, 4)
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e A; —m; X ny Marpuusl, B; —m; X ny Marpuusl, r; € R™i, 4 = 1,2, X u Y — MHOrorpantsie
MHOKeCTBa. BBesieM (QyHKIHIO ONITHMAIbHOIO 3HA4E€HUs] BTOPOTO YPOBHS

V() = mi}g{c;x +djy: Ay + Boy <13} =
ye

= cgw+min{djy : Byy <1y — Ayr} = 3z + (), (5)

Yy
=min{d3y : Byy <7y — Apr} = min d3y, 6
o(x) glelg{ 2Y 2y X Ty 21'} yg}&) 2y (6)
Y(z)={y €Y : By <ry— Ayz}. (7

3anuinemM UCXOTHYIO JBYXypOBHEBYIO 3a1a4y (1)-(4) B Buze ciemyromei 0JHOypOBHEBOM, HCIIOIb-
3ysl QYHKIMIO ONITHMAJIBHOTO 3HAYESHUS 1)

cfx + d¥y — min, (8)

T,y
Ajx+Byy<r;, x€ X CR", ©)
Asz + By <1y, y €Y C R"2, (10)
ctr + dfy < (x). (11)

Besne nanee O6ynem mpeamnonararh, yto orpanudenus (9)-(10) coBmectHsl. B cuiny nuHeitHOCTH
OTpaHWYEHUH, MPOBEPKa ATOTO MPEANOIOKEHNUS HE COCTABISIET Tpyna. Eciu orpannyeHusi HECOBMECT-
HBI, TO 04eBUAHO 3a7a4a (1)-(4) He UMeeT peneHHs.

B cuny (5) nepaBenctBo (11) MOXHO mepenucars CIeAYIOIUM 00pa3oM:

diy < o(x). (12)

Cnaraemoe c1 x B neseBoii pyHKimy (3) 3a1a41 BTOPOTO YPOBHS HUKAK HE BIUAET HU HA PElICHHe

3aJ1aqu BTOPOTO YPOBHSI, HM Ha o0IIiee pereHue Bcei IByXypOBHEBO# 3amaun. [loaTomy, B nanpHeimeM
MOXKHO ToJy1arats ¢y = 0.
OnpenenumM QYHKIUIO 1) CIEAYIOINAM 00pa3oM:

Y(z) =supmin{diy + u'(Ayx + Boy —1y) } =
u>0 YEY

= sup {min [(BIu + dy)Ty] + (Ayx — r2)Tu} : (13)

u>0 LyeYy

OueBuaHO, 1) — (QYHKIUSI ONTHMAIBHOTO 3HAYCHUS 3a/1a4H, IBOMCTBEHHOM 3a1a4e (6). [Tycth MHO-
kecTBO Y ecTh HeoTpuuarenbheii oprant, Y = R? = {y € R™ : y > 0}. Torna 3anaua (13)
SKBHUBAJICHTHA CIEAYIOLIEN

(Ayz — 75)Tu — max, (14)
u

ueU={ucRm:Blu+d, >0, u>0}. (15)

B sTOM ciydae 1omycTHMOEe MHOKECTBO JBOMCTBEHHON 3a/1a4yl HE 3aBUCHT OT .

B nanpretlimem Oyziem mpearnonararh, 9To J0MyCTHMOE MHOKECTBO JIBOMCTBEHHOH 33189l BTOPOTO
yposHs (14)-(15) ne nmycro, U # ().

B ycnoBusix qaHHoro npeanonokenus ¢(xr) = (z), GyHKIMIO ONTHMAIBHOTO 3HAYEHHUS 3a1a9n
BTOPOTO ypoBHs OyaeM nanee 0603Hadarh o (x). 3HaueHne ¢(x) 1mubo KOHeyHo, mmbo p(xr) = +oo.
Ecmu p(x) = 400, TO orpaHudeHust npsiMoii 3a1a4u (6) HecoBMecTHBI [ 1] 1 3a1aua BToporo ypoBHst
— HecobcTBeHHas 3a1ada 1-ro pona. Eciu p(x) koHeuHo, peruenue aBoiictBenHoi 3anaun (14)-(15)
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nocruraercs B BepunHe U, npsiMas 3a1a4a (6) Takxke pazpermmma. [1ycts wy, ... , W p— BEPIIHHBI MHO-
»ecrsa U, Torna

(oo, Y(a) = 0
plz) = 1I£1a<XPwZ-T(AQx —ry), Y(x)#0. (16)

Wnes mokabHOTO MOUCKA peanu3yeT oOmyro cxemy u3 [2] 1 cocTouT B cienyromeM. Heooxoaumo
CHayayia mocTpouTh QyHkuuto (16), 3arem g kaxaoro ¢ = 1,..., P pemuts 3anauy (8)-(10) ¢ go-
TTOJTHATEJILHBIM OTPaHUYCHHEM dgy < wZT(AQx — T ). [Ipu TaKOM TO/IX0/IE ONpPEENAETCsI IOKAIbHOE
pelIeHre 3aa49M IByXyPOBHEBOTO MPOTPAMMHUPOBAHHMS.

B noknane npuBomATcs pe3yabTaThl YHCICHHBIX AKCIIEPUMEHTOB M 000CHOBAHHE CXOIMMOCTH Me-
TOJIa K TOYKE JIOKAJTbHOTO MUHUMYMa.

Cnucok aureparypsl

[1] Bacunse @. II., MBanuukuit A. HO. Jluneitnoe nporpammupoBanue. M.: U3a-Bo «Dakrtopu-
am», 1998. 176 c.
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The 14D Ricci-flat metric in the theory of fluid flows and
the equations of rotation of a top*

Valery Dryuma

Institute of Mathematics and Computer Science “V. Andrunachievici”,
Moldova State University, Chisinau, Republic of Moldova
valdryum@gmail.com

Properties of Riemannian metric of14D space in local coordinates (z,y, z,t,n, p,
m,u, v, w,p, &, x,n) which is the Ricci-flat on solutions of the Navier-Stokes system
of equations are studied.Considered space consists of 6D space in local coordinates
(n, p,m, &, x,n) and of two 4D dual subspaces -in Euler coordinates (x,y, z,t) and
Lagrangian coordinates (u,v,w,p). Structure of partition of 14D space depend
significanltly on the properties of 6 D-flat space devided into two 3D subspaces. In
this cotext properties of the Kovalevskaya top are studied in more detail.

Keywords: equations, invariants, metrics,top

1 The Ricci-flat 14D metric and NS-equations
Theorem 1. The metric of the form

ds? = 2 da® + 2 daedy + 2 dedu + 2 dy* + 2 dydz + 2 dydv + 2 d2? + 2 dzdw+

1
+2 dtdp + 2 dd+ 2 dd + 2 dmdn + Adt*> + Bd®> + Cd® + Edm?, )
where
A=2—-U(z,y,z,t)u—V(z,y,z,t)v—W(x,y,z,t)w,
0 0 0
B = (—UW—l—,u—U) w + (—UV—i—u—U) v+ (,u—U—(U)Z—P>u—Up,
0z dy ox
C = (—VW+ 2‘/) w+ ( 2V—(V)Q—P) v+ (—UV—I— 2V) u—V
0 0 2 0
E=-p=—U—-—p=—V— —P VW —W
(“ax " oy (W) >w+< +u8y )v+
0
(—UW—{-/L—W) u—Wp
Ox
is the Ricci-flat on solutions of Navier-Stokes system of equations (2)
The Navier-Stokes system of equations
S04 (U V)0 —pal +VP=0,  V-0U=0, e

where U = [U(&,t), V(Z,t), W(&,1)] is the fluid velocity , P = P(Z,t), is the pressure, 4 is the
viscosity and Z = (z,y, z) has numerous applications. The problem of their integration and

* This work is supported by the Program SATGED 011303, Moldova State University.
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classification solutions is an important to the modern mathematical and theoretical physics.
We will use methods of the Riemannian geometry to studies properties of the system (2).

In the case of the Kovalevsky top A = 2C, B = 2C,y0 = 0,20 = 0 the Euler-Poisson
system of equations

d (C—B)yz Mg(y0w2(t) — 20wl (1))
gt W=7 A !
%y(t) _ (A= C’);c(t)z(t) n 20w (t) —Bx0w2 (t)7
d . B=A)zt)yt) 20wl(t)—ylw(t)
%Z(t> - C + C ’
%w (t)=z@)wl(t) —y(t)w2(t), %wl t)=z(t)w2(t)—z(t)w(t),
Sw2(6) =y () (1) 2 (w1 (), ®

z(t) = 22 (8) wl (1) )
w iw
y(t) = —2 C (%wl (t)) w(t)wl () B
w2 (1) (2C (= (Wl (£)” = (W2 (£))* — 1) +2C (w1 (1))* + C (w2 (£))?)
(20 (= (@1 ()* = @2(1)* —1) + C(w2(t)*) Fw(t) )
w2 (1) (2C (= (Wl (£)* = (W2 (£))* — 1) +2C (w1 (1))* + C (w2 (£))?)
C2wl (t) ©)

+20(— (WL ()” = (W2()* = 1) +2C (Wl (1))* + C (w2 (t)*
Together with the known first integrals of system (10)
(w (£)” + (WL ()" + (W2 (1))* =1, Az () w () + By () wl (1) + C= (t) w2 () — C2,
Az () + By ) +C(z(t)? —2Mg (20w (t) + y0wl (t) + 20w2 (t)) + C1,
((z (1)) + (1) + cw <1t>)2 + 2z ()y(t) + cwl (1) = K? (7)

the components of fluid-flow velocity and pressure P(x,y, z,t) are determined using the
Ricci-flat metric on solutions of the system (2).
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Optimality conditions for nonlinear
measure-driven processes”

Vladimir Dykhta, Olga Samsonyuk, Stepan Sorokin, Maksim Staritsyn

Matrosov Institute for System Dynamics and Control Theory of SB RAS, Irkutsk, Russia
dykhta@gmail.com, olga.samsonyuk@icc.ru, sorsp@mail.ru, starmax@icc.ru

This talk addresses optimal impulsive control problems for nonlinear differential
equations driven by vector-valued Borel measures. We propose necessary and
sufficient optimality conditions based on special functions of the Lyapunov type.
These functions possess the property of strong and weak monotonicity with respect
to the impulsive control system.

Keywords: optimal control, impulsive control, measure differential equations, feed-
back control, optimality conditions

We consider a broad class of optimal control problems for nonlinear measure-driven
equations. For such problems, we propose necessary and sufficient optimality conditions
generated by certain functions of the Lyapunov type and discuss some perspectives of designing
nonlocal numeric algorithms for optimal impulsive control [1,2,3,4,5,6].
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Linear inverse problem for second kind mixed type with
semi-nonlocal boundary condition in a primatic
unbounded domain

S.Z. Dzhamalov!', B.K. Sipatdinova?

1 V.I. Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences, Tashkent, Uzbekistan
siroj63@mail.ru
2 V.I.LRomanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences, Tashkent, Uzbekistan
sbiybinaz@mail.ru

This article discusses the correctness of a linear inverse problem with semi-
nonlocal boundary conditions for the three-dimensional second kind, second order
mixed type equation, in a prismatic unbounded domain is investigated. For this
problem, using the Fourier transform, methods of “e-regularization”, a priori
estimates, successive approximations and contracting mappings, existence and
uniqueness theorems for a generalized solution in a certain class of integrable
functions are proved.

Keywords: of the second kind second order mixed type equation , linear inverse
problem with semi-nonlocal boundary conditions, correctness of the problem,
Fourier transforms, methods of “e-regularization”, a priori estimates, successive
approximations and contracting mappings

OO0 onHOM JUHEHMHOHU 3a/1a4e JJISI YPABHEHUA CMEIIAHHOI0 THIIA
BTOPOT0 PO/ia, BTOPOI0 NMOPSAAKA € MOJYHEJOKAJIbHBIM KPaeBbIM
YCJIOBMEM B MIPU3MATHYCCKON HEOTPAHMYEHHON 00J1acTH

C. 3. 'kamanos', b. K. Cunaraunosa?,

! WuctutyT matematuku umenn B.M.PomanoBckoro AkaneMuu Hayk Pecry6muku Vi6exucran, TamkenT, Y36ekucTan
siroj63@mail.ru
2 WuctutyT Matematuku umern B.U. PomaroBckoro Akagemun Hayk Pecriy6mukm Y36exucran, Tamkent, Y36exucTan
sbiybinaz@mail.ru

B manHO#1 cTaThe paccMaTpUBAIOTCSI BOIPOCHI KOPPEKTHOCTH OHOM JIMHEHHOM 00paT-
HOM 3a/1auy C MOJYHEJIOKaJIbHBIM KPaeBbIM YCIOBHEM [UIsl TPEXMEPHOIO YpaBHEHMS CMe-
LIaHHOT'O TUIIA BTOPOTO POAa, BTOPOIo MOPsiIKa B MPU3MaTHUECKOM HeorpaHMYeHHOU o0Jia-
ctu. s 5T0i 3a/1aun ¢ MpuUMeHeHueM npeolOpazoBanust Pypre, METOIAMH «E-PETYIIpH-
3aIUn», ATPUOPHBIX OLIEHOK, IMTOCIEIOBATEIbHBIX MTPHOMIKEHUH U CKUMAIOIITIXCS 0TOOpa-
KEHUH JI0Ka3aHbl TEOPEMBI CYIIECTBOBAHHS U €MHCTBEHHOCTH 000OIIEHHOTO PELICHNUs B
OTIpPEeIEHHOM KJIACCE HHTETPUPYEMBIX (DYHKIIU.

KoroueBble cjioBa: ypaBHEHMs CMELIAHHOTO TUIIA BTOPOTO POAia BTOPOTO MOPs/IKa, JIUHEH-
Hasi o0OpaTHas 3a/1a4a C IOIyHEIOKaJIbHBIM KPaeBbIM YCIOBHEM, KOPPEKTHOCTD 3a]1a4, Tpe-
obpazoBanus Pypbe, METONBI «E-PeryaspU3aluiy, alPHOPHBIX OLIEHOK, MOCIIEI0BATEb-
HBIX TPUOJIMKEHUN U COKUMAIOIUXCS 0TOOpakeHU I
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1. OcHoBHBIE pe3yJIbTaThI

B nannoii pabote, 41 uCCeN0BaHUs OJHO3HAYHOE Pa3pelIMMOCTH OOpaTHBIX 3a]au AJis TpeXMep-
HOTO YpaBHEHHUS CMEIIAHHOTO THUIIa BTOPOTO POja B HEOIPAaHUUYEHHOM MPU3MaTHUECKON 00IacTH mpe-
JlaraeTcsi MeTol, KOTOPbI OCHOBAaH Ha CBeIEHNE 0OpaTHOM 3aa4H K MPSIMBIM TIOJTYHEIOKaJIbHBIM Kpae-
BBIM 3aJ[a4aM JJIsl CEMEHCTBO HAarpy>KeHHbIX HHTETpo-anuddepen
[UAJIbHBIX YPAaBHEHHUI CMEIIAaHHOTO THUIIa BTOPOT'O POAa B OTPaHUYEHHON MPsAMOYTonbHOM obmacTu [1,2,3].

HanomuuM, 4yTo Harpy>keHHbIM ypaBHEHUEM MPUHATO HAa3bIBaTh YPABHEHUE C YACTHBIMH MTPOU3BO/I-
HBIMH, cozieprkalee B KodhUIIMeHTax Win B IPaBOM YaCTH 3HAUEHUS TE€X WM MHBIX (YHKIIOHAIOB
OT penieHust ypaBHeHus [4].

B ob6nactu

G=(0,1)x(0,T)xR=QxR={(z,t,2);2 € (0,1),0 <t <T < 400,z € R}
paccMOTpUM TPEXMEPHOE YPAaBHEHUE CMECIIAHHOT'O TUIIA BTOPOT'O pOJia, BTOPOIro nmopsaaka
Lu = k(t)utt —Au + CL((E, t)ut + C(I, t)u = 1/1(% t, 2)7 (l)

rne Au = u,, + u, -oneparop Jlamnaca, u mycts k(0) = k(T') = 0. 3necs Y(z,t, z) = g(x,t,2) +
h(z,t)f(x,t,2), g(z,t,2) n f(z,t, z)-3ananusie Gynxuun, a Gyuxuus h(z,t) momiexur onpeene-
HUIO.

Jluneitnas o6parnas 3axaua Haiitn Gynkumm {u(x,t,2), h(z,t)}, yroBnerBopsonme ypapHe-
uuio (1) B obnactu G, Takue, 9to GyHKIms u(x, t, 2) yIAOBICTBOPSIET CIECAYIOMINAM MOIYHEIOKaIbHBIM
KPAa€eBbIM yCIOBHEM

Vuli—o = uli—1 )

u|z:0 = u|1::1 = 0? (3)

A€ 7Y — HCKOTOPOC MOCTOAHHOC YN CJIO, OTIIMYHOC OT HYJIS, BEIMYMHA KOTOPOI'O 6y,Z[€T YTOYHCHA HUIKEC.

B nansHeiiem 6ynem cantars, uto u(x, t, 2) nu,(z, t, z) — O0npu |z| — oo. 4)

Kpome Toro, pemenne 3amgaun (1)-(4) y1oBiaeTBOpsSET JOMOTHUTEIIBHOMY YCIOBHUIO
u(z,t, 4y) = po(, 1), (%)
e £, € R u Bmecre ¢ Gpyukimeit h(x,t) npuHaLIEKUT KIaccy
U = {(u,h)lu € W;*(G);h € W3(Q)}

2 .
3nece W, ’3(G ) BaHaxoBO MPOCTPAHCTBO C HOPMO

+00
_ 3, -
ol = @2 [ (1 AR et g gy
e W2(Q) npoctpanctso Co6oresa,
+o0
a(z,t,\) = (2m)~ /2 / u(z,t,z) e Mdz

— npeoOpazoBanne Oypbe M0 nepeMeHHol 2 GyHKIuU u(T, t, 2).
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YcaoBue 1:
[Mepuopnunocts: a(x,0) = a(z,T), ¢(x,0) = ¢(z,T);
HenoxkanbHeie ycinossie: v - g(x,0,z) = g(x, T, 2),v - f(x,0,2) = f(z,T, 2);
Tnamocts: f(x,t, o) = fo(,t) € CL3 (Q), | fola, t)| > p >0, f € W3*(G), g € Wy (G),

YciaoBue 2:

po(z,1) € W3(Q); vDiwgli—0 = Dioli=1: 4= 0,1,2; ¢glo—o = Polo—1 =0
Teopema. [Tycmb 6vinonnenvi 6bluie yrasamnvle yenosus 1 u 2 ons kosguyuenmos ypasnenus
(1), kpome mozo, nycmo 2a— |k, |+ puk > By > 0, pc(x,t)—c,(x,t) > by > 0 o ecex (z,t) € Q,
20e i = 21n|y| > 0, |y| > 1, u nycme cywecmsyem nonosicumenstoe uucno o maxoe, 4mo Ois

by = min{ By, i, by} umerom mecmo oyenxu by — 14p?c™t = 6 > 0,q = MHfH‘Z/Vs,z(G) <1
2
+o0
1 2 a :
20e M = const (a/ﬂmé 1p=2 Hfo”cgﬁ(@) m = 20c,cycs, ¢y :,!O (1ilf\i|>2\)3 < 400, ¢(i =

2, 3)-koappuyuenmor meopemvi enoscenus Cobonesa. Toeoa credyiowee gynrxyuu {u(x,t,z), h(x,t)}
ABNAIOMCS eOUHCMBEHHBIM peuleHueM JunetiHot oopamuot 3aoaqu (1)—~(5) uz ykazannoeo kiacca

U.
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On junction problem for elastic inclusions
in an elastic body

Irina Fankina

Novosibirsk State University, Novosibirsk, Russia
fankina.iv@gmail.com

The equilibrium problems for a 2D elastic body with thin elastic inclusions with
a junction at a point are considered. It is assumed that a crack exists between
the inclusions and the body. Inequality-type boundary conditions are imposed at
the crack faces to prevent mutual penetration. The problems depend on various
rigidity parameters of inclusions: we are talking about two families of problems. A
convergence of solutions of the families of problems in suitable function spaces is
proved. By this convergence, we pass to the limit in the problems and establish
the form of limit problems. Optimal control problems are considered, the control
parameters are the inclusion rigidity parameters.

Keywords: crack, elastic body, thin inclusion, junction conditions, variational
inequality

O 3a1a4e CONpPsIKEHUsI YIPYTUX BKJIIOYEHHUI
B YIIPYTOM TeJie”

H. B. ®ankuna

HoBocubupckuii rocynapctseHHblil yauBepcutet, HoBocubupck, Poccus
fankina.iv@gmail.com

PaccmarpuBarorces 3a1aun paBHOBECHS JBYMEPHOIO YIPYIroro Tejaa ¢ TOHKUMH YIpy-
TMMH BKJIIOUYEHHSIMH, CONPATAOIUMHUCS B Touke. [Ipennonaraercs HaIM4ue TPEIUHBI OT-
CJIOCHUS C YCIIOBUSIMU HEIIPOHUKAHUS MEXTy BKIIOUCHUSIMHU U TEJIOM. 3aJ1aud 3aBUCST OT
pa3IMYHBIX TAPAMETPOB KECTKOCTH BKIIOUEHUI: peub UJIET O JBYX ceMelcTBax 3ajad. Jo-
Ka3bIBAETCSl CXOAUMOCTh PEIICHUH yKa3aHHBIX CEMEUCTB 3aj[ad B MOIXOMAIINX (YHKIIHO-
HaJIbHBIX MPOCTPAHCTBAX, C MOMOLIBIO KOTOPOI OCYIIECTBISIOTCS NPEAEIbHBIE TEPEXO/IbI
B 33Jlayax M yCTAHABIMBACTCS BHUJ MpPEENbHbIX 3aJau. Takke paccMaTpuBarOTCs 3a7auu
ONTUMAJIBHOTO YIPABJICHHS, B KOTOPBIX YNPABISAIOIIKUMHY [TapaMeTpaMu CIIyKaT Mapamer-
PBbI )KECTKOCTH BKJIFOUEHUM.

KiroueBble cioBa: TpellnHa, YIPYroe TEJI0, TOHKOE BKIIOUEHHUE, YCIOBUS COIPSKEHUS,
BapHallMOHHOE HEPABEHCTBO

* Pabora BeImonHEeHa Ipu Hnopiepkke Maremarndeckoro Ilentpa B Axagemroponke, cortamenne Ne 075-15-2022-282 ¢ Munucrep-
CTBOM HayKH U BbIciiero oopasosanust Poccuiickoii denepanuu.

75



B noknazne Oyner paccMoTpeHa 3ajaya 0 paBHOBECHH ABYMEPHOT'O YIIPYTOro Tejia ¢ JBYMsi TOHKUMU
YOPYTUMU BKIFOUEHUSIMU ITPU HAJTMYUK oTciioeHus. Hannuue oTcinoeHns 03HavaeT, YTo MEXAY BKIIHOUe-
HUSIMH U YIIPYTHM TEJIOM €CTh TpellrHa. [{j1s onucanus TpeuMHbl IPUMEHSI0TCS HeJIMHEWHbIE KpaeBble
YCIJIOBUS, HCKITIOYAIOIINE B3aMMHOE NTPOHUKHOBEHHUE €e OeperoB, 4TO MPUBOAMT K 3ajade ¢ HEM3BECT-
HBIM MHOXXECTBOM KOHTaKTa. [loBesieHNe TOHKMX BKIIIOYEHUH OMUCHIBACTCS B paMKax MoJIeNeil Oanku
Bepnymnnu — Diinepa u 6anku Tumormenko. Ilpeanonaraercs, 4To BKIIOYEHHUS] KOHTAKTUPYIOT B TOUKE.
B pa6ore [1] nony4en nonubiii HaOOp KpaeBbIX YCIOBUHM B TOUKE COMpsbKEeHUs BKitodeHuid. Kpome to-
0, YCTaHOBJIEHO, YTO [TOCTABJICHHAs 3a/laya UMEET pellieHHe, a TAK)Ke NOITy4eHbl (POPMYIUPOBKH 3a71a4,
OTBEUAIOIINX MpeAeSIbHBIM 3HAUCHUSIM MapamMeTpa *KeCTKOCTH BKiItoueHus: bepuynnm — Ditnepa B u3o-
TPOITHOM CiIy4ae.

B noknane OynyT nmpeayioKeHbl pe3ynnbTaThl, CBSI3aHHbBIE C MTPEIEIbHBIM MEPEX0JI0M B CEMENCTBE 3a-
Jlad YKa3aHHOT'O BBILIE THUIIA, 3aBUCALIUX OT NaPaMETPOB KECTKOCTH aHU30TPOIHOIO BKIFOUEHUS THUMO-
meHko. [TapaMeTpaMu xKeCTKOCTH SIBISIOTCS HapaMeTp (v, MPONOPLUHUOHAIBHBIN MOAYIIO CABUTA BKITO-
gyenust TUMOIIIEHKO, U TapameTp (3, MPOMOPIHOHAIBHBIN MOIYITIO YIIPYTOCTH BKITFOUEHHsT THMOIIICHKO B
IIPOAOJIBHOM U IIONIEPEYHOM HanpasieHuH. [1o kaxaomMy U3 napaMeTpoB B CEMENCTBE 3a/1a4 C [IOMOIIBIO
BapHUAIMOHHOTO MOJX0/Ia OCYIIECTBICHBI MPE/ICIbHBIC TIEPEXObI IIPH CTPEMIICHUH (v U [3 K OecKoHed-
HOCTH; MOJTyY€Hbl BapHallMOHHbIE U AU(QepeHuanbabie GopMyTupoOBKH MpeaenbHbIX 3a1a4. Kpome
TOTO, B 000MX CJIy4asx JOKa3aHbl CHJIbHBIE CXOJUMOCTH PEIICHUI CeMENCTB 3a/1au paBHOBECHSI, HA OC-
HOBE KOTOPBIX YCTAHOBJICHO CYILIECTBOBaHME PEIICHUN 3a7a4 ONTUMAIBHOTO YIIpaBICHUs. YKa3aHHbIE
3a1aun ChOPMYITUPOBAHBI B COOTBETCTBHH C KpUTEpHeM paspyuienus [ puddurca, u mapamerpst o u 3
B HUX SBJISIOTCS YIPABISIOIIMMH.
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A proximal bundle algorithm for solving the equilibrium
problems with inexact data*
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In this paper, an approach bundle method for solving non-smooth equilibrium
problems is proposed. We consider a general algorithm that converges so that the
sequence generated by the algorithm converges to an approximate solution of the
equilibrium problem, and then we explain the realizability of the algorithm. In
this strategy, the inexact cutting plane linearization of the objective function is
established by using the inexact value of the objective function and the approximate
gradient of the adjacent points, which makes the subproblem easy to solve and
maintains convergence. In addition, we choose a suitable descent criterion to
measure the decline of the function and we introduce a stop criterion, which is
satisfied after a finite number of iterations.

Keywords: equilibrium problems, proximal bundle method, non-smooth optimiza-
tion, inexact data

1 The main results

In this paper, we try to solve the equilibrium problem (for short, EP):
(EP) Find z* € C, such that f(z*,y) >0, forall y € C,

where C is a nonempty convex compact subset of R™ and f : C' x C' — R is continuous
differentiable, it satisfies f(z,z) =0 and f(z,-) is convex for all z € C.
Then, the inexact oracle is given as the following type: for given y;,, € C'and € > 0, there are

fk; = fre(yp) — ¢,
where f;(-) denotes f(z*,-).

It is expensive to solve the subgradient of a non-smooth function, so we propose and
analyze an algorithm that is capable to deal with approximate subgradients, then we take an
already computed subgradient g(Z) of f at some & near z. Then

f@) +9(@)(z — ) = f(&) + 9(F)T(z — &) + (2, %)
< f(z) + oz, z) forall z € R",

. ~ o ~ ~ T ~ ~
with 0 < ag(a, #) == f(a) — F(&) — g(F)T(x — &). Thus, g(#) € Dy 0.2 f(x):
* The research is supported by the National Key Research and Development Program of China, project No.2022YFB3304600 the Interna-
tional Postdoctoral Exchange Fellowship Program 2020 by the Office of China Postdoctoral Council, project No.2020003; the Project

by China Postdoctoral Science Foundation, project No.2019M651091; the Fundamental Research Funds for the Central Universities
of DMU, under No. 3132023205.
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Proximal Bundle Algorithm For Solving Equilibrium Problem
Step 0. Let an initial point 2° be given, together with a tolerance p € (0,1) and a positive
sequence {€g e Set y) =2 k=0,i= 1.

Step 1. Choose a piecewise linear convex function sz and solve
(") gleig{eksz + h(y) — h(zy) + (Vh(zF), 2 — 2F)}

to get a unique optimal solution y* € C, where h : C — R is strongly convex differentiable
function.
Step 2. If B B
Fe(ue') < nfi(yi’),

=, y2+1 = 2%l and increase k by 1 and set i = 0, otherwise, x,, is kept fixed for
the next inner iteration and set x;,, = x,.
Step 3. Increased i by 1 and go to Step 1.
Conclusion

The running time will be reduced by using inexact information and the algorithm will
converge to an approximate solution of the equilibrium problem. It provides reliability and
attractiveness in solving non-smooth and non-convex optimization problems. In the future,
we will introduce numerical experiments and some examples to show that the algorithm is
effective in solving non-smooth equilibrium problems.

k+1 k+

set x

References

[1] T. T. V. Nguyen, J. J. Strodiot, V. H. Nguyen. A bundle method for solving equilibrium
problems. Mathematical Programming, Ser. B. 2009. Vol. 116. Pp. 529-552.

[2] Hintermller M. A proximal bundle method based on approximate subgradients. Computa-
tional Optimization and Applications. 2001. Vol. 20. Pp. 245-266.

[3] Salmon G, Strodiot J J, Nguyen V H. A bundle method for solving variational inequalities.
SIAM Journal on Optimization. 2004. Vol. 14, no. 3. Pp. 869-893.

[4] M. Huang, J. L. Yuan, S. D. Lin, X. J. Liang and C. Y. Liu. On solving the convex
semi-infinite minimax problems via superlinear VU incremental bundle technique with
partial inexact oracle. Asia-Pacific Journal of Operational Research. 2021. Vol. 38, no. 5.
P. 2140015.

[5] M. Huang, H. M. Niu, S. D. Lin, Z. R. Yin, J. L. Yuan. A redistributed proximal bundle
method for nonsmooth nonconvex functions with inexact information. Journal of Industrial
and Management Optimization. 2023. Vol. 19, no. 12. Pp. 8691-8708.

78



Method of equivalent control for discontinuous systems
with delay”
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Matrosov Institute of System Dynamics and Control Theory SB RAS, Irkutsk, Russia
finQ@icc.ru

General problems that arise when studying a system with a discontinuous right-
hand side in the presence of delay are discussed. A detailed study describes the set
of discontinuity points of the right-hand sides and the sliding mode method by the
equivalent control method using invariantly differentiable functionals. Solutions
of the given values are understood in the sense of A.F. Filippov, as solutions of
functional-differential inclusions.

Keywords: functional-differential equation with discontinuous right-hand part, slid-
ing mode, functional-differential inclusion, invariantly differentiable functional,
equivalent control

1 Introduction

Functional differential equations are considered

&= f(t, (), 24, (-) = ¢o () (1)

where f: R' x C_ — R™ is a discontinuous function, R™ is a n-dimensional vector space with
norm | - |, C, — the space of all continuous functions ¢(-) defined on the interval [—7,0] with
values in R" with the usual sup-norm [¢(-)|c =sup___,_, [6(0)], z,(0) = 2(t +6), 7 >0 —
an arbitrary real number.

For systems without delay, it is convenient to represent the set of discontinuity points on
the right-hand side of the equation as sets of zero Lebesgue measure. This allows the use of
properties of Lebesgue measurable functions such as approximate continuity [2]. In particular,
M can consist of finite number of hypersurfaces. The movement along the intersection of
the hypersurfaces of the discontinuity points is called the sliding mode. In our studies, the
function f is discontinuous on the set of points M C R x C._.

Movements of the system (1) over the set M, by analogy with discontinuous systems without
delay, we will also call sliding modes. Although for sets M in a function space this term may not
always be justified. For example, motion through a set of functions M = {¢(-) : ¢(—7) = 0}
is completely determined by the initial function and does not depend on the right-hand side
of the equation (1).

For discontinuous systems with delay, the structure of the set of discontinuity points
on the right-hand sides of the equations can turn out to be much more complex. But we
can single out one general property of this set, if we want to use the theory of differential
inclusions to describe solutions. This property is boundary, i.e. the complement of M must
be everywhere dense or, equivalently, the set M must have an empty interior. Then for each

* The work was carried out within the framework of the state task of the Ministry of Education and Science of Russia, project
Ne 1210401300060-4.
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point (¢, ¢(-)) € M the set of limit values of the function f(t',¢’(-)) will be correctly defined
for (t',¢'(+)) — (t,0(+)), (t',¢'(-)) € M. The convex, closed hull of all limit values of the
function f at the point (¢, ¢(-)) we denoteby F'(t, ¢(+)).

The solution of equation (1) with initial function z, (-) = ¢,(-) is a continuous function

x(t) defined on [t, —7T,t,], t; > t,, absolutely continuous on the segment [t,¢;] and for almost
all t € [ty,t,] satisfying the differential inclusion
L(t) € F(t,z,(-)). 2

2 The main results

Questions arise: how to describe the set of M points of discontinuity of the right-hand side of
functional differential equations so that it is possible to obtain sliding mode equations? In
particular, what would an analogue of the equivalent control method look like?

In [1] the theory of i-smooth analysis was developed, which, within the framework of
the direct Lyapunov method, was successfully applied in problems of stability of functional
differential equations. The theory is based on invariant derivatives and invariantly differentiable
functionals W (¢, z, ¢(-)). We note: these functionals can be effectively used to describe a set
of discontinuity points functions f(¢, ¢(-)) and for deriving sliding mode equations for systems
with delay.

Consider a controlled system

j’.:f<t7$t(')7ula-"auk) (3)

under the assumption that the function f is continuous, each control u; = u,;(t, ¢(-)) (scalar
function) is discontinuous on its manifold M; = {(&(-)) : W;(t, ¢(0 ) ( )) =0} and u;, u;

— limit values of the function u,; on both sides of the manifold M;, i =1, ..., k. Equivalent

controls ui? = ul(t, ¢(-)) are determined from the equations

<vaz[p]7 f(t7 ¢<)7 uiqa 7U’Zq)> + a(j)Wz [p] + ath[p] = 07
p:<t7¢(0),¢('))

where (-, -) — scalar product, V_ W, — gradient with respect to x, 9,W; — partial deriva-
tive with respect to t, 9,W; — invariant derivative with respect to ¢(-) for the functional

Theorem 1. If each value u;? is contained in a segment with endpoints u;, u; , then the sliding
mode equation will be

T = f(ta xt(')ﬂ uiqv ’uzq). (4)

In Theorem 1, the equivalent control method known for systems without delay (see [1]) is
extended to the equation (3).
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Dynamic models in predictive analytic with examples of
problem solving in different domains

N.T. Gabdrakhmanova
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The paper presents the results of building dynamic models using geometric
methods for forecasting problems in the social and industrial sphere. Geometric
methods are used to solve the problem: methods of differential geometry and
algebraic topology. Algorithms for problem solving were developed, a number
of computational experiments on real data were carried out, which showed high
quality of problem solving. As a task in the social sphere, the problem of assessing
the occurrence of conflict on the basis of social media data was solved. As a task
in the industrial sphere the problem of stability of oil industry development was
solved using time series data.
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JAnHaMuvYecKkue MoJeJ M B IPEANKTUBHON AaHAJIMTHKE HA IpUMepe
pelieHus 3a1a4 B pa3JIM4HbIX 00/1aCTAX

H. T. 'abapaxmanoBa
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B pabore mpencTaBieHbl pe3ynbTaThl MOCTPOSHUS JUHAMHYECKUX MOJIEIEH C UCTIONb-
30BaHUEM I€OMETPUYECKHX METOAOB JUISl 3a/1a4 MPOTHO3UPOBAHUS B COLMAIBHOW W IpO-
MBIIUIEHHOH cdepe. [Ipu nocTpoeHnn Mojieneil UCTIOIb30BaHbl TE€OMETPUIECKHE METOMbI:
MeToAbl Au(pepeHnanbHON TeoMeTpuu U anredpanueckoil Tononorun. Pa3padoransl an-
TOPUTMBI PELICHHS 3a]a4, IPOBEICH PsiJ] BEIUUCIUTEIbHBIX HKCIIEPUMEHTOB Ha peajibHBIX
JTAHHBIX, IOKA3aBIINX BHICOKOE KaueCTBO PEIICHMS 3a/1a4i. B kauecTBe 3a/1a4u B COIMAIIb-
HOM cepe pemranach 3a7a4a OLEHKH BOSHUKHOBEHHSI KOH(IINKTA MO TaHHBIM COIMAIbHBIX
Menua. B kauecTBe 3a1a4un B IPOMBIIUIEHHOU cdepe perranach 3aada yCTOHUYMBOCTH pas-
BUTHUS HEQTIHOU OTPACIIU MO JaHHBIM BPEMEHHBIX PSI/IOB.

KuiroueBble ciioBa: TUHAMHYECKasi CHCTEMa, OLICHKAa KpUBU3HBI 'pada, MepCUCTEHTHAS 1A~
rpaMMma, BpeMEHHOMU psijl

1. OcHoBHBIE pe3yJIbTaThI

IIpenukTUBHAS aHAIUTHKA U OLEHKA YCTOMYMBOCTH TMHAMUYECKOW CIIOKHOM CHUCTEMBI SIBISETCS
BKHOM JIJIsl aHAJIM3a MOBEJICHUS CUCTEM B CaMbIX pa3MUHbIX obOnacTsx. Takue 3agauu BO3HUKAIOT B
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HSKOHOMUKE, TEXHUKE, MeIUIHEe, Ononorun. Llenbio qanHoi paboThI SBISIETCS UCCIEIOBAHNE BOSMOXK-
HOCTH UCIIOJIb30BaHMA aHAJIOTOB KPUBU3HbI Puyun A1 METPUUICCKUX IIPOCTPAHCTB, HOPOKACHHBIX I'pa-
¢bamu, a TaKxe, METOJJOB aJIredpandeckoll TOTIOJIOTHH JJIsl pEIIeHNs 3a/1a4 MPOTHO3a U aHAJIN3a YCTOM-
YHUBOCTH pa3JIMYHBIX JUHAMUYCCKNX CUCTCM. HpI/I PCUICHNHU ITOCTABJICHHBIX 3a/1a4 ObLIH IMOCTPOCHKI I1a-
paJuIeNIbHBIC MOJICINH C UCTIONH30BAaHUEM CTATHCTHYECKHX METOIOB U HEWPOCETEBOTO MOJICIIUPOBAHUSI C
LEINbI0 BepuUKAIMK IpeaIaraeMbix MeTo0B. OCHOBHBIC MPEUMYIIECTBA TEOMETPUIECKUX METOIOB —
3TO YCTOHYMBOCTD K IIIyMaM, BO3MOXKHOCTb MCIIOJIb30BaHUSI MAITMHHOTO O0YYEHHs, BO3MOXXHOCTh aHa-
JTU3UPOBaTh OONBIION 00BEM JaHHBIX.

Tononornuecknit ananu3s AaHHbIX (TDA) - m03BONISAET HAXOOUTH CTPYKTYPY B TaHHBIX BPEMEHHBIX
psinoB. [lepcucTeHTHBIE IUAarpaMMBl, BBeIeHHbIE X. DnenbcOpyHHepoM [ 1], sSBisroTcs BaxKHEHIINM HH-
CTPYMEHTOM BBIYUCIIUTEIBHON TOIIOJIOTHH, MTO3BOJIIOIIUM, HAlpUMED, MOJIy4aTh KAYeCTBEHHYIO HMH-
(hopMaLIO O «TOIOJIOTUYECKON AMHAMUKe» BpeMeHHOoro psia. C nomomnibio T/IA perieHa ojiHa akTyasb-
Has 3aJja4ya B COLMAIBHOM cdepe: n3yuyeHre OTHOIIEHHs COLMyMa K KOHKPETHBIM ITPOEKTaM IO TaHHBIM
conuaibHbIX ceTeil. Llenb paGoThl: BBIABIATH KOH(QIMKTHBIE CUTYallM HA PAHHUX CTAJUAX KPHU3HCHBIX
cutyanuii. Ha nepBom atane perieHus 3a1a4u Oblila IpoBeAeHa Npe1o0paboTka JaHHBIX, TIOCPEICTBOM
aHaJIN3a TEKCTOBBIX JAHHBIX IOCTPOEHBI BPEMEHHBIE PsJIbl. 3aTEM, BPEMEHHBIE PsIJIbl ObLIIM CEIMEHTH-
POBaHbI U JUIsl K&KAOI0 CETMEHTa BPEMEHHOTI'O psiia MOCTPOEHBI IEPCUCTEHTHBIE AUarpaMMbl, OappKo-
JIbl, BBIYMCIICHBI OLIEHKH XapakTepucTuk Oisepa. [lokazaHo, 4To o TMHAMUKE XapaKTepUCTUK Diliepa
MOXKHO KJIACCU(ULUPOBATh CUTYAIHIO 110 OTHOLUIEHUIO BO3MO)KHOCTH BO3HMKHOBEHUS! KOH(IMKTHOM
cuTyauuu. Pe3ynbraTsl pacueToB, MOIYYEHHBIE C IOMOILBIO TOCTPOCHHBIX MATEMATHUECKUX MOJENEH,
MOATBEPAMIN OTCYTCTBHE KOH(IMKTA. AJTOPUTMBI, pa3pab0oTaHHbIE C UCIONb30BaHKEM MeTo0B TDA
Ha JAHHBIX KOHKPETHOI'O IIPOEKTA, I0KA3bIBAIOT IEPCIEKTUBHOCTD IIPUMEHEHHS 3TUX METOIOB AJIS pe-
[ICHHS aHAJIOTUYHBIX 3a1ad4 [2].

KpuBusHa Puyum B 3a1aHHON TOUKE XapaKTepU3yeT CPEIHIO KPUBU3HY CEKIIMOHHBIX KPUBHU3H 110
BceM HarpaBieHusM. [loHsTHe KpuBU3HbI Pudun 711 METpUUYECKUX MPOCTPAHCTB OOLIETro BUa BIEp-
BbIe ObLIO BBeeHO B paborax bakpu u Dmepu [3]. B 2011 roay Jlun, Jly u Sy [4] moauduumposa-
mu onpezaenenue OmmuBbe U1 KpuBU3HBI Pryun neneid MapkoBa Ha METPUYECKUX IPOCTPAHCTBAX.
C ucronp30BaHNEM METOIOB TU(epeHINaIbHON TeOMETPHH PEIIeHa 3a/1a4a OICHKH yCTOWYHBOCTH
pa3BuTHA HE(TIHON OTPACIIM MO JAHHBIM BPEMEHHBIX psoB. Ilox yCTOMYMBOCTBIO pa3BUTHS OTpac-
JI1 TIOHMMAETCs COIIAaCOBAHHBIM TMHAMUYECKUI POCT BCEX MOKazaTeslel OTpaciu, pa3OUThIX Ha TPHU
rpynimel. J{ns pernienus 3aqadu Kiactepusanui B paboTe ucmosb3yercs Gopmyna Watts-Strogatz [5]:
curv(A)=t/(v(v-1)/2,

37IeCh V — YHCJIa BEPIIMH U t — YHUCJIO TPEYTOJIHHHUKOB, KOTOpbIe 00pa3oBaHbl pedbpamu rpada, co-
nepamuMy BepiinHy A. JlanHas QyHKuus — QyHKIUS IByX NEPEMEHHBIX. 3aMETHM, YTO BEJIMYMHA
v (v-1)/2 — MakcHMaJIBHOE KOJMYECTBO TPEYTOJILHUKOB, KOTOPOE MOYKHO COCTaBUTh C TIOMOIIBIO BCEX
BepmuH rpada. KoppensiuonHas ceTh CTpOUTCS ClenyommM 00pa3oM. BepiHbl ceTr — 5KOHOMUYe-
CKHe TI0Ka3aTeH, BCE BEPIIMHEBI COeNMHEHBI peOpamu. Bec pebpa — paBeH BoIOOpodHOMY K03 rimeH-
Ty koppemsiimu [Tupcona. [IpoBeneHa BepuduKanys MoIyYSHHBIX PEHICHUI C TTOMOIIBIO CPABHEHUS C
SKCHEPTHBIMU OLICHKAMH.

AnroputMmsl, pazpaboTaHHbIE ¢ HCTIONb30BaHneM MeTo10B TDA u nuddepennmansHoii reomeTpu,
MOKa3bIBAIOT NEPCHEKTUBHOCTD IPUMEHEHH ATHX METOOB JUIs PEIICHH 3a1a4 IPEJUKTHBHON aHaIIU-
TUKU B ITOBEICHUH JUHAMUYECKHUX CUCTEM.
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Analysis of some differential properties of nonconvex
functions*
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We study some differential properties of functions in the nonconvex context.
For modern methodics, they are crucial mostly for establishing the convergence
and evaluating the convergence rate of optimization methods.
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methods, supporting functional, Lipschitz continuity, differential inequality

The requirement of convexity of objective functions represents a very serious restriction,
which in real-world technical and economic optimization problems, can not always be fulfilled.
Earlier and mostly in recent years, many various generalizations of the convexity concept of
a function are of exceptional interest both from the point of view of theory and applications
of mathematical programming methods.

Nonconvex programming methods have naturally some important priori characteristics
such as the scope of application, fact of convergence, rate of convergence. The presence
of these characteristics is determined primarily by the differential properties of optimized
functions, as well as by the possibility of modern methodics of investigating the convergence
and sustainability of studied optimization methods (see, for instance, [1]). The main thing for
applications of nonconvex functions is to reveal their differential properties, which are very
similar to the following useful property of convex functions:

f(x)_f(y> < <Vf<$),$—y>, :c,yED(f),

where Vf(z) denotes the gradient of the function at z, D(f) stands for the function’s
domain. Usually, on the basis of this differential property, it becomes possible for convex
functions to substantiate the relaxation nature and convergence of optimization methods, to

* The research has been supported by the Kazan Federal University Strategic Academic Leadership Program (“PRIORITY-20307).
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obtain the estimates of their convergence rate. For nonconvex functions, we prove the presence
of some differential properties which are crucial in applications such as optimization methods
(for establishing their convergence characteristics). In particular, we prove the following
theorem.

Theorem 1. (Differential inequality for a continuously differentiable, quasiconver, and
Lipschitz continuous function) If: f(z) is a continuously differentiable quasiconvex function
satisfying the Lipschitz condition on all of R™, then for any Yy € R™ such that |V f(y)|| # 0
there is fulfilled the following inequality:

Vi(y)

f(y)—f(w)SL-<m,y—x

), (1

forany x € M(f,y) ={r e R": f(x) < f(y)}.

We used these properties, for instance, in [2] to prove a sublinear rate of convergence of the
adaptive conditional gradient method in the case of pseudoconvex functions. We also applied
these differential properties for analyzing the convergence rate of the fully adaptive steepest
descent method in [3].
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Global limit cycle bifurcations in predator—prey
models of ecological and biomedical systems
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We carry out a global bifurcation analysis in predator-prey models of ecological
and biomedical systems. In particular, applying methods of Catastrophe Theory,
we prove that the Leslie-Gower dynamical system with the Allee effect can have at
most two limit cycles surrounding one singular point.

Keywords: Leslie-Gower dynamical system, Allee effect, Catastrophe Theory,
Wintner—Perko termination principle, bifurcation, limit cycle

1 Introduction

We carry out a global bifurcation analysis in predator—prey models of ecological and biomedical
systems [1-5]. In particular, we complete the global qualitative analysis of a predator-prey
system derived from the Leslie-Gower type model, where the most common mathematical
form to express the Allee effect in the prey growth function is considered; see [5]. The basis for
analyzing the dynamics of such complex ecological or biomedical systems is the interactions
between two species, particularly the dynamical relationship between predators and their prey.

To control all limit cycle bifurcations in a dynamical system, especially, bifurcations of
multiple limit cycles, it is necessary to know the properties and combine the effects of all
its rotation parameters. It can be done by means of the development of new bifurcation
geometric methods based on Perko’s planar termination principle [1]. This principle is a
consequence of the principle of natural termination which was applied by A. Wintner for
studying one-parameter families of periodic orbits of the restricted three-body problem to show
that in the analytic case any one-parameter family of periodic orbits can be uniquely continued
through any bifurcation except a period-doubling bifurcation. Such a bifurcation can happen,
e.g., in a three-dimensional Lorenz system. But this cannot happen for planar systems. That
is why the Wintner—Perko termination principle is applied for studying multiple limit cycle
bifurcations of planar polynomial dynamical systems [1]. If we do not know the cyclicity of
the termination points, then, applying canonical systems with field rotation parameters, we
use geometric properties of the spirals filling the interior and exterior domains of limit cycles.

2 The main result

The Leslie-Gower predator-prey model incorporating the Allee effect phenomenon on prey is
described by the Kolmogorov-type rational dynamical system [5]:

i=ux (r (1 — f—{) (z—m)— qy) (prey),

y=sy <1 - i) (predator),
n

(M
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where the parameters have the following biological meanings: r and s represent the intrinsic

prey and predator growth rates, respectively; K is the prey environment carrying capacity; m is

the Allee threshold or minimum of viable population; ¢ is the maximal per capita consumption

rate, i.e., the maximum number of prey that can be eaten by a predator in each time unit; n

is a measure of food quality that the prey provides for conversion into predator births.
System (1) can be written in the form of a quartic dynamical system [5]:

i=2*((1—2)(z —m)—ay) =P,

. _ ()
y=yBr—7y)=Q.
Together with (2), we will also consider an auxiliary system (see [1])
=P —0Q, y=Q+P, 3)

applying to these systems new bifurcation methods and geometric approaches developed
in [1]—[5], and completing the qualitative analysis of (1).
It is valid the following theorem.

Theorem. The Leslie-Gower system with the Allee effect (2) can have at most two limit
cycles surrounding one singular point.

3 Conclusion

In this work, we have completed the global bifurcation analysis of the Leslie-Gower system
with the Allee effect which models the dynamics of the populations of predators and their
prey in a given ecological or biomedical system. Studying global bifurcations of limit cycles,
we have proved that such a system can have at most two limit cycles surrounding one singular
point.

The mathematical tools used in this work may also be helpful in the qualitative analysis of
any two-dimensional model of species interaction in a biological system, in particular, in the
contexts of conservation and biological control. Another line of research could be directed,
for instance, towards studying the interaction of the Allee effect with random environmental
conditions such as alien species invasions or other catastrophic events, which may increase the
amplitude of population fluctuations and even drive a population to extinction; see [5] and
the references therein.
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On some pseudo-differential equation in a certain conical
domain
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The study investigate a unique solution of a model pseudo differential equation
with integral boundary condition and solvability of the equation as the parameters
"a and b” increase significantly, while d remains constant is also explored.

Keywords: pseudo differential equation, integral boundary conditions, domain with
a cut

Model elliptic pseudo-differential equations in domains with non-smooth boundaries of various
dimensions were examined in previous studies [1,2]. The research focused on a special wave
factorization of the elliptic symbol allowing for a description of the solvability pattern of the
model pseudo-differential equation with an operator A defined as [3],

(Au)(z) = / / A(&)uly)d¢dgdy,x € C,C C RS
C JR5

where A() is a symbol of the operator A with order o € R having property
¢ <A+ [E)) ¥ < e, €R,eq,¢5 > 0.
In this study we consider the equation,
(Au)(z) = 0,z € R® C% x C% (1)

with integral boundary condition

/ u(ry, Ty, T3, Ty, T5)dxodrs = f(11,73,7,) ()
|R2

where: C? C R?, C’ﬁd C R3? and

C% x C = {z € ROz = (31, 2y, T3, 2y, T5), Ty > alxy], x5 > blzs| + d|24],0,b,d > 0},
Assuming A(€)admits the wave factorization relate to —C¢ x C%? having index e , such that
e—s=1446,10]<4%.

We investigate general solution of the elliptic problem (1) expressed in terms of an unknown
function ¢, € H s=3(R3) and S,.co, S), a one dimensional singular integral operator on k"
variable for £ =1, 3,4 as well as some of their compositions [1,2].

Upon obtaining the solution, we explore its uniqueness with integral boundary condition (2).
Finally, we obtain the following result:

Theorem 1. Suppose that —s =146, 0| < % Then a unique solution of the equation (1) with

~

integral boundary condition (2), is obtained when, ¢o(&;,&3,&,) = AL(€1,0,&5,84,0)f(§1,&5,84),
where f € H¥T1(R3). 0
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When the parameters a and b are significantly larger but d remains constant,
(i.e. @ — 00,b — 0o and d = const.), we have the following,

K (Tl + Ty T3+ Ty 54)  K(ry,r5,8) + K(rg,r3,8) + K(ry,75,84) + K(ry,73,&,)

2 72 7 4

_<S1K<TQa r5:€4) + 51K (rys1r3,84) — S1K(r1,75,84) — 51K (11,75, 64))

2

3)

. (S3K(rgs1s,84) — SsK(rg,13,&4) + S5 K (11,75, &) — 3K (ry,73,84))

2
+(831K(7“277“5,54) — 831K (ry,13,84) — S5 K (r1,75,84) + S31k(r1,73,84))

2

where:

+ + + + 7t +
K(leTZv T32r5’£4) = Ay (1"127‘2,0’ T32T5’§4’0) f<T12T2’ T32r57§4)'

Theorem 2. Suppose that A(§) admits the wave factorization for constant d and sufficiently
large values of a and b, with index ,—s=1+9,|d| < % with respect to —C'¢ X Cﬁd. Then the
unique solution of the problem (1),(2) has limiting function as a — co,b — oo while d = const.
if and only if the function f € HSTY(R3) fulfills the equation (3).

The a priori estimate is defined as

llully < e[floen
where: K(&,6,&,) € H+3(R?). O
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A collocation method based on roots of Chebyshev
polynomial for solving integral equations
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The paper proposes a matrix implementation of the collocation method for
constructing a solution to integral equations of Volterra and Fredholm type using a
system of Chebyshev polynomials of the first kind orthogonal on the interval [—1, 1].
The roots of Chebyshev polynomials are chosen as collocation points. Solutions to
integral equations are found by polynomial interpolation of the obtained function
values at these points using orthogonal relations for polynomials. Error estimates
for the constructed solutions are obtained with respect to the infinite norm and
finite norm in the Hilbert space of measurable functions.

Keywords: collocation method, Volterra and Fredholm integral equations, Cheby-
shev polynomials of the first kind, roots of Chebyshev polynomials

O MeToae KOIOKAUH € UCIIOJIb30BAHHEM KOPHEH MHOI04JICHOB
YeoObimena A5l pellieHns] HHTErpajbHbIX YPaBHEHU ™
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B pabote npeuiaraercss MaTpu4Has peain3anus MeToa KOJUIOKAIUHY JIJIsl IOCTPOCHUS
pellIeHusl UHTerpajbHbIX ypaBHEeHUI Tuna Bonbreppa u @pearospbma ¢ IpUMEHEHUEM CH-
CTEMbI OPTOTOHANBHBIX Ha oTpe3ke [—1, 1] MHOorowienos YebsIieBa nepsoro posa. B ka-
YEeCTBE TOYEK KOJUIOKALMK BBIOMPAIOTCS KOPHU MHOTOUJIeHOB YelbleBa. Pemenus nunre-
rpaJIbHBIX YPAaBHEHUN HAXOJATCSA MYTEM IMOJMHOMHUAIBLHON HWHTEPIOSLNUA TONTYYSHHBIX
3HaueHWH (PYHKIUH B 3TUX TOYKAX C HCIOJIH30BAHHUEM OPTOTOHAJIBHBIX COOTHOILCHHUH ISt
NOJIMHOMOB. [ToJTyueHBI OLIEHKH MOTPENIHOCTEH MOCTPOCHHBIX PEIIEHHH 110 OeCKOHEUHOU
HOpME M KOHEYHOU HOpME B T'MJILOEPTOBOM MPOCTPAHCTBE UBMEPUMBIX (DYHKIIUH.

KiroueBble cjioBa: METOZ KOJUIOKALMM, UHTETpalIbHble ypaBHeHuUs Boabsreppa u ®pen-
rojibMa, MHOrouwieHoB YeObliieBa epBoro poja, KOpHA MHOrowIeHOB YeObIeBa

* MiccnenoBaHue BBIOIHEHO 3a cueT rpaHTa Poccuiickoro Hay4yHoro ¢onaa, mpoekt Ne 24-21-00381.
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1. OcHoOBHBIE pe3y/IbTaThI

B pabote BBINOIHEHO TOCTPOEHUE PELICHHS METOI0M KOJUIOKAI[MK HAa OCHOBE IOJINHOMUAJILHOM arl-
npokcuManuu YeOrllieBa HHTErpaibHbIX ypaBHeHU Bosibsreppa u @pearoasma Broporo pona. [lonbis-
TerpanbHast GyHKIHS B THX YPAaBHEHHUSAX 3allMCaHa B BHJIC YACTMYHOW CYMMBI psifia IO MHOTOUYJIEHAM
UYeOrImeBa mepBoro pojia ¢ UCMoIb30BaHUEM MTPOU3BEICHUS IBYX MATPHIIL, SJIEMEHTAMH TIEPBOM U3 HUX
SBIISIIOTCS. MHOTOWIEHBI UeOBbIIeBa nepBoro posa, a BTopoil MaTpuiibl — KO3 (GHUIMEHTH B 3TOH CyMMe.
C npuMeHeHueM KopHei MHOrowsieHoB UeOblieBa B KaueCTBE TOUEK KOJUIOKALUN UHTETPaJbHbIE ypaB-
HEHUS MPUBEICHBI K CUCTEMaM JIMHEWHBIX airedpandyeckux ypaBHEHUH OTHOCHTEIHHO HEU3BECTHBIX
3HAYEHUN NCKOMBIX (DYHKIMH B 3TUX TOUKax. [Ipr 3TOM HCTI01H30BaHBI COOTHOIIEHUS OPTOTOHATIBHOCTH
JUTS pacCMaTpUBAEMBIX MHOTOWICHOB ¥ MHTETpasibHbIe hopmyibl [1] v [2]. Beraucnenue nHTErpaioB ot
MaTpHIIbI, HIEMEHTAaMH KOTOPOH SIBIISTIOTCSI MHOTOWIEHBI YeObleBa, BBIMOIHEHO ¢ TOMOUIBIO TPOU3Be-
JICHHSI 3TOM MaTpuUIbl Ha KBAJAPATHYIO MaTPUILy JOCTAaTOYHO MPOCTOrO BUA, ONPEACICHUE HIEMEHTOB
KOTOPO OCYIIIECTBICHO C UCIIOJIb30BAaHUEM MHTETPAIbHBIX ()OPMYIT U CTETIEHHOTO MPEICTaBICHUS IS
MHorowieHoB YeObimena. [locnennee B 3HaYUTENBHOM CTENEHN MOKET CIIOCOOCTBOBATh ONTUMHU3AIINN
MIPU BBIYMCIICHUH 3HAYEHHUM KPaTHBIX MHTETpajoB. PelieHus] MHTErpajbHbIX YpaBHEHUN B MPE/CTaB-
JIEHHOW paboTe HaleHBI TyTEeM MMOJIMHOMUAIHLHOW WHTEPIIONISAINN TTOTyYEeHHBIX 3HAUeHUH (QYHKIIHIA B
TOYKax Kojutokanuii. OOpaTHas MaTpHIIa P STOM 3aliicaHa B SBHOM BHe. [10TydeHbI OLIeHKHM TOTpel-
HOCTEH MOCTPOEHHBIX PELICHUI 10 OECKOHEYHON HOpME U KOHEYHOU HOPME B I'MJIbOEPTOBOM IPOCTPaH-
CTBE U3MEPUMBIX (DYHKIIHA.

Cnucok aureparypsbl

[1] Mason J., Handscomb D. Chebyshev polynomials. Florida: CRC Press, 2003.
[2] Shen J., Tang T., Wang L. Spectral Methods. Heidelberg: Springer Berlin, 2011.
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Geometric methods of analysis in the study of some
problems in the theory of differential inclusions
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Differential inclusions are a convenient and completely natural apparatus for
describing controlled systems of various types, systems with discontinuous char-
acteristics, which are studied in many sections of modern optimal control theory,
mathematical physics, radiophysics, acoustics, theory of nonlinear oscillations,
mathematical economics, optimization theory. The best tools for studying this
type of problem include methods of multivalued and nonlinear analysis. The
theory of topological degree of multivalued mappings plays a significant role in the
development of these methods.

Keywords: differential inclusion, functional differential inclusion, random multi-
valued maps, random coincidence point, multioperator of translation, random
coincidence index, method of random integral guiding functions

O TOomOJIOrHYecKMX METOAaX AHAJIN3A B UCCJIEJOBAHUMN HEKOTOPBIX
3a7a4 Teopun 1uddepeHnnaIbLHBIX BKIKYEHMI ™

E. H. 'ermanoBa

Boponesxckuii rocynapcTBeHHBIH negarorndeckuii yausepeuret (BI'TIY), Boponex, Poceus
ekaterina getmanova@bk.ru

Huddepennnanbapie BKIIOYEHUS — YIOOHBIN U BIIOJIHE €CTECTBEHHBIN ammapar i
ONUCAHUs YNPABISIEMBIX CHUCTEM PA3JIMYHBIX THIOB, CUCTEM C PAa3PBIBHBIMU XapaKTEpH-
CTUKaMH, KOTOPBIE U3YYaIOTCS BO MHOTHX Pa3/iefiax COBPEMEHHOW TEOPUH ONMTUMATILHOTO
YIpaBJICHUS, MaTeMaTHUECKOH (PU3HKH, PaTHOPU3UKH, AKYCTUKH, TEOPUN HEITUHEHHBIX KO-
nebaHui, MaTeMaTHYEeCKOW SKOHOMHKH, TEOPUH ONITUMHU3AIMY U T.1. K Hammydmmm cpe-
CTBaM JIJIsl U3YYEHHS TAKOTO THUIIA 33]1a4 OTHOCSITCS METOJIbl MHOTO3HAYHOTO M HEJTMHEHHOTO
ananu3a. CyIlecTBEHHYIO POJib B PA3BUTHH 3TUX METO/IOB UTPAET TEOPHS TOTOIOTHYECKOM
CTETICHH MHOTO3HAYHBIX OTOOPAKEHHIHA.

Kawuessble cioBa: nuddepenmaibioe BKIIIOYCHHE, PYHKINOHAIBHO-TUDHEpPCHIINAITD-
HOE€ BKJIIOYEHUE, CIY4YailHOE€ MYJIBTHOTOOpPa)KCHHUE, CIydaifHasi TOYKa COBIAJCHHS, MYb-
THOTIEPATOP C/IBUTA, CITyYAHHBIH UHIEKC COBIAICHUSMETO/I CITyYaifHBIX HHTETPAIbHBIX Ha-
HPAJIBISIONIMX QYyHKIHHA

* Pabora BemonHeHa npu ¢gurancosoil nognepsxxke PH® B pamkax peanuzanun IIpe3uneHTCKOH TporpaMMBI HCCIIEIOBATENBCKUX TIPO-
eKTOoB, npoekT Ne 22-71-10008.
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1. OcHoOBHBIE pe3y/IbTaThI

B nmoxmane OymayT nmpencTaBieHbl pe3ybTaThl UCCIICIOBAHHUS 3a1a4 IS CITyYaiHbIX quddepeHim-
aJIbHBIX U ONEPATOPHBIX BKJIKOUEHUH, CYIIECTBOBAHUE PEIIEHUN KOTOPBIX JOKA3bIBAETCS C MOMOIIBIO
HOBBIX TONOJIOTMYECKUX XapaKTEPUCTHK HEKOTOPHIX KIIACCOB MHOTO3HAYHBIX OTOOPaXEHUH, 8 IMEHHO:

1) 3amava ynpaBieHus co ciiydaifHOM oOpaTHOM CBS3bIO, 3aJJaHHAs] HHTETPO-AUPPepeHInaTbHBIM
ypaBHeHuEM. Pa3peiinMocTb NoCTaBiIeHHON 3a7ja4 CBEJIEHA K HAX0XK/ICHUIO TOYKY COBIIA/ICHUS AJIs Ta-
PBI CITy9aifHBIX 0TOOpaKeHUH, OTHO U3 KOTOPBIX SBISETCS HETMHEHHBIM (PPEAroIbMOBBIM OTIEPATOPOM
HYJIEBOTO MHJIEKCA, a BTOPOE — MHOTO3HAYHOE OTOOPa)KCHHE C HEBBITYKJIO3HAYHBIMH 3HAUCHUSIMU. B
nokJane OyyT MpUBEIEHBI YCIOBUS, TP KOTOPBIX MHOTO3HAYHOE 0TOOpaXkeHne Oy/IeT yIIOTHSIOIINM
OTHOCHUTENBHO (PpeArosapbMoBa Orneparopa, 4ro JaeT BO3MOKHOCTh MPUMEHUTH JJIsl OTBICKAHUS TOYEK
COBMAJICHUS CIydalHbIi nHAeKC coBnaaenus (cm. [3], [7]);

2) 3amaya 06 omeparope CABHra 10 TPAeKTOPUAM CIIy4alHbIX u(depeHanbHbIX BKIIOYeHUH. B
JoKJaze OyzieT onpesesieH MyabTHOIIEPaTOp CABUTA U TMTOKa3aHO, YTO TAKOW MYJIBTHOIIEPATOP — CITydaid-
HOE MynbTHOTOOpakeHue (cM. [2]);

3) nepuoanueckas 3ajaya Juis CIly4aiHbIX (yHKIHOHAIBHO-IU(B(HEepeHIIMATbHBIX BKIIOUEHUH. J{7s
pellIeHus] TaHHOM 3aJla4ul HCI0JIb30BaHA TEOPHUs CIydalHOW TOMOIOTUYECKOW CTEEHU COBIIAJICHUS U
MPUMEHEH METO/] CITyYaiHbIX HHTETPaJIbHBIX HAMPABISIOMMX QYHKINH (TIAAKUH U HETIIaKUN CITydan ).
Pemena taxke 3amaga s quddepeHImanbHbIX BKITFOYSHHH ¢ BOSMYIIIEHHOU MpaBoii 4acThio (cM. [1],
[6] - [8]);

4) cmyuaiinas Bepcus Teopembl Kapuctu. JlanHas 3a1a4a siBisieTcs IpUMEpPOM MIPUMEHEHHUS TOIOJ0-
THYECKUX METOJIOB B 33J]aU€ O PaBHOBECHUHU, KOTOPAs Ba’KHA B TEOPUU UT'P U MATEMAaTUUYECKON S KOHOMUKE
(cm. [4], [5D).

Pabora BrimonHeHa pu puHAHCOBOH nonaepxkke PH® B pamkax peanuzarnuu [Ipe3nneHTckoit mpo-
rpaMMBbI HCCIIEN0BATEIHCKUX TPOEKTOB, TpoekT Ne 22-71-10008.
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Exact increment formulas in optimal control of balance
equations
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We study a nonlinear optimal control problem for nonlocal transport equa-
tions with source terms on the space of signed measures. The epithet “nonlocal”
emphasizes the fact that the vector field and the source operator depend on the
measure-state. We develop an approach to numerical solving this problem based
on exact formulas for the increment of the cost functional. The approach relies on
(explicit or implicit) duality and leads to a series of necessary optimality conditions
of the “feedback” nature. A constructive interpretation of the latter gives rise to
numerical algorithms, free from “depth” parameters.

Keywords: nonlocal balance law, optimal control, feedback control, necessary opti-
mality conditions, numerical algorithms

Tounble (popMy bl NpUpaieHus GyHKIMOHAIA B 3a/1a4e
ONTHMAJILHOTO YIPABJIEHHsI YPaBHEeHHEM Oajianca™

E. B. l'onuaposa, H. U. [Toronaes, JI. P. 1. Aperns Cunopos, M. B. Crapuibia

HUACTY CO PAH, Upkytck, Poccust
{starmax,goncha}@icc.ru, {nickpogo,lev.ryan.lev}@gmail.com

N3ydaeTcs 3aga4a ONTUMAIBHOTO YIIPABJIECHHUs HEIOKAIbHBIM TPAHCIOPTHBIM ypaBHE-
HHUEM C UICTOYHUKOM Ha IIPOCTPAHCTBE KOHEYHBIX 3HAKOIIEPEMEHHBIX MEp, [J1€ MUTET “HeJlo-
KaJbHOE” MOAYEPKHUBAET TOT (DAKT, UTO BEKTOPHOE TOJIE U ONEPATOP UCTOUHHKA 3aBUCST OT
MEpbI-COCTOSHUS (HEIMHEHHBIM 00pa3oM). PazBuBaeTcs Moaxos K UUCIEHHOMY PELICHUIO
MOCTaBJICHHON 3a/1a4uM HAa OCHOBE TOYHBIX (POPMYJ MPUPALICHUS LIEJIEBOT0 (QYHKIMOHAIA.
[Tonxon onupaercs Ha SIBHYIO MJIM CKPBITYIO JBOMCTBEHHOCTb U MPUBOAUT K CEpUU HEOO-
XOAMMBIX YCJIOBUI ONTUMAIBbHOCTH “TIO3UIIMOHHOTO” THMHA. KOHCTPYKTHBHOM HHTEpHpeTa-
el NOoCIeIHUX BBICTYNAKOT METO/bl OCIEI0BATEIIbHBIX MPUOIMKEHUH, CBOOOAHBIE OT
apaMeTpoB “IITyOUHBI CITyCKa’.

KuroueBble cjioBa: HeEJIOKalIbHOE ypaBHEHHME OajaHca, ONTHMAJIbHOE YIpPaBIECHUE, MO3H-
[IMOHHBIE YIIPABJICHUS, HEOOXOIUMBIE YCIOBUS ONTHMAIBHOCTH, METO/IbI CITyCKa

* WccnenoBanne BBHIMONHEHO 3a cueT rpanTa Poccuiickoro mayunoro ¢orma Ne 23-21-00161, https://rscf.ru/project/
23-21-00161/.
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1. OcHoOBHBIE pe3y/IbTaThI

I/I3y11aeTc;1 3aJiadya OIITUMAJIbHOI'O YIIPaBJICHUSA

(P)  JMu] = €(plu]) — inf,
Opp+ V- (Vipsug) p) = Glpsuy), t € 1=1[0,t]; o = 05 (1)
uel =L (I;U).

B neii mpoctpancTBoM X (pa30BBIX COCTOSIHUM (1, BBICTYIIA€T METPHYECKOE IIPOCTPAHCTBO OTPaHUIECH-
HBIX peryispHbiX Mep Ha R, oOnmajaronmx KOHEYHbIM NEPBBIM MOMEHTOM; TPAEKTOPHU CYTh HETpe-
PBIBHBIE KpUBBIE [ : T 5 i, I — X, a ynpasnenus — usmepumsie Qynkimu u: ¢ — u,, I — U # ().
Otoopaxerust £: X — R, V: I XR" X X XU - R"uG: I x X xU — X,mepatd € Xu
MHO)kecTBO U C R™ mpeanonaratoTcsi 3aJaHHBIMU U YAOBJIETBOPSIOT MPEANIONOKEHUsM |1, Teopema
1].

3anaya (P) xopomuio u3y4eHa B ciiydae, KOrja HCTOYHMKOBBIN uieH TpuBuaieH, T.e. G = 0. [Ipu
3TOM ypaBHeHHue OanaHca (1) mpeBpaiiaercss B 3aKOH COXpaHEHHS — HEJIOKaJIbHOE ypaBHEHHE Hepas-
PBIBHOCTH, KOTOPOE pa3yMHO pacCMaTpUBaTh Ha MPOCTPAHCTBE BEPOSTHOCTHBIX Mep. B Takoii 3amaue
MOJTy4€HO HECKOJIBKO 3KBUBAJICHTHBIX (hopM npuHumna [lontpsaruna [2,3] 1 He0OXoaUMbIe yCI0BUS BTO-
poro nopsiika [4]. B to xe Bpems ipu G # 0 vy nipuHimn [TOHTPSTHHA, HE €r0 aHAJIOTH HEW3BECTHBI
JlaKe B YACTHOM TIOCTAHOBKE — KOTJA Bce 00BEKTHI 3a/1auu ( P) JIMHENHHBI [0 IEPEMEHHOM L.

B moknajie npecTaBieH ajdbTepHATHBHBIN TTOX0 K BapHALMOHHOMY aHanu3y 3anadn (P), npu-
BOJSIINN K “TIO3UIIMOHHON Bepcun npuHnmna [loaTpsruHa, poacTBeHHON ycinoBusM [5]. OCHOBHBIM
Pe3yabTaTOM BBICTYHAET HEJIOKAJIbHBIA aIrOPUTM CIyCKa, CBOOOJHBIN OT BHYTPEHHUX MPOLEAYp Mapa-
METPUYECKOM ONTUMU3AINY U OTIIMYAIOIIUIICS BBICOKOH CKOPOCTBIO CXOMMOCTHU B YHCJIEHHBIX KCIIe-
pUMEHTaX.

Cnmcok Jureparypsl

[1] Torogaes H.U., Crapunisia M.B. HenokanbHbie ypaBHeHHS OaiaHca ¢ MapaMeTPOM B TPOCTPAHCTBE
3HaKonepeMeHHbIX Mep. Marem. ¢6. 2022. T. 213 Ne 1. C. 69-94.

[2] Averboukh Y., Khlopin D. Pontryagin maximum principle for the deterministic mean-field type
optimal control problem via the Lagrangian approach. 2022. doi: 10.48550/arXiv.2207.01892

[3] Bonnet B. A Pontryagin maximum principle in Wasserstein spaces for constrained optimal control
problems. ESAIM Control Optim. Calc. Var. 2019. Vol. 25. Ne 52.

[4] Bonnet B., Frankowska H. Necessary optimality conditions for optimal control problems in
Wasserstein spaces. Appl. Math. Optim. 2021. Vol. 84. Pp. 1281-1330.

[5] Asixra B.A. I103MLMOHHBIN IPUHLINAI MUHUMYMA: BApUALUOHHOE YCUJIICHHE TOHITHH YKCTPEMAaJlb-
HOCTH B onTMainbHOM ynpasieHud. M3s. UI'Y. Cep. Maremaruka. 2022. T. 41. C. 19-39.
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Comparison optimization models for an identical parallel
machine scheduling problem with
uncertain job durations

Sergei Gladyshev

Moscow Institute of Physics and Technology, Moscow, Russia
gladyshev.si@phystech.edu

This study addresses an identical-parallel machine scheduling problem without
workers. The expected duration of each operation must be considered while
scheduling to minimize the makespan. However, due to unexpected events occurring
during processing, the duration of the job may change. The new processing time
is determined by a known probability distribution, set in advance for each job.
Suppose the original schedule becomes infeasible due to the changes in the job
duration. In that case, it can be made feasible only by moving jobs forward in
time without assigning them to other machines or changing the execution sequence.
Overlaps are determined based on the start times from the initial schedule and start
times from the resulting schedule for each job. In our work, we mathematically
formulated this problem and conducted computational experiments to compare the
performance of various constraint, linear, and quadratic programming models that
aim to find an initial schedule with a minimum makespan and try to minimize the
expected maximum overlap in the resulting schedule.

Keywords: identical parallel-machine scheduling problem, uncertain processing
times
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Determination of thermal conductivity and volumetric
heat capacity by heat flow

Andrei Gorchakov!2, Vladimir Zubov!:?

1 Federal Research Center “Computer Science and Control” of the Russian Academy of Sciences, Moscow, Russia
andrgor12@gmail.com, vladimir.zubov@mail.ru
2 Moscow Institute of Physics and Technology, Dolgoprudny, Russia
andrgor12@gmail.com, vladimir.zubov@mail.ru

When creating new materials, the properties of these substances are not always
known. We often encounter a situation where the volumetric heat capacity and ther-
mal conductivity of a substance depend only on temperature, and this dependencies
are unknown. In this regard, the problem of determining the dependence of the
volumetric heat capacity and thermal conductivity of a substance on temperature
based on the results of experimental observation of the dynamics of the temperature
field is relevant.

Previously, the authors proposed an effective algorithm for simultaneous identi-
fication of the temperature-dependent volumetric heat capacity and the thermal
conductivity of a substance based on the results of experimental observation of the
dynamics of the temperature field in an object.

This paper examines the possibility of using the proposed algorithm to obtain a
numerical solution to the problem of simultaneous identification of the temperature-
dependent volumetric heat capacity and thermal conductivity of the substance
under study based on the results of measuring the heat flow at the boundary of the
domain. The work considers a layer of material of a given width. The temperature
of this layer at the initial time is known. It is also known how the temperature at
the edges of this layer changes in time. To model the temperature distribution in the
layer, the first boundary value problem for the one-dimensional non-stationary heat
equation is used. The identification problem under consideration is to determine
such dependencies of the volumetric heat capacity of a substance and the thermal
conductivity on temperature at which the heat flux at the layer boundary, obtained
as a result of solving the mixed (direct) problem, differs little from the flux obtained
experimentally. A measure of the deviation of these functions can be a certain norm
of deviation of the theoretical flow from the experimental one. An algorithm for
the numerical solution of the inverse coefficient problem is proposed. To minimize
the cost functional, the gradient method was used in the work. The gradient of the
cost functional was calculated using the fast automatic differentiation technique.
The examples of solving the inverse coefficient problem considered in the work
demonstrated the efficiency of the proposed algorithm.

Keywords: thermal conductivity, inverse coefficient problems, gradient, heat equa-
tion
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Onpenesienue k03GPuMeHTa TEMIONPOBOAHOCTH M 00bEMHOM
TEIJI0EMKOCTH 110 TEIJIOBOMY IOTOKY ™

A. 10. Topuaxos! -2, B. . 3y6os'2

1 Menepanbubii Hccnenoparenbekuii nentp «MHbopMaTHKa M yIIpaBIeHue» Poccuiickoil akaneMun HayK
(®ULL 1Y PAH), Mocksa, Poccus
andrgorl2@gmail.com, vladimir.zubov@mail.ru
2 MocKoBCKHIt (PU3HKO-TEXHMYECKUH HHCTUTYT (HAMOHANBHEIH HccIenoBaTebekuil yausepcutet) (MO TH), Honronpynusiii, Poccus
andrgorl2@gmail.com, vladimir.zubov@mail.ru

ITpu co3manny HOBBIX MaTEpPHAIOB CBOMCTBA STHX BELIECTB HE BCer/a ObIBAIOT U3BECT-
Hbl. Hepenko mpuxoauTest BCTpeuarbesi C CUTyalMel, Korna 00beMHast TEIII0OEMKOCTh B KO-
3 QHUIHUEHT TETTONPOBOJHOCTH BEUIECTBA 3aBUCST TOJIBKO OT TEMIIEPATypbl, U 3TH 3aBH-
CHUMOCTH HEHM3BECTHBL. B CBsI3U C 3TUM aKTyaJlbHOW OKa3bIBACTCS 3a7a4a ONpeICICHUs 3a-
BUCHUMOCTH 00BEMHOM TEIJIOEMKOCTH U KOA(PPUIIMEHTA TETIONPOBOJHOCTH BEIIECTBA OT
TeMIIepaTyphl 110 Pe3yJIbTaTaM HKCIIEPUMEHTAILHOTO HAOIIOACHHS 32 TUHAMUKON TeMIepa-
TYPHOTO TIOJISI.

Panee aBropamu ObuI nIpeIoxKeH d(PEKTUBHBIN aJrOPUTM OJHOBPEMEHHON MACHTH(HKA-
UM 3aBHCAIIMX OT TEMIEpaTypbl 00bEMHON TEIIIOEMKOCTH U KOA(UIIMEHTa TEIUIONpO-
BOJHOCTH BEIIECTBA HA OCHOBE PE3y/bTaTOB IKCIIEPUMEHTAILHOTO HAOIIOICHHS 3a TUHA-
MHKOH TeMIepaTypHOTo 1oJisi B 0ObEKTe.

B nannoii pabote uccieryercss BO3SMOKHOCTh IPUMEHEHUS TPEITIOKEHHOT0 allTOPUTMA JIs
MOJTYYEHHUS YUCICHHOTO PEIICHUS 3aJa4l OAHOBPEMEHHOMN NACHTU(PHUKAIINN 3aBUCAIIHNX OT
TeMIIepaTypbl 0OBEMHON TEIIOEMKOCTH U Kod(dUIeHTa TeII0NPOBOJHOCTH UCCIEaye-
MOTO BEIECTBA [0 Pe3yJbTaTaM N3MEPEHUs TEIUIOBOIo I0TOKA Ha rpaHule obnactu. B pa-
0oTe paccmarpuBaeTcsl CJIOW Marepuana 3aJaHHoll mupuHbl. Temmeparypa 3TOro ciost B
HavyaJIbHBIE MOMEHT BPEMEHH M3BECTHA. Takke M3BECTHO, KaK M3MEHSETCS CO BPEMEHEM
TeMIIeparypa Ha Kpasx 3Toro cios. Iy MoaenupoBaHus pactpeieieHus] TeMIIepaTyphl B
CJIOE UCTONB3YeTCs TepBasi KpaeBas 3a/1a4a Uil OAHOMEPHOTO HECTAllMOHAPHOTO ypaBHE-
HUS TEIJIONPOBOAHOCTH. PaccmarpuBaemast 3a/1aua WACHTU(PHUKAIIUK COCTOUT B OMpe/iese-
HUM TAaKOH 3aBUCUMOCTH 00BbEMHOM TEIJIOEMKOCTH BEIECTBA U KO3 GHUIIMEHTA TEIUIONpo-
BOJTHOCTH OT TEMIIEPATYPbI, PH KOTOPO TEIJIOBOM IOTOK HA TPaHMIIE CJIOSL, TOTYICHHBIN B
pe3yIsbTarTe pelIeHns CMeaHHoH (TIpsAMOi) 3a7a4M, MaJIo OTIIMYAeTCs OT MOTOKA, TOJTyYeH-
HOTO DKCIIEPUMEHTAIbHO. Mepoii OTKIIOHEHUS 3TUX (PYHKIHIA MOXKET CIYKHTh HEKOTOpast
HOpPMa OTKJIOHEHHSI TEOPETUYECKOTO MOTOKa OT 3KCIEepHUMEHTaIbHOro. [Ipeanoxen amro-
PUTM YHUCIIEHHOTO pelieHus: oOpaTHON KodhduumeHTHON 3a1a4un. [Jis MUHUMHU3AIUH 11e-
JeBoro (yHKIMOHaIA B paboTe NCIOIb30BaNICs IPAaAUEeHTHBIN MeTo. [ paueHT 1eneBoro
(bYHKIIMOHAIA BEIYUCISIICS C TTOMOIIBIO METOIOJIOTHH OBICTPOTO aBTOMaTHIecKoro audde-
peHuupoBanus. PaccMoTpeHHbIe B paboTe IpuMepsl peleH st 00paTHOM ko3P PHUIIUEHTHOM
3aJja4y IPOJEMOHCTPUPOBAIIN pabOTOCIIOCOOHOCTh MPEATI0KEHHOIO aJITOPUTMA.

KioueBblie ci10Ba: TEMJIONPOBOAHOCTH, 0OpaTHbIe KO3(D(UIMEHTHBIE 3aJa4H, IPAJUEHT,
ypaBHEHHE TEIUIONPOBOAHOCTU

* HlcenenoBaHue BHIIONHEHO 3a cueT rpanTta Poccuiickoro Hay4uHoro gonpa, npoekt Ne 21-71-30005, https://rscf.ru/project/21-71-30005/
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One variant of particle random placement

Daniil E. Gornakov, Nataliya A. Kolokolnikova

Irkutsk State University, Irkutsk, Russia
daniil.gornakov@mail.ru

In this work, the mathematical expectation of the number of non-empty cells
in an occupancy problem is obtained. A new method of using the A-scheme of
sequential tests is proposed.

Keywords: mathematical expectation, A-scheme of sequential trials, occupancy
problem

OO0 ogHOM BapHaHTe CJIYYAHHOI0 Pa3MelleHUus1 YaCTHII

. E. lopnakos, H. A. KonokonsHrkoBa

WHCTUTYT MaTeMaTUKH U MHPOPMALIMOHHBIX TEXHOJIOTHI
WpkyTckuii rocynapcTBeHHbIH yHuBepcureT, MpkyTck, Poccus
daniil.gornakov@mail.ru

B paGore momydena gpopmyra st MaTeMaTHIeCKOTO OKHUIAHUS YUCIIa HEITyCThIX Y€K
B 33/1aue 0 apobunkax. [IpennokeH HOBBIM croco0 HCIOIB30BaHUS A-CXEMBI MTOCIIEI0BA-
TEJbHBIX UCIIBITAHUH.

KarodeBble c10Ba: MaTeMaTHYECKOE OXKUAAHKE, A-CXeMa MO CIe0BaTEIbHBIX UCIILITAHUH,
3a/1ada o JpoOMHKAxX

B noknazse paccmarpuBaeTcs Kjlaccuueckas 3aaada o ApoOuHKax u ee 06o6menus [1,2]. Ilomyden
BapUaHT (POPMyYIJIbI MATEMATHUECKOTO OXKUIAHUS AJIsl YACIIA HEMyCThIX ssueek. [Ipu nqokaszarenscTse uc-
M0JIb30BaHa A-CXeMa MOCJe10BaTeIbHBIX UCTIBITAHUM [3].

ITycts npoBoAATCS MOCIIENOBATENBHBIE UCIBITAHMS 110 CXeMe «ycrnex-Heycnex». Ilocie kaxaoro
ycrexa BepOsITHOCTb yCIleXa, a 3Ha4MT, U Heyclexa MoXeT MeHATbed. [locie Heycniexa n3MeHeHue Be-
POATHOCTH HE IPOUCXOAUT. Takasi cxema Ha3bIBaeTCsl A-CXEMOH MMOCIe10BaTeIbHbIX UCIIBITAHUM.

I[Tycts £,, — 4UCIIO YCIIEXOB B N HCHBITAHUSX, IPOBOAUMBIX B YCIOBUSAX A-CXEMBI, P; — BEPOSITHOCTb
(i + 1)-ro ycmexa, T.e.

IIpu aTom
Qi:::}){£n+l =1 |£n ::i} =1 — Di-

PaccmoTpum knaccudeckyto 3agauy o qpoOuHkax. ITycts umeercs N siueek, B KOTOpblE HE3aBUCUMO
JpyT oT Apyra OpocatoT n yactuil. [log ycrexom noHMMaeTcs IonaiaHue OuepeHON YaCTUILIbI B ITyCTYIO
stueiiky. BepositHocTs (7 + 1)-T0 ycriexa B TaKOM cilydae paBHa.

N —1

p; = N i =0, min(n, N).
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Hccnenyem cayualiHyro BeIMUMHY §,, — YUCIO YCIIEXOB B n HCHbITaHusAX. [IpencTaBum e€ B Buzie
CYMMBI CITy4alHbIX UHJIUKATOPOB:

57’1,:91—]’_02—{_"'_'_9%’

rae 0; = 1, ecnu B 4-M UCIBITAaHUM HAOJIONANICS YCIIEX.
Maremarndeckoe OXKHIaHUE YKCIIa YCIIEX0B B 71 UCTIBITAHUSAX B TAKOM CiIydae OyJeT paBHO

bynewm cuutars, uro §; = 0.
3aMeTHM, 9TO MaTeMaTHYECKUE OKHMIAHUS HHANKATOPOB MOTYT OBITh TPEICTABICHBI B BUJIE

N — M¢; -
M@:%, i=1,n.

Torma

n*lN_Mgi 1n71
ME,, :Z;T :n—NZ;Mgn.

[IpeoOpa3sys nmpaByro 4acTb, MOTYUUM:

:n_n(n—l) +n(n—1)(n—2) B (n—l)(n—Z)(n—S).

" 2N 6N? 6N3

OxoHYATEITLHO (bopMyna MAaTEMAaTUICCKOIo OXKUAaHUS YMCJla YCIICXO0B B 77 UCIIBITAHUAX 3alIUIICTCS TaK:

ME =p-_207 0
o =m0 oN T GN7—1

(2

n(n—1) | $n (D= 1) 2N
=3

3t0 XapaKTCPUCTHUKA CPCAHCTO YK CiIa HEMMYCThIX AYCCK IIPU PASMECIICHUUA 7! YaCTHII.

Cnmcoxk Jureparypbl

[1] Komuun B.®., CeBacthsinoB b.A., Huctsakor B.I1. Cnyuaiinbie pazmemienus. M.: Hayka, 1976. 223
C.

[2] Cenusano b.. O6 ogHOM 000011IeHHH KJTACCHYECKOM 3a/1a4H 0 ipoOrHKax // Teopus BeposTH. U
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Practical optimization in non-convex optimal
control problems

Alexander Gornov, Tatiana Zarodnyuk, Anton Anikin,
Pavel Sorokovikov, Alexander Tyatyushkin

Matrosov Institute for System Dynamics and Control Theory of SB RAS, Irkutsk, Russia
gornov@icc.ru, tz@icc.ru, anikin@icc.ru, pavel@sorokovikov.ru, tjat@icc.ru

A brief overview of the developed software for studying optimal control problems
is presented. The authors’ accumulated experience of numerical solution of applied
extreme problems is described. The classes of problems that can be solved using
the developed algorithms are highlighted. Using the implemented software tools, a
number of applied problems from the fields of flight dynamics, space navigation,
robotics, electric power, seismology, economics, ecology, chemistry, medicine and
nanophysics have been successfully solved. The talk discusses the software properties
and presents the results of numerical experiments.

Keywords: optimal control problems, software, numerical optimization methods

IIpakTHyeckasi ONTUMU3ALNSA B HEBBIMYKJIBIX 321a4aX
ONTHMAJIbHOTO0 YIIPABJIeHHA "

A. 1O. Topuos, T. C. 3apogntok, A. C. AnukuH, I[1. C. CopokoBukoB., A. U. TaTIOMKUH

MHcTuTyT TMHAMMKH CUCTEM U TeopuH ynpasieHus umenu B.M. Marpocosa CO PAH, HUpkyrck, Poccus
gornov@icc.ru, tz@icc.ru, anikin@icc.ru, pavel@sorokovikov.ru, tjat@icc.ru

[Ipencrasnen kpaTkuit 0030p pa3paboTaHHBIX MPOTPAMMHBIX KOMITJIEKCOB ISl HCCIIEIO-
BaHMsI 33]1a4 ONTUMAIILHOTO yrnpasiieHust. OnucaH HaKOIUICHHBIA aBTOPaMH OTIBIT YUCIICH-
HOT'O peIICHUS IPUKIaJHBIX 3KCTPEMAJIbHBIX 3a/1a4. BhIeIeHbI KIacChl 3a/1a4, KOTOPBIE MO-
TyT OBITh PENICHBI C UCIIONB30BAaHUEM pPa3padO0TaHHBIX aNropuT™MoB. C MpUMEHEHHEM pea-
JIM30BaHHBIX TPOTPAMMHBIX CPEJICTB YCIICITHO PEIICH PSA MPUKIAAHBIX 33134 U3 00IacTeit
JTMHAMHKH T10JIeTa, KOCMOHABUTAINH, POOOTOTEXHUKH, SIEKTPOIHEPTETUKH, CEHCMOJIOTHH,
SKOHOMHMKH, SKOJIOTHH, XMMHH, MEIUIIMHBI 1 HAHO(MU3HUKH. B moKIIane 006cykaatoTcst CBO-
CTBa MPOTPAaMMHBIX KOMIUIEKCOB U MPUBOIATCS PE3YABTATHl YACICHHBIX SKCIEPUMEHTOB.

KiroueBble cioBa: 3aja4yyd ONTUMAlIbHOTO yHpaBJICHHA, TPOrpaMMHBIE KOMITJIEKCHBI, YHUC-
JICHHBIC MCTOJbI OIITUMH3AllNN

Pa3paboTka mporpaMMHBIX CPEICTB IS UCCIIEIOBAHMS 3aa4 ONTUMHU3AIIH ITPOBOMIIACH B KOHIIE
XX Beka mapajuieJIbHO B LEJIOM Psijie POCCUICKUX HaydHBIX opranu3anuii. Cpean HUX HeNlb3sl He yIIo-
MSHYTb NakeT npukiaaaubix nporpamm (IIIT) IUCO («Iunanorosas cuctema ontumuzauus», BL PAH,

* Pabota BBIIONHEHA 3a cyeT cyOocuauu MuHoOpHayku Poccnu B pamkax npoekta « Teoprst 1 MeTObI HCCIIEAOBAHUS BOIIOIOHHBIX
YPaBHEHMH U YIPABISIEMbIX CUCTEM € MX npuiioxkeHussMm» (Ne roc. perucrpanuu: 121041300060-4).
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pykoBoautens FO.I. EBrymienko), nakeT npukiaanbix nporpamMm [TAOOM («IlakeTt ananuza s3kOHOMU-
yeckux mozeneiy, pyk. B.A. Ckokos), nporpammusiii komiuieke (ITK) CONTROL (MITM PAH um. M.B.
Kennpima, pyx. P.I1. ®enopenko), mporpaMMHbIe KOMIUIEKCHI 17151 33]1a4 JIMHEHHOTO MPOrpaMMHUPOBaHUS
(BLI PAH, pyk. A.-1.A. CraneBuuyc, [IOIMU PAH, pyk. Y.X. Mankos), IIIIIT MAIIP («Maremarude-
CKO€ ITporpaMMHUpOBaHe B MHOTOMEPHBIX 3a7auax», Mpkyrckuit BLl BC® CO PAH, pyk. A.W. Tatiomi-
kun), [T KOHYC («KommuiekcHas ontuMu3anus ynpasisieMbix cuctem», Upkyrckuit BL BC® CO
PAH, pyx. A.M. XKonynes), TIIIIT TICU («IIporpammuas cuctema unentudukanuuy, pyk. B.1. I'yp-
MaH) ¥ psf IpyTuX. BombIIMHCTBO yKa3aHHBIX IPOrpaMMHBIX pa3paboToOK ObUIN peaan3oBaHbl A1 OBM
BOCM-6 unmu EC 3BM. K cokanenuro, B MocieHue oIkl O0IBITMHCTBO U3 3TUX padOT, BO3MOXKHO, TIO
00bEKTUBHBIM MPUYNHAM, OB CBEPHYTHI, U BEPCUH IS COBPEMEHHBIX KOMIIBIOTEPHBIX CHCTEM TaK U
He ObLTH peann3oBaHbl. OIHAKO, 32 pyOeKOM pabOoThI IO CO3/IaHUIO MPOTPAMMHBIX CPEACTB ONITUMH3a-
UU BeayTcs Bee Tak ke akTuBHO — B CILIA, I'epmanum, [lopryranuu, Asctpanuu, ®pannuu, Kurae n
JIPYTUX CTpaHax, U peajn30BaHHBIC MPOTPAMMHBIE KOMIUIEKCHI YCIIEITHO TPUMEHSIOTCS MPH PELICHUH
MHOYKECTBA MPUKJIAIHBIX 33]1ad U3 PA3INIHBIX HAYYHO-TIPAKTHYECKHUX 00JIACTei.

B Unctutyte nunamuku cuctem u teopun ynpasieHus CO PAH (r. MpkyTck) B Hacrosiiiee Bpe-
MsI TIPOBOJIUTCSI aKTUBHAsI paboTa 1Mo CO3/IaHuI0, PA3BUTHIO U TECTUPOBAHUIO Psijia MPOTPAMMHBIX KOM-
IUIEKCOB, OPUEHTHPOBAHHBIX HA PEIIEHUE SKCTPEMAJIBHBIX 33134 [1]. B BO3MOKHOCTH IPOrpaMMHBIX
KOMILJIEKCOB HOBOT'O MOKOJIEHHS BXOJAT, B TOM YHMCIIE, HEBBITYKIIBIE 3a/1a4l ONTUMHU3ALUHU, KaK CTaTH-
YeCKue, TaK U IMHAMUYECKUE. AJIrOpUTMUUECKOE HAITOJHEHHE HOBBIX TPOrPAMMHBIX KOMIUIEKCOB, YTO
BIIOJIHE €CTECTBEHHO, BKJIIOUAET U JIy4IIHe aJlTOPUTMbI, 0OTOOpaHHBbIE B MIPOLUIBIX EPUOJaX UCCIIEA0Ba-
Hu#. [ moucKa JOKaJIbHOTO YKCTPEMyMa HMeeTCs OMOIMOTEeKa aITOPUTMOB HYJIEBOTO, TIEPBOTO U BTO-
pOro nopsiaKa, OCHOBAHHBIX KaK Ha TEOPHH ONTHMAJIBLHOTO YIPABIECHHU, TaK U HA TEOPUU KOHEUHOMED-
HOM onTuMM3auMy. [ moucka NoOaJIbHOrO HKCTPEMyMa aBTOPaMH MPENTI0KEHO HECKOJIBKO HOBBIX
CEMEHCTB aJroOpuTMOB, KaK CTOXaCTUYECKUX, TaK U JETEPMUHUPOBAHHBIX (METOJIbI CIIy4allHOTO MYIIb-
TUCTApTa; METO/Ibl, OCHOBAHHBIE HA aNMPOKCUMAIIMU MHOXKECTBA JI0CTUKUMOCTHU; TYHHETIbHbIE METO/IbI;
METOJIbl CETOK; METObI KPUBOJIMHEHHOTO MTOMCKA; METO/Ibl, OCHOBAaHHbIE HA HEJIOKAJIBHOM NPHUHIINIE
MaKCUMYMa; METO/Ibl MMUTALIMN OTXKUIa U TEHETHYECKOIO MTOMCKA; METObI CITyYalHbBIX TOKPBITHI; Me-
TOJbI KPUBOJIMHEHHOTO MOKMCKAa U JPYTHUE), JTYUIINE U3 KOTOPHIX BKJIKOUEHBI B COCTaB MPOTrPAMMHBIX
KoMILIeKcOB. CepBUCHOE HANOJIHEHHUE IPOTPAaMMHBIX CPEJICTB, BO MHOTOM 3aBHUCSAIIEE OT Oa30BBIX MPO-
IrpPaMMHBIX CpeJl, PEaIM30BaHO C LEJIbI0 paciupeHus BosmoxkHoctel [1K myTem ucnons3oBanus HHTEp-
AKTUBHBIX PEKUMOB PAcyeTOB, CO3/IaHNS MHOTOMETOHBIX BBIUHMCIUTEIBHBIX CXEM U TOHKOW HACTPOMA-
KU QITOPUTMHUYECKUX IMapaMeTpoB. IIporpaMMHbIe KOMIUIEKCH peaan30BaHbl Ha cTanaapre s3bika C ¢
ucnonb3zoBanreM kommmsitopoB BCC 5.5, GNU, ICC u MoryT paboTath 1oJ| yrpaBiIeHHEM OIepaIin-
ouHbIX cucteM Windows, Linux u MacOS.

C npuMeHeHHeM peaau30BaHHbIX POrPAMMHBIX CPEACTB BO3MOXKHO PEllaTh 3a7a4l ONTUMAJIbHO-
TO YIIPaBJICHUS B HEIMHEHHBIX CHCTEMaX C TEPMUHAIBHBIMU ¥ MHTETPAJIbHBIMU (DYHKI[OHAJIAMH U Ha
ObICTpOJIEHCTBHUE, C NapaslleIeNUIEeIHBIMKI, TEPMUHAIBHBIMU, (Pa30BbIMU (CMEIIAHHBIMH, HHTEPBAJIb-
HBIMH) U IPOMEKYTOUYHBIMH OI'PaHUYEHUSMH, C YIPABICHUAMHU-(QYHKIHUIMU U YIIPABICHUIMHU-KOHCTaH-
Tamu U aApyrue. [IpuMeHnss HeclIoKHbIe MaTeMaTHYeCKHe PEAyKIHH, YAAeTCsl PaCIIMPUTh 00JIacTh HC-
nonp3oBanus 11K u pemars 3agaum ¢ 3amasapiBaHieM, B cucTeMax JugGepeHInaabHbIX YPaBHEHHH B
YaCTHBIX MIPOU3BOIHBIX, C HHTETPO-An(phepeHIaTbHBIMU (YHKIIMOHATIAMH, B CUCTEMAaX, HE pa3pelleH-
HBIX OTHOCHUTEIILHO ITPOU3BOIHBIX.

B nocnennue roas! peann3oBaHbl CISAYIOIUE IPOrPAMMHBIE CPEJICTBA: IPOrPAMMHBIN KOMILIEKC
OPTCON-MD, opreHTHPOBAaHHBIN HA alMIPOKCUMAIIMIO0 MHOXKECTBA TOCTH)KUMOCTH YIIPaBIIeMOM 11-
Hamuueckoit cucremsl, [IK OPTCON-A s 3anau napamerpuueckoit uaentuduxammu, [IK OPTCON-
M a5t ONTHMHU3AIMH AaTOMHO-MOJIEKY/ISIPHBIX KJIacTepoB cBepxOombimux pazmepHocteit, [IK OPTCON-
F npenna3zHaueHHBIN U1 MCCIeI0BaHUS cUCTeM (DyHKIMOHATIBHO-TU(BGEpEeHINATbHBIX ypaBHEHUHN TO-
YEYHOTO THIMA U PSIL APYTUX.
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Pabota mo co3maHHI0 MPOTPaMMHBIX CPEICTB MojiepkaHa psiioM rpanto: PODU, PTH® u un-
terpanroHHbiMU TpoekTamMu PAH u CO PAH. CgoiictBa peasmm3zoBanHbix [1K ucciaemnoBanbl ¢ nCmob-
30BaHUEM pa3pabOTaHHOW KOJUIEKIIMM TECTOBBIX 3a/1a4. C MPUMEHEHHEM PeaM30BaHHBIX MPOTPAMM-
HBIX CPEJICTB YCIICIIHO PEIICH P/l HEBBIMYKIIBIX 3a1a4 U3 00JacTe JMHAMHUKH TOJIETa U KOCMOHABH-
ranuu [2], poOOTOTEXHHUKH [3], 3JEKTPOIHEPTETUKH, CEHCMOIIOTHH [4], SKOHOMUKH, SKOJIOTUH, XUMUH,
MeauIuHEI [5] u HaHodu3uku [6], [7]. B nokiiane o0CyknarTcs CBOMCTBA MPOrPaMMHBIX KOMILICKCOB
Y IPUBOJIATCS PE3YJIBTAThI YUCICHHBIX IKCIIEPUMEHTOB.
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Abstract convexity and subdifferentiability of functions
with respect to Lipschitz concave functions*

Valentin V. Gorokhovik
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For extended real-valued functions defined on a set X Rubinov A.M. (sse [1])
have introduced the notion of abstract convexity with respect to the set H of
functions from RX. In the talk we realize this notion for the case when X is a real
normed space and H is the set £C := LC(X,R) of Lipschitz continuous classically
concave functions.

Keywords: abstract convex function, subgradient, subdifferential

1 Abstract £ @convexity and £ C/)\'-subdifferentiability.

Let X be a real normed space and let L0 = L'é(X ,R) be the set of real-valued Lipschitz
continuous classically concave functions defined on X.

A function f : X R is called [2,3] abstract £C-conver if f(z) = sup{h(z) | h €
S=(LC, f)}, where S™(LC, f) := {h € LC' | h(z) < f(x) V x € domf} # () is the lower

—~

LC-support set of f, while a functions h from S*(ﬁa f) are called £LC-minorants of f.

Theorem 1. An arbitrary function f : X — R is abstract LC-convex if and only if it is lower
semicontinuous and bounded from below by a Lipschitz continuous function.

An £C-minorant h € S*(L'C/'\, f) is said [2] to be support from below to the function f at
a point x € domf if f(z) = h(z). The set of all minorants h € S_(ﬁé’\, f) that are support
from below to the function f at a point x € domf we denote by S— (ﬁé\, f,z).

We say [3] that a function f : X + R is £C/\’—subdiﬁerentz’able at a point x € domf if
S=(LC, f,z) + 0.

Any function f which is Lipschitz continuous on X is £C-subdifferentiable at any point
z e X.

For abstract £C-convex functions the following counterpart of the classical Brgndsted-
Rockafellar theorem holds.

Theorem 2. Let X be a complete normed vector space. Then for any £LC-convex function
[+ X = R the set of points at which f is LC-subdifferentiable is dense in dom f.

2 £ C/\’g-subgradients and £ C/\’g-subdifferentials

By L’@ = £@9(X, R) we denote the subset of £C consisting of such functions | € £C for
which the equality [(6) = 0 holds.

* The work was supported by the National Program for Scientific Research of the Republic of Belarus for 2021-2025 Convergence—2025,
project No. 1.3.01.
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A function [ € 55'9 is called [4] an 56/\'9-3ubgmdient of a function f: X + R at a point
x € dom fif
flz)— f(x) > l(x —z) for all z € X.

The set of all L'CA'G—Slegradients of a function f : X — R at a point & € dom f, denoted by
Dﬁégf(af), is called the full £Cy-subdifferential of f at x.

An £Cy-subgradient | € D c,f () that is a maximal (with respect to the pointwise
ordering) element of D <G, f(x) is called a mazimal 5@—3ubgmdz’ent of f at x. The set of

all maximal £CA'9—Subgradients of a function f : X — R at a point & € dom f, denoted by
8£59f(5€), is called the thin £Cy-subdifferential of f at .

Theorem 3. A function | € L'CA'G(X, R) is an 55’9—subgmdz’ent of a function f: X = R at a
point x € dom f if and only if the function h : x +— l(x — ) + f(z) belongs to S™(LC, f, ),
while a function | € £LCy(X,R) is a mazimal £Cy-subgradient of a function f: X — R at a
point & € dom f if and only if the function h: x + l(x — ) + f(Z) is mazimal (with respect
to the pointwise ordering) in S~ (LC, f, x).

We show that for conventional convex functions the notion of the thin subdifferential
coincides with the classical notion of the Fenchel-Rockafellar subdifferential.

The relationship with other notions of subdifferentials also is discussed in _the talk.

As an application we derive the next criterium of global minimum for £C-subdifferential
functions.

Theorem 4 (global extremum criteria). If a function f: X > R is £CA’—3ubdz’ﬁerentz’able at a
point x € dom f, then f achieves its global minimum over X at the point x € dom f if and
only if

Oy € 8,559f(j)'

Here X* is the vector space of continuous linear functions defined on X, 8£€9f<33> stands for

the thin £@—subdiﬁer@ntial of f at x, and 0. is the null linear function defined on X (the
null element of X*).

Symmetric notions of abstract £C’v—c0ncavity and £C’V—superdifferentiability of functions
with respect to the set £C := LC(X,R) of Lipschitz continuous and convex in classical sense
functions are considered as well. R

Some calculus rules for full and thin £Cy-subdifferentials are established.
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Mixed problem for a system of first order differential
equations

E.Yu. Grazhdantseva
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An exact solution to a mixed problem for a system of first-order linear differential

equations is constructed.

Keywords: partial derivative, trigonometric series

CMemaHHas 3aaa4a AJ1 cucremMbl A1 depeHInaIbLHBbIX YPABHEHUI
NepPBOro MOPsAKa™

E. 10. I'paxxnanuesa

UI'Y, MHcTHTYT MaTeMaTHKU U HHGOPMAIIMOHHBIX TeXHoJorui, Upkyrck, Poccus;
Hucrutyt cucrem snepretuku um. JI. A. MenentseBa CO PAH, Upkytck, Poccust
grelyur@mail.ru

[TocTpoeHO TOYHOE peleHNe CMETaHHOW 3a]]auy JIJIsl CHCTEMBbI JIMHEHHBIX muddepeH-

LUAJIbHBIX YPaBHEHUH IIEPBOTO MOPSIKA.

KiroueBsle ci1oBa: yacTHas IPOU3BOAHASL, TPUTOHOMETPUYECKUH AL

1. OcHoBHbIE pPe3yJIbTaThI

PaccmarpuBaetcs cucrema auddepeHuuanbHbIX YpaBHEHUN BUaa

ou o
oz Yor T

(1)
@4—0%—0
ox ot

e u = u(x,y), v = v(x,y) , — Heu3BeCTHBIE HYHKIMH HE3ABUCUMBIX TIEPEMEHHBIX T U ¢, TAKHX, 4TO
x € (0,1), | ut — neficTBUTEIBHbIC MOIOKUTENBHBIC YUCIA, G U C — ACHCTBUTEIBHBIC YHCIIA, IPHIEM

ac > 0.
[ycre Gyskmmn u = u(x,t) u v = v(z, 1) yIOBIETBOPSIOT YCIOBHAM

u|1::0 = 07 v|x:l =0 (2)

* Pabora BeinonHena npu noguepxke rpanra FWEU-2021-0006 nporpamMmsl GpyHaaMeHTaNIbHBIX uccaenoBanuii PO na 2021-2030 rr.
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ul,_g = p(z), Vg = P(2). (3)

Hannas cuctema (1) siBisieTcss CUCTEMOM rUNepOOINMYECcKOro TUna, yciuoBus (2) — KpaeBbIMU YCIIOBH-
SIMU JUISL HEW3BECTHON QyHKuMu u = u(x,t) naHHOM chucTeMsl, yciaoBus (3) — HayansHeiMu (Komm)
YCIIOBUSMU ISl 00eMX HEM3BECTHRIX pyHKIMA. TakuM oOpaszom, 3amady (1)—(3) MOKHO paccMaTpuBaTh
KaK HauaJbHO-KPAeBYIO (CMEIIaHHYIO) 3a]1ady.

Vcnionb3yst IpUHLIKT TOCTPOSHUS perieHus A hepeHnanIbHOr0 ypaBHEHNS METOIOM Pa3/ieIeHUs
nepeMeHHbIX (MetooM Dypne) [1-4] ans paccMaTpruBaeMoii 3a/1a4uu MOCTPOCHO TOYHOE PEILICHUE B BH-
Jie TPUTOHOMETPUYECKOTO Psijia, a UMEHHO, pemeHueM 3aaa4 (1)-(3) MokHO cuuTarh QyHKITUN

U= U(ZL’,y) Z ((pnCOSZ\/_ \/71# G ) inw7x7
v=uv(z,t) = i (w COSZ\/_ f@nszn it ) cosm;m

e ¢, n = 1,2, ..., seusiorcs koddduurentamu Oypbe pasnoxenus GyHkimn @(x) B psin Oypbe
10 cuHycawm, a 1,, — ko3 dunuentamu Oypbe pasnoxenus GyHkimu 1)(x) B psag Pypbe 10 KOCHHYCaM
mpu x € (0,1), e

l

2
Op = 7/90 sanmdx /?,b s—dx

0
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On center-based clustering by Mahalanobis distance

1
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We address a generalization of the k-means problem, where the distances
between data items and closest cluster centers are computed using Mahalanobis
distances. Two variants of a distance metric learning were considered and compared
by computational simulation using k-means-type algorithms.

Keywords: supervised machine learning, minimum-sum-of-squares clustering, k-
means, distance metric learning

One of the basic data analysis tools is a division given set of data items into some groups,
i.e. clusters. Performance and efficiency of clustering algorithms rely critically on a metric
over the data items, the distances between data items and closest cluster centers. In one of the
most well-known and popular clustering models, k-means problem, these distances calculate
by squared Euclidean distance [1].

Clustering with Mahalanobis distance is a generalization of the k-means problem. The
problem can be formulated as the following non-smooth optimization problem [2]. Given a
set J = {1,...,m} of objects, represented as a’ € R", j € J. The problem is to find k cluster
centers ¢ € R, i € I = {1,...,k}, such that the total sum of squared Mahalanobis distances
between objects and their closest centers is minimized:

m
i inlla? —c|3,, |C :k} 1
glgn{;gnelg\\a cl3,. IC] =k, (1)

where |la? —¢|3;, = (a/ —¢)"M_(a? —c), M, = M, =0, ¢ € C. The problem (1) is NP-hard
even in the plane for arbitrary number of clusters & [3].

Various ways allow to get the matrix defining Mahalanobis distance. Following to method-
ology of supervised machine learning, we chose a way of using items side-information to
construct the matrix via solving the following convex optimization problem

> i~ /[, - max

(atad)e D ‘ ‘ c
> e =d]3, <1, )
(a%,ad)e S
M, >0,

where D and S are sets of points’ pairs known to be from different clusters (“dissimilar”) and
from the same cluster (“similar”), correspondingly. The mean of the matrix M, elements search
is obvious: it is a desired to maximize the distance between points from different clusters,
and reduce the distance between points from the same cluster. The property of positive
semi-definiteness of the matrix M, = {uij}, M, € R™™", can be achieved, for instance, by

n
adding in the problem statement the following constraints: Z Pip < Hppy D = 1,.0,m,
=1, l#p
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which represent the matrix’s main diagonal domination. Since the problem (2) is convex one,
it can be solved with any conventional convex optimization methods or software.

Another way to construct a matrix specifying the Mahalanobis distance is to use a covariance
matrix. Its construction is carried out in the following stages:

1) a matrix A is formed, the columns of which correspond to the data items a’, j € J, and
the matrix B = %AAT is constructed;

2) a matrix L is formed, the rows of which are the eigenvectors of the matrix B;

3) finally, the covariance matrix of the data items is formed as M = LBLT.

A computational experiment was carried out on test data sets from the UCI MLR database
(https://archive.ics.uci.edu) as well as on the so-called BIRCH test data collection [4] using
the conventional widespread Lloyd’s algorithm [5] and its most popular modification — k-
means++ [6]. The idea of the algorithms is to sequentially assign data items to the current
closest cluster centers (according to the squared distance) and then recompute the centers as
a means of objects assigned to the same clusters. The algorithms terminate when there are no
changes in cluster assignments of a sufficiently large number of data items. A difference in the
algorithms concerns the special pick of initial clusters’ centers in the K-means++ algorithm.

Computational simulation showed that the generalization of k-means clustering model
can be used to significantly improve clustering performance. The quality of clustering was
estimated both by the value of the sum of square-error of all clusters and by using clustering
performance metrics: Precision, Recall, and F-measure.

The research is carried on with support of the Ministry of Education and Science of the
Russian Federation No. 121041300065-9.
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On embedding of Morse-Smale diffeomorphisms in
topological flows*
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J. Palis found necessary conditions for a Morse-Smale diffeomorphism on a
closed n-dimensional manifold M™ to embed into a topological flow and proved
that these conditions are also sufficient for n = 2 (see [1]). For the case n =3 a
possibility of wild embedding of closures of separatrices of saddles is an additional
obstacle for Morse-Smale cascades to embed into topological flows. A criterion
for Morse-Smale diffeomorphisms on 3-dimensional manifolds to embed into a
topological flow is obtained in [2]. In [3] it is proved that if M™ is homeomorphic to
sphere S™ of dimension n > 4 and a Morse-Smale diffeomorphism f: M™ — M™
have no heteroclinic intersections, then f embeds in a topological flow if and only
if its non-wandering set consists of fixed points. In the report, we discuss new
surprising obstructions to embedding in a flow, and solution of the problem, for
Morse-Smale diffeomorphisms with locally flat closures of separatricies, given on
manifolds of dimension n > 4.

Keywords: embedding diffeomorphism into a flow, Morse-Smale diffeomorphism
and flows, wild separatricies, topological classification
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Analysis of a model of average and median nominal
wages using the example of the Russian economy for
2017-2023

Darina I. Gurskaya
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This report presents the results of an analysis of the average and median nominal
wages in the Russian economy for 2017-2023. The analysis was carried out based on

the autoregressive integrated moving average (ARIMA) model and the seasonally
adjusted model (SARIMA).

Keywords: time series analysis, the autoregressive integrated moving average model
ARIMA, average and median nominal wages

AHaJIM3 MOJIeJIM CpeIHed U MeTUAHHO HOMMHAJBHOM 3apadoTHOM
IJIATHI HA MpuMepe 3KOHOMUKH P® 3a 2017-2023 roasi

. U. T'ypckas

MpxyTckuil rocynapcTBeHHbIH yHUBepeureT, Mpkyrck, Poccus
darina.gurskaya@gmail.com

B noxnane npencrapieHbl pe3yabTaThl aHalu3a cpelHed 1 MeAMaHHOM HOMHHAJIbHON
3apabOTHOM IIJIATHI B T1EJTOM 110 dKoHOMHUKe P®D 3a 2017-2023 rombl. AHamU3 MpOBEIeH HA OC-
HOBE MOJIENIA aBTOPETPECCHOHHOTO MHTETPUPOBAHHOTO CKONB3s1Iero cpeanero (ARIMA) u
MOJIEJIH, YYUTHIBAIOLIEH CE30HHYI0 N3MeHUMBOCTh (SARIMA).

KiroueBble cjioBa: aHaiIu3 BPCEMCHHBIX PAA0B, MOACJIb aBTOPETPCCCUOHHOTO UHTCTPUPO-
BAaHHOI'O CKOJIB3AIICTO CPECAHCTO ARIMA, CpE€aHsiAd U MCAWaHHAasl HOMUHAJIbHast 3apa60THa51
miaTra

Mogenn tunna ARIMA uMmeroT npenMymiecTBa o CpaBHEHHUIO C JPYTUMHU METO/IaMH aHaju3a Bpe-
MEHHBIX PSII0B U CIOCOOHBI MPOTrHO3UPOBATh TEHACHIIMIO U3MEHEHHSI KaYECTBEHHBIX ITapaMeTpoB. Ta-
KM€ MOJIEJIA UCTONb3YETCs ISl KPAaTKOCPOYHOTO M CPETHECPOUHOTO MPOTrHO3ZUPOBAHMSI U OAXOMAST AJIs
pa3IMYHbIX BUIOB 111a010HOB JaHHbIX. Ha ocHOBe naHHBbIX [ 1] OblIa BBIMOIHEHA IPOTrPaMMHasi peajin3a-
1Us Ha s13bIke porpammupoBanus R moneneit ARIMA nu SARIMA. [ mon6opa ycIemHsIx Mojieseit
moTpebOBaINCh HACTPOIKA HAUYa bHBIX JAHHBIX W aJalTalus BPEMEHHBIX PSAIOB. beUT mocTpoeH mpo-
THO3 JUTsS CpeTHel M MeTuaHHOW 3apaboTHOH muiaTel Ha 2024 rog.

Cnucok aureparypsl

[1] denepanbHas cayxba rocyaapcTBEHHON CTATUCTUKH : OUIMATbHBIN CaliT.
URL: https://rosstat.gov.ru/(nara oopamenus 26.02.2024)
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Extremal properties of the reachable set boundary and
the Lagrange principle

M. I. Gusev

Krasovskii Institute of Mathematics and Mechanics, Ekaterinburg, Russia
gmi@imm.uran,ru

The reachable set of a control system at a given time instant can be considered
as an image of the set of admissible controls into the state space under a nonlinear
mapping. The article discusses some properties of reachable sets, the main attention
is paid to the description of the set boundary.

Keywords: nonlinear mapping, reachable set, boundary point, extremum conditions

JKCTpeMAJIbHbIE CBOMCTBA IPAHUIBI MHOKECTBA JOCTHKMUMOCTH U
npuHuun Jlarpan:ka

M. U. T'yceB

WuctutyT Maremaruku u Mexanuku uM. H.H.Kpacosckoro ¥pO PAH, ErarepunOypr, Poccus
gmi@imm.uran.ru

MHOX€eCTBO JOCTHKUMOCTH YIPABIISIEMON CUCTEMBI B 3aJaHHBIII MOMEHT BPEMEHU MOXK-
HO paccMaTpuBarh Kak 00pa3 MHOXKECTBA IOy CTUMBIX YIIPaBJI€HUN IPH HETMHEHHOM 0TO0-
PaKEHHH B IPOCTPAHCTBO COCTOSIHUI. B oKaie 00cyk1atoTcsi HEKOTOpbIe CBOMCTBAa MHO-
JKECTB IOCTUKMUMOCTH, OCHOBHOE BHUMAaHHUE Y/I€JICHO ONMKUCAHUIO TPAHUIBI MHOXKECTB.

KiroueBble ciioBa: HeJMHEMHOE OTO6pa)K€HI/I€, MHOXECTBO JOCTUIKUMOCTH, I'paHUYHAA
TOYKa, YCJIOBUA SKCTPpEMYyMaA

MmuosxecTBo goctikumoctu (M) yripasisiemoii cucteMsl, onuckiBaeMoi auddepeHnnanbHpIM Win
Pa3HOCTHBIM ypaBHEHHEM, MOKHO npesctaButh B Bune G = {y € Y : y = F(u), v € U}, tne U
— MHOXXECTBO JIOIYCTUMBIX YIpaBJeHUM, a F'— HenpepbIBHOE 0TOOpakeHHE, COMOCTABISAIONIEE BXOLY
CHCTEMBI (YIPaBIICHUIO) €€ BBIXOJ (BEKTOP COCTOSIHUS B 331aHHBIH MOMEHT BpeMeHH). Jlanee MbI cuu-
taem, uro U C X, rne X — nelicTBUTEIbHOE OaHAXOBO MpocTpaHcTBo, a Y = R". B kauectse U Oynem
paccmarpuBants MEHOXKecTBa Buma U = {u : ¢, (u) < 1,4 = 1,...,m}, tae ¢,;(u) — HenpepsIBHbIE
(yHKIIOHAIEL. B TakoM BHIe MO>KHO 3aITiicaTh MHOTHE T€OMETPHUYECKUE U HHTETPaIbHBIC OTPAaHHICHHS
Ha yNpaBJICHUE, B TOM YHCJIC KOMOMHAIMIO TaKMX OrpaHWYeHHi. B nokiane paccmarpuBaercs 3a1ada
XapaKTepu3aluy IPAHNYHBIX TOUCK MHOKECTBA JTOCTHIKUMOCTH.

Ecnn ynpasnsiemast cucrema onsomepra (n = 1) u muoxkectBo U = {u : ¢(u) < 1} cBssHo,
TO TPAHUYHBIMU TOYKaMK MJ] MOTYT OBITh TOJBKO BETMYHNHBI MAKCHMYMa i MUHHMYyMa GyHKIu F'Ha
U. YcnoBust skcTpeMyMa Uil JaHHBIX SKCTPEMAaJIbHBIX 33]ja4 MOKHO MONYYHTh, UCTIONB3Ys (QYHKIINIO
Jarpamxka L(u,y, \) = yF(u) + Ap(u) (y, A - mooxurenu Jlarpamxa). 3ametus, uro F'(u) u ¢(u)
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BXOJISAT B BBIPa)KeHHE TS L CAMMETPUYHO, MOYKHO TIOMBITATHCS IIOMEHSTh UX POJIH, ClIeNaB ¢ (u) Here-
BOit yHkumen, a F'(u) orpannuenuem. Takas 3aMeHa BO3MOKHA M B O0LIEM CIIydae, YTO YTBEPIKIAETCsI
clenyIolel TeopeMo.

Teopema 1 [lycmv W — okpecmnocme mnoocecmea U = {u : p(u) < 1}, p(u) — nHenpepbignbiil
@yuxyuonan, omoopaxcenue F' : W — Y nenpepvisno ougghepenyupyemo no ®@pewe 6 mouxe
u € U u evinoaneno ycnosue Im F'(u) = Y. [[na moeo, umobvt & = F(u) € OG neobxodumo,
ymobbL U OCMABISN IOKATbHbIL MUHUMYM 8 340aye

o(u) — min, F(u) ==z (1)
U 8bINONHANOCH pagencmeo p(u) = 1.

[MpupaBHuBas Hyit0 rpaauent dyukimu Jlarpamka 3axauu (1): ¢’ (u) + F™*(u)y* = 0, momyunm

Teopema 2 [lycmo evinonnensi yciogus meopemvl 1, o(u) Henpepwleno ouggepenyupyem no Ope-

we ¢ mouxe u u p(u) # 0. Toeoa naitoemes y* € R™, ||y*| = 1 makoit, umo u yooeremeopsiem
HeoOX00UMbBIM YCILOBUAM ONMUMATILHOCIU 011 3a0a4u
(y*, F(u)) = min, o(u) <1. (2)

[MocnenHee yTBEPKACHHIE HETPYIHO MepeOpPMyYIUPOBATH IS CITydast, Koraa (1) JTOKaIbHO JIHIIIINIIE-
Ba B TOYKE 1. 3aMeTHM, YTO 3a/1a4a (2) SKBHBAJICHTHA BBIYUCICHUIO 3HAYECHHsI OMOPHOU (QyHKIHH M]T
G B TOuKe —Yy*.

Jl1s yripaBissieMon CUCTEMBI BHIA

a(t) = fi(t,x(t) + folt,2z@)ult), L€ [ty ti], (ty) =2, wul(-) €U. 3)

IIPU HE OYEHb OOPEMEHHUTENIBHBIX MPEINOIOKEHHUAX O IPABON YacTH JU(HEPEHINATBHOTO yPABHEHNUS
orobpaxenue F(u(-)) = x(t;, u(-)) nenpepsiBro qudpdepenumpyemo B L, > 1, u ero npoussogHas
®perue Beraucisiercs o popmyne F/ (u(-))ou(-) = dx(t,), dx(t) — peruenune TMHEAPU30BaHHOMN CHCTE-
Mb1 0z(t) = A(t)ox(t) + B(t)ou(t), 6x(ty) = 0. C yuerom pasencrsa F*(u(-))y* = BT (-) p(-),
e p(t) = —AT(t)p(t), p(t;) = y* v NpuBeNEHHBIX BBIIE YTBEPKICHHIT IO €IUHOI cXeMe JI0-
Ka3bIBAETCS YCIOBHE ONTHMAIBHOCTH B (hopMe NPUHIUNA MakcuMyMa [TOHTpArHHA JUIsl yIpaBIeHHUI,
npuBoaAmMx Ha rpanuiy M G () [1,2,3] kak st ciryyast MHTErpaabHbIX, TAK M BBITYKIBIX TEOMETPH-
YeCKHX OrPaHHYCHHIT HA yIpaBIeHHE. Pe3ybTaTsl MEPEeHOCATCS Ha CIIydail HEeCKOIBbKHX OrpaHHYCHHI
TUIA HEPABEHCTBA M PA3HOTUITHBIX OTPAHMYCHHUI Ha yrpaBieHue [4].
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Solving the Cauchy problem for a fractional parabolic
equation using the Hankel transform method

Anvar Hasanov!, Hilola Yuldashova?
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anvarhasanov@yahoo.com
2 Institute of mathematics, Tashkent, Uzbekistan
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In this paper, we study the Cauchy problem for a time-fractional order equation
with Riemann-Liouville fractional derivatives and the Bessel operator. The solution
to the problem under consideration is solved by the Hankel transformation method.

Keywords: Cauchy problem,Bessel operator, Mittag-Leffler function, Hankel trans-
form

Pemenne 3apaun Ko 11t Apo0HOro mapadoin4ecKoro ypaBHeHust
MeTOA0M npeodpa3oBaHue XaHKeIs1

A. Xacanos!, X. A. IOnnamoa?

! WncruryT matemarnkwu, TamkeHT, Y36eKnuCTaH.
anvarhasanov@yahoo.com
2 MNHcTutyT Matematuku, TalkeHT, Y30eKucTaH.
hilolayuldashova77@gmail.com

B nannoii pabote nzydaercs 3anada Kommu mist ypaBHeHUS APOOHOTO IO BPEMEHH T10-
psizika ¢ ApoOHBIMU Ipou3BOAHBIMU Prumana-JInyBumis u oneparopom beccens. Pemenue
paccMaTpuBaeMoO 3aJjaun peraeTcss METOJJOM MpeoOpa3oBaHueM XaHKEIs.

Kawuessble cioBa: 3amgaga Komm, oneparop beccens, dynkmus Murrar-Jledduepa, mpe-
oOpazoBaHue XaHKels

1. BBenenue

N3BeCcTHO, 4TO MPOLECCHI IEPEHOCA TEIUIA SBIAIOTCSA OJHUM U3 OCHOBHBIX Pa3JelIOB COBPEMEHHOU
HAayKH U UMEIOT OOJIbILIOE MPAKTUYECKOE 3HAYEHUE B CTALIMOHAPHBIX TEXHOIOTHYECKHUX Ipolleccax Xu-
MUYECKOH, CTPOUTENIBHOM, JIETKO! U IPYTUX OTpaciell MpoMblluIeHHOCTH. Hanpumep, cymiku, ropeHus
U IPYTUX XUMUKO-TEXHOJIOTHYECKUX NTPOLIECCOB CBA3aHO ¢ peleHueM 3a1ad auddysun. Ocodoe 3Haye-
HHE NIPUOOPETAIOT BOIIPOCH HECTAIL[MOHAPHOTO TEMJI000MEHa B PEaKTUBHON U PAKeTHON TEXHUKE, I7Ie
TEIUIOBas anmnaparypa padoTaeT B yCIOBHIX HECTAllMOHAPHOIO pexuma. Takum o0pa3oM, aHaIUTHYe-
CKasl TEOpHsl TEIUIOPOBOIHOCTH HAXOAUT CAMO€E LINPOKOE IPUMEHEHUE B PELICHUH PA3JINYHBIX TEXHHU-
yeckux mnpoodiem [1-5].

[TpeoOpa3zoBanus XaHKemns U pyrue Mpeodpa3zoBaHus UCIOIB3YIOTCS U PEIICHHS 3aad MEXaHH-
KU, TEOPUH YIPYTOCTH, TEIIONPOBOIHOCTH, 3JIEKTPOIUHAMUKH U IPYTUX Pa3/elIOB TEOPETUUECKOI (H-
3uku. bonee noapobHyro nHMopMaIHs o mpeodpazoBaHNK XaHKEIsI MOJKHO HaiiTu B mureparype [6-13].
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2. OcHOBHBIEC Pe3yJabTAThI
Paccmotpum ypaBHEHHE IPOOHOTO MOPSIIKA 1O BpEMEHHU

RLDG 1 (2, 1) =y, (2,8) + —u, (2,8), 0<v <2, 0<a <1, (1)
X

B obnacts ) = {(z,t): x>0, t > 0}. 3necy *LDY,— omeparop npobHoii mpoussoaHOil Puma-
ua—Jluysums opsizika o (o« € C, n— 1 < Re() < n, n € N) onpenensiemsiii popmynoii

DG (1) = (%)n{RLI&“ (t)} 2
IO = iy | 007 SO (120, a e Re() >0) G)
0

npencTanisier co0oit 1poOHbIi nHTerpan Pumana—JInysusis [14].
3agaya Komm. TpeOyercst HaiiTu B o0nacTu peryiasipHoe perieHue ypaBHeHus (1) yaoBiaeTBopsito-
el Ha4aJbHOMY YCIIOBHIO

ti=ay, (x,t)‘tio =7(z), 0<z<oo, 4)
U U151 11006010 (PUKCUPOBAHHOTO ¢ UMEET MECTO
lim w(x,t) =0, (5)

T—r00
e
o0
T(t) € 02,/ |7 (z)| x2dx < ¢ = const.
0

Pemenne nmocTaBieHHOM 3a/1a4M UMEET CICTYIOIIAN BU

F 8 1-—v > v—1
u(z,t) = %ﬂmt“‘l/ p 2 7(p) G(z,t,p) pdp, (6)
0

G (z,t,p) = / h [Tt (PA) Juct (A2) + Tiw (pA) Jiw (A2)] E,, o (=A%) AdA
0

e J, (z)-dyuxms Beccenst meporo poxa [15] u E, s (2)- dyukmms Murrar-Jlepduepa ¢ nBymst
napamerpamu [16].
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On the robustness of the trajectories of nonlinear control
systems with respect to the remaining control resource
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The control system described by Urysohn type integral equation
o(6) = F(E 0 () + [ K(& 50 (s) u()ds, €€ 1)
Q

is considered where z(s) € R™ is the state vector, u(s) € R™ is the control vector,
(£,5) € Q x Q, Q C R¥ is a Lebesgue measurable set with finite Lebesgue measure.
The control functions u(-) are chosen from the closed ball centered at the origin
with radius r in the space L,(£;R™), p € (1,00). Note that this kind of control
functions arise in the case when the control resource is exhausted by consumption,
such as, energy, fuel, finance, etc. (see, e.g., [1]).

In general, the robustness of a considered system with respect to a given parameter
means that variation of the parameter on the given set causes a small changes
in the system’s state. In this work, under appropriate conditions, the robustness
of continuous and p-integrable trajectories of the system (1) with respect to the
fast consumption of the remaining control resource is discussed. It is shown that
consuming the remaining control resource in the domain with a sufficiently small
Lebesgue measure, generates an insignificant deviation of the trajectory. This
result allows to approximate every trajectory with trajectory, obtained by full
consumption of given control resource. From this result it also follows that if you
have an undesired extra control resource and you need to get rid of this resource,
then spending the remaining resource in the domain with a small measure, you
will get insignificant deviation from the initial trajectory. The proved theorem
permits to state that for a significant change in the trajectory of the system, it is
advisable to avoid the aggressive consumption of the control resource and to spend
the control resource in economy mode, i.e. to consume the control resource in
small portions. Possibility of the approximation of each trajectory with trajectory,
generated by full and fast consumption of the control resource permits in numerical
construction methods of the set of trajectories to construct only the trajectories
generated by full consumption of the control resource.

Keywords: control system, integral equation, integral constraint, robustness
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Finding bifurcations by extended nonlinear Rayleigh
quotient method

Y. Sh. II'yasov
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We discuss finding bifurcations of solutions to nonlinear equation systems. We
present a method based on the use of new type variational functionals, whose
critical points correspond to solutions and bifurcation points of equations. Through
this method, saddle-node bifurcations for systems of equations can be found as well
as variational formulas for their direct determination. The method will be demon-
strated for solving nonlinear partial differential equations, systems of equations
with finite-difference approximations, and algebraic-trigonometric equations that
arise during the calculation of the maximum voltage power in electrical circuits
(blackout problem).).

Keywords: nonlinear problems, variational method, bifurcation, Rayleigh quotient

Haxoxaenne Ondypranuii o MeToay NPOA0JIKEHHBIX HeJIMHEHHBIX
oTHOolIeHus Paies

3. II. Unesgacos

WNuctutyt marematuku ¢ BL] YOUI] PAH, r. Ypa
ilyasov02@gmail.com

B noknazne o0cyxmaercs HaxoxkieHue Oudypkauii BeTBel perieHnii CHCTeM HeTUHEH-
HBIX ypaBHEHUHU. ByneT mpemyioskeH MeTol, OCHOBaHHBIN Ha HCIOJIB30BAaHUM HOBOTO TH-
1a BapHallMOHHBIX ()YHKIIMOHAJIOB, KPUTHYECKHE TOYKU KOTOPBIX COOTBETCTBYIOT PEILICHH-
M ¥ OM(YpKAMOHHBIM TOYKaM ypaBHEHHUI. MeTo]] MOo3BOJNSET HANTH KaK JOCTaTOYHbIC
YCIIOBUS CYLIECTBOBAHUS CEI0-Y3JIOBBIX OM(ypKalMii JIsl CHCTEM YpaBHEHUH, TaK U BbI-
BECTH BapHalMOHHYIO (hopMymy Ui MpsiMOTo X HaxoxkaeHus. [Ipumenenue metona Oy-
JIET MPOUJUTIOCTPUPOBAHO HA HEMHEHHBIX YPABHEHUSAX B YACTHBIX MPOU3BOIHBIX, CHCTE-
MaX ypaBHEHHI KOHEYHO-PA3HOCTHBIX alllIPOKCUMAIINH, a TaK)Ke KOHEYHOMEPHBIX anredpa-
TPUTOHOMETPUYECKHUX CUCTEM YPaBHEHH, BOSHUKAIOIINX IIPU pacyeTe MaKCUMAaIIbHBIX JI0-
MyCTUMBIX MOIIHOCTEH HanpsbkeHU B anekTpudeckux cetsax (blackout problem).

KuoueBble cj10Ba: HeJMHEHHbIE ypaBHEHUS, BapUAI[IOHHBIE METO/IbI, OM(ypKaLus, OTHO-
meHus Pres
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Asymptotic behavior of solutions to a linear delay
differential equation*
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We consider solutions to a linear delay equation, as well as their relation with
the last components of solutions to high-dimensional systems of ordinary differential
equations. The aim of the work is to obtain estimates for the convergence rate of
solutions to the delay equation to zero as t — oo. To achieve this, stability regions
of the zero solution to corresponding systems are investigated and a sequence of
Lyapunov equations is solved.

Keywords: delay equation, stability, Lyapunov equation, matrix spectrum

Consider the following delay differential equation

dz_it> = ay(t) + by(t —7), t>0, (1)

where a,b, 7 € R are constants, 7 > 0. Consider also a sequence of high-dimensional systems
of ordinary differential equations

=A_xz(t 2
2 = A0, )
where .
e 0 b
n1 _n-1 0 zy(t)
T T T (t)
An = O . : y ,]}(t) — 2.
_n—1 0 :

It should be noted that G.V. Demidenko established connections between solutions to
some classes of nonlinear systems of ordinary differential equations of large dimensions and
solutions to delay differential equations (see, for, example, [1-3]).

We define regions of the asymptotic stability of the zero solutions to (1) and (2) in the
parameter space (a,b). We establish that, for any n > 2, the regions of the asymptotic stability
for (2) contain the region of the asymptotic stability for (1) and converge to it as n — oo.
Solutions to Lyapunov equations for (2) are found; moreover, we define a limit function to
which they converge as n — oo.
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On estimates of solutions to delay differential equations
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We consider a class of systems of nonlinear non-autonomous differential equa-
tions with distributed delay. For this class of systems, the Lyapunov — Krasovskii
functional is proposed, with the help of which it is possible to obtain sufficient
conditions for exponential stability of the zero solution, estimates of the norms of
solutions that characterize the rate of decrease, and estimates of the attraction set.

Keywords: exponential stability, distributed delay, Lyapunov — Krasovskii func-
tional, nonlinear differential equations, estimates of solutions

We consider the systems of differential equations with distributed delay of the following
form

% (t) = A)y(t) + / B(tvt—S)y(S)dSJrF(t’y(t),/y(S)d8>> (1)

—Oo0 — 00

where A(t) is a (n X n)-matrix with continuous real-valued T-periodic entires, B(¢,s) is a
(n X n)-matrix with continuous real-valued T-periodic with respect to the first variable entires,
ie.,

Alt)= A(t+T), B(t,s)=B({t+T,s),
F(t,uq,uy) is a continuous real-valued vector-funcion. We assume that F'(t,u;,us) is a locally
Lipschitz continuous with respect to u;, u, and satisfies the inequality

|F(t g ug)| < gqllug 7, >0, uy,up €RY,

with ¢, w > 0.
The Lyapunov — Krasovskii functional proposed in [2] is used to study the stability of the
zero solution of system (1):

o(t,y) = (H()y(),y(5) + / / (K (t— 5, m)y(s), y(s)) dsdn,

This functional is an analog of the Lyapunov — Krasovskii functional from the [1].

Using this functional, we obtain sufficient conditions for exponential stability of the zero
solution to system (1) in terms of matrix and integral inequalities, establish estimates of the
norms of solutions that characterize the rate of decrease, and estimates of the attraction set.
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On the stability of solutions of differential equations
with a holomorphic right-hand side
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The paper investigates the system of differential equations with holomorphic
the right part.
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00 ycroitunBocTH pemieHuii 1u¢depeHuaIbHbIX YPABHEHUN €
roJioMop(pHoOM NPaBoOl YaCTHIO

I'. T. MiBanos, I'. B. Andepos, B. C. Kopones

Cankr-IlerepOyprckuii rocynapctBeHHblil yauBepeutet, Cankt-IlerepOypr, Poccus

B pabote uccnenyercs cucrema nuddepeHranbHbIX ypaBHEHHH ¢ TooMopdHO#t mpa-
BOi yacThio. [l0ka3aHo, 4TO eciy HylIeBOEe pelIeHHe CHCTEMbI aBTOHOMHBIX TH(depeHm-
QJIbHBIX ypaBHEHHH C TOJOMOP(HOM MPaBoil YacThIO ACHMITOTHYECKH YCTOWYHBO, TO U
HYJIEBOE PEIICHUE CUCTEMBI YPAaBHEHHI C TOJTMHOMHUAIBHOM MPABOH 4aCThIO, TI€ IOJTMHOM
MPEACTaBISIET COOOW CYMMY HECKOJIBKHX TIEPBBIX WICHOB M3 TOJIOMOP(HOTO psijia UCXOIHOU
CHCTCMBI, 6YI[CT ACUMIITOTHYCCKHU YCTOﬁqHBBIM.

KuaroueBnble ciioBa: nuddepeHIanbaple ypaBHEHHsI, aCHMIITOTHUECKAs! YCTOHUYNBOCTD

1. OcHoOBHBIE pe3yJIbTaThI

OCHOBHOH pe3yJIbTaT HACTOSIIIETO MPEATIOKEHHUs] COCTOUT B CIIEAYIOIIEM: €CIH HyJIEBOE pelleHUe
CHCTEMBl aBTOHOMHBIX TU(epeHINATbHBIX YPAaBHEHUH C TOJIOMOP(HON MpaBOl YacThIO aCHMIITOTH-
YECKH YCTOMYMBO, TO U HYJIEBOE PEIICHUE CUCTEMbI aBTOHOMHBIX Ar(depeHInanbHbIX YpaBHEHUH C
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HOJMHOMMAIBHON MPAaBOH YacThIO, I7Ie MOJUHOM MPEACTaBIseT co00i CyMMy JOCTaTOYHO OOJBIIOrO
YHCiIa NEPBBIX WIEHOB Psifia, CTOAIIErO B IPABOM 4aCTH UCXOAHOM CUCTEMBI, TaKkxe OyAeT aCUMIITOTH-
YECKU YCTOUYUBBIM.

[Tycts mpaBast yacTb ypaBHEHHUS

&= f(z), x€R", (1)
IPEICTABIISACTCS B BUIE CXOMSLIETOCS B OKPECTHOCTH HYJIS psijia

fi(@) + folx) + -+ filx) + ..o

B KOoTOpOM [} () — omHOpoaHast crenenu k GpopMa OTHOCUTEIHHO MIEPEMEHHBIX X C TIOCTOSIHHBIMH KO-
G PUIUCHTaMH.

Teopema 1. Eciu pemienne x = 0 ypaBHeHus (1) acCUMOTOTHYECKH YCTOWYHMBO, TO CYIECTBYET
[ > 1 Taxoe, uto pemenne © = (0 ypaBHEHUS
& =g(x) = fi(z) + folz) + -+ fi(z) (2)

TaKke OyJIeT aCHMIITOTHYECKH yCTOHYHBBIM.

JoxkazatenscTBo. [1o mpeanonoxeHuio HyneBoe pemeHne cucteMsl (1) acCuMITOTUYECKH YCTOHYH-
Bo. Torya cymiecTByeT OKpecTHOCTh Hyis A, koTopast st cuctembl (1) GymeT 061acThi0 aCHMITTOTHYE-
CKOW YCTOMUYMBOCTH, U B CHJTy TeOpeMbl 00 00J1IaCTH aCUMIITOTUYECKON ycTouuBocCTH [ 1, §4] mst sToi
o0nacTu OyIyT CylIECTBOBATH OTPHUIATENIBHO onpenenennas pyukust v(z), —1 < v(z) < 0, u nono-
KHTEIBHO onpezeneHHas pyskuus w(z), w(z) > a > 0 npu x| > 5 > 0, cBA3aHHBIC HA PELICHHIX
cuctemsl (1) cooTHOIIEHHEM

dv(z)
= w(lt ). (3)
CootHomenue (3) 3amuiieM B BHJIC
Ov(x) B
8—xf<x) = w(l +v(z). (4)

Jliist HekoToporo | onpeenum GpyHKIH0 i () paBeHCTBOM

ha) =3 fullx).
k=l

Torna cootHomenue (4) MOXXHO 3aIUCaTh TaK:

2 (g() + ha)) = (1 +v)

Ortcrofa SICHO, YTO HA PENICHUSIX CUCTEMBI (2) OyJET BBIMOIHATLCS COOTHOIICHHE

= w(l+v) — ag—f)h@ (5)

dv(x)
dt

U3 cBoiictB GyHkuuii v(x) u w(x) SICHO, YTO, yBeIUYHBas 3HAYCHHE TTApaMeTpa [, MOXKHO JOOUTHCS,
YTOOBI BTOPOE CJIaraeMoe U3 NMPaBoOk 4acTy COOTHOIICHUS (5) HE MEHSIIO 3HAK MepBOro ciaraemoro. Ho
torna B cuiry Teopembl 00 aCHMITOTHYECKON YCTOWYMBOCTH [2] HylIeBOe pelieHre cucTeMsl (2) OyaeT
ACUMNTOTHYECKH YCTOWYMBBIM, UYTO U JOKA3bIBAET CIIPABEITUBOCTD YTBEPKICHHS TEOPEMBI.
3ameyanus. M3 1oka3aTenbcTBa TEOPEMBI CIIEIyeT, 4To: 1) yBeJIHMdeHUe 3Ha4eHHs mapamerpa [ He
OyZeT BIUSTh Ha yCTOWYUBOCTh cucTeMsbl (2). [Toatomy st mro6oro m > [ HyneBoe pelieHne CHCTEMBI
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(2), B KOTOpO¥ | 3aMeHEHO Ha M, OyAeT TaK)Ke ACUMITOTHISCKH YCTOWYMBBIM; 2) ISl TPOBEPKH aCHMII-
TOTUYECKON ycTOMUMBOCTH cucTeM (1) 1 (2) MOKHO UCTIONB30BATh OJHY U TY ke (yHKIHIO JIsmyHoBa.
W3 npuBeneHHBIX 3aMEYaHUI C OUYEBUIHOCTBIO CIEIYET CIIPABEAJIUBOCTD CIEIYIOLIETO YTBEpXKIe-
HUSL.
Teopema 2. /It Toro 9To0OBI HyJIeBOE perieHre cUCTeMBI (1) OBIII0 AaCHMIITOTHYECKH YCTOMYNBEIM,
HEOOXOIMMO M TOCTATOYHO, YTOOBI CYIIECTBOBAJIO TaKoe [, MPU KOTOPOM HYJIEBOE PEIICHUE CHCTEMBI
(2) Oyzmer acMMNTOTUYECKU YCTONUMBBIM.
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Control problem for a parabolic system with
uncertainties and multiple changes in dynamics

Igor V. Izmestev'?

1 SUSU, Chelyabinsk, Russia
2 CSU, Chelyabinsk, Russia
j748e80gmail.com

The problem of control of a parabolic system, which describes the heating of a
given number of rods, is considered. Control is point heat sources that are located
at the ends of the rods. The density functions of the internal heat sources are
unknown. We admit the possibility of a given number of changes in the dynamics
of the controlled system, the time of occurrence of which is not known in advance.
The goal of choosing a control is to bring the average temperature of the system to
a given segment at a fixed time for any realization of unknown functions and any
moments of change in dynamics. Termination conditions are found.

Keywords: control, uncertainty, parabolic system, breakdown
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3ajaya ynpaBJieHUs MapadoIn4ecKon

CHCTEMOM C HeoNpeaAeJIeHHOCTAMMU U

MHOI'OKPaTHbIM UBMCHCHUEM B IlI/IHaMI/IKe*

H. B. U3mecTheB

L FOYpI'Y, Yensbunck, Poccus
2 Yenl'V, Yens6unck, Poceus
j748e8Qgmail.com

PaccmatpuBaercs 3agaya ynpaBieHus mapaboInuecKkol CUCTEMOM, ONTUCHIBAIOIIEH Ha-
I'PEB 3a/1aHHOTO KOJINYECTBA CTEPKHEH. YIIPABICHUEM SBIISIFOTCSI TOYEUHbBIE HICTOUHUKH TEIl-
J1a Ha KOHIax crepkHed. DyHKIMU MIOTHOCTH BHYTPEHHUX UCTOYHUKOB TEIUIA CTEPIKHEN
TOYHO HEeU3BEeCTHbL. CUMTAETCS, YTO BO3MOXKHO 3a/JaHHOE KOJIMYECTBO U3MEHEHUI B INHA-
MHKE yNpaBlIieMON CUCTEMbI, BpeMsl HAaCTYIUICHUs KOTOPbIX 3apaHee He u3BecTHO. Llenb
BbIOOpa yIpaBiIeHUs — IPUBECTU B (PMKCUPOBAHHBIII MOMEHT BPEMEHHU CPEIHIOI0 TeMIIepa-
Typa CHCTEMBI Ha 33JaHHBII OTPE30K MPH JIIOOBIX peaTn3alunsix HEN3BECTHBIX (QYHKIUH 1
JTO00BIX MOMEHTAX U3MEHEHUs TMHAMUKU. Hali1leHbl yCIIOBUS OKOHUAHUS.

KiroueBbie ciioBa: YHpaBJICHUE, HCONIPEACICHHOCTD, Hapa60nnqecxaﬂ CUCTEMaA, II0JIOMKa

ypaBHeHI/IH TCIUIOIIPOBOAHOCTH

Ty (x,t)  0°Ty(x,t)
o Ox?

+fi(x7t)’ (1)

me0 <t <pul <z <1, oNUCHBAIOT paclpeeICHHs] TEMIIEPATYP Ti(m, t), L= I,_n, B OJTHOPOJI-
HBIX CTEPIKHAX CIMHUYHOMN JJIMHBI Kak (PYHKIMIO OT BpeMeHu t. B HadanbHbIi MoMeHT ¢ = () 3a1aHbl
pacnpenenenus temneparyp 1, (z,0) = g,(z), tne dynkuun g, (x) sasiorcs HenpepbiBHBIMEA. CUn-
Taercsi, 4to ynpasisieMast Temreparypa 1 (0, ¢) Ha JeBOM KOHIIE 4-TOTO CTEPIKHSA MEHSETCS COTVIACHO
YPaBHEHHIO

dT,(0,t ) B
% = V(1) +a?(t,7)GEL), i=Tm. )
3nech
) -
a§2) (t,7) = a%2i) () mpi £ <7, i =1,n;

ay,; (t) mpu 7; < t,

ingsiainig a§1> (1), a(l? (t) > 0, a(221-) (t) > 0,7 = 1,n, snsworcs HenpepbisHbME ipu 0 < ¢ < p,
npuyemM a(122-) (t) >0, a(22i)(t) > 0. Bexrop-ynxkuns £(t) = (& (1), &, (1), ..., &,(t)* € U, tae U—
CBSI3HBII KoMmakT u3 RY, siusiercs ynpasneHneM. CUMBOI * 0003HAYaeT ONMEPaluio TPAHCIIOHUPOBA-
uust. C nomolpio Marpuisl G pasMEPHOCTH 7 Ha ¢ 3a1a€TCsl BHIOOP COOTBETCTBYIOIIMX OJHOMEPHBIX
yrpasienuii &, (t) Juis 1eBoro KoHLa Kaxa0ro crepxHs. 3a G; 0603Ha4eHa i-Tast crpoka Marpuusl G.

IIpearonaraercst, 4T0 BO3MOXHO He 6ostee, ueM k (k' < 1) MOMEHTOB T; < p U3MEHCHHs B AMHAMHKE
YIIPaBISIEMO# CUCTEMBbI, KOTOPbIE, HAIPUMED, MOT'Y T IPOU3OUTH B PE3YJIBTATE [OJIOMOK (CM., HAPUMED,
[1]). DT MOMEHTHI 3apaHee HEM3BECTHBI.

* MiccnenoBaHus BBIIOMHEHO 3a cueT rpanTa Poccuiickoro HayuHoro donna Ne 23-21-00539, https://rsctf.ru/project/23-21-00539/.
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3uauenns remueparyp 1;(1,t), i = 1, n, 3aBucsiume HenpepbiBHO 0T BpeMenn ¢ € [0, p], To4HO He
W3BECTHBI, HO 33JaHbl TPAHUILIBI KX U3MEHEHUS

SNty <T(1,8) < 6P (1), 0<t<p. (3)

1 2 .
3nech GyHKIHH (52( )(t) u (5§ >(t), i = 1, n, sBisrorcst HenpepsiBHbIME Tipu O < ¢ < p.
3BeCTHBI OLIEHKH HENPePbIBHBIX GYHKIUMH f; (2, T ), KOTOPBIE ABJIAIOTCS ILIOTHOCTSIMH BHYTPEHHUX
MCTOYHUKOB TEILIA:

F@t) < iz t) < fP,t), 0<t<p, 0<z<l, i=1In (4

7

~—

3nech QyHKIMH fim(x, t)n fi(Q) (z,t),1 = 1, n, IBIAIOTCS HEIPEPHIBHBIMHU.
[Tycth 3amansl uncna € > 0, ¢ € RuBekrop A = (A, ..., A\,)* € R” rakoit, uto \; > 0,7 = 1,n.
Llens BBIGOpa ynpasienus £(t) B (2) 3aKi04aeTcs B OCyHICCTBICHUH HEPABEHCTBA

SN / T(x,p)oy(x)dz — | < (5)
=1 0

nipu mo6bIX HenpepbiBHbIX Gyrkimax T;(1,t) (3),4 = 1, n, moObIx HempepbIBHBIX GyHKIHAX f; (7, 1) (4),
i = 1,n, n mobbix k (k < n) MOMEHTaX U3MEHEHUs TMHAMUKH YIPABJIsSeMOl cucTeMbl T; < p. 31ech
nenpepbisHbie GyHkimu o; : [0, 1] — R, i = 1, n, ynosnersopsior ycnosusm o;(0) = o;(1) = 0.

Crenys MoAxoaaM M3IOKEHHBIM B [2,3], caenaeM 3aMeHy MepeMEeHHBIX U MOIYYHM OXHOMEPHYIO
3a/1a4qy YIPaBICHHIO IIPU HAIMYUN HEONPEIEICHHOCTH C YPaBHEHHEM JBHKCHHSI

i=—a(t,Pu+ B, [ul<1, <1, t<p, zeR; (6)

a(ta?) = Z)‘iaéz}(ta Tz>71(t)7 T= (T177-27 ,Tn>'
i=1

3mech U — OXHOMEPHOE yIpaBIEHHE, U — HEONPEACTIeHHOCT; GyHKuuu ;(t) > 0,1 = 1,n, u
B(t) > 0 seusirores HenpepbiBHbIME TIpH ¢ < p. Llens ynpasienus npumer Bux |2(p)| < e.

Hcronb3yst METOI ONTHMH3ALNH TApaHTUPOBAHHOTO pe3ynbTara [4], HailleHbl HEeOOXOAUMBIE H JI0-
CTaTOYHBIE YCIOBHS OKOHUAHU B 3a/1a4de (6). Kpome Toro, mocTpoeHo COOTBETCTBYIONIEE YIPABICHUE
&, pemaromee 3agaqy (1)—~(5).
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Positive solutions of discrete fractional
boundary value problems

Jagan Mohan Jonnalagadda

Department of Mathematics, Birla Institute of Technology and Science Pilani, Hyderabad - 500078, Telangana, India.
j -jaganmohan@hotmail.com

In this paper, we establish sufficient conditions on the existence of positive
solutions to various classes of two-point boundary value problems for fractional
difference equations involving the Riemann—Liouville nabla fractional differences.
The results obtained in this article shall improve and generalize the existing results.

Keywords: nabla fractional difference, boundary value problem, Green’s function,
fixed point, positive solution

Pontryagin’s maximum principle for an optimal control
problem with irregular mixed constraints

Dmitry Karamzin

FRC CSC of RAS, Moscow, Russia
dmitry_karamzin@mail.ru

The optimal control problem with irregular mixed constraints is studied. For
problems of this type, the Pontryagin maximum principle has been proven. An
example is considered that demonstrates the possibility of applying the obtained
optimality conditions.

Keywords: optimal control, mixed constraints, maximum principle
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HpI/IHIII/IlI MaKCUMyMa HOHTpHFI/IHa JJIA 3aJa4Y4 OIITUMAJIBHOI'O

yIpaBJIeHHs ¢ HEPETyJIsIPHbIMH CMEIIAHHBIMA OTPAHUYEHUSIMH ™

J. 0. Kapam3zun

®UIIL 1Y PAH, r. Mocksa, Poccus
dmitry karamzin@mail.ru

Hccnenyercs 3a1a4a oNITUMAIBHOTO YIIPABJICHUS C HEPETYIIIPHBIMH CMEIIaHHBIMH OTpa-
HUYEeHHUSAMH. J{71s1 3a1a4 Takoro Tna Joka3aH npuHUun MmakcumymMa [lontpsruna. Paccmor-
pEH NpuMep, 1EMOHCTPUPYIOLINI BO3MOXKHOCTh IPUMEHEHUS MMOIYYEHHBIX YCIOBHMA ONTH-
MaJIbHOCTH.

KinrodeBnble c10Ba: ONTUMaIbHOE YIIPABICHUE, CMEIIAHHBIE OTPAaHUYECHM S, IPUHIIAII MaK-
cumyMa

1. OcHoBHBIE pe3yJIbTaThI

B pabore uccnenyercs 3aga4a ONTUMAIBHOTO YIIPABIEHHs C OTPaHUUEHUEM BUA

g(z(t),u(t),t) <O0.

OFpaHI/I‘IeHI/Ie TAKOI'0 THIIA B JIMTEPATYpEC 06BI'-IHO Ha3bIBAKOT CMCIIIaHHBIM. HByquI/Ie CMCIIaHHBIX OI'pa-
HUYCHUI BO MHOT'OM OCHOBAHO Ha CBOMCTBE PETYJIIPHOCTH IKCTPEMATIBbHON TPAEKTOPHH, KOTOPOE MPE/I-
noJjiaracTcs M3HAYaIbHO [T aHAJTN3a 3a/1a41 WK BBIBOJIa HEOOXOAMMBIX YCIIOBHiT onTUManbHOCTH. Heoo-
XOJIUMBIC YCIIOBHSI ONITHMAILHOCTH B (JOpME MPHHIINIIA MakcuMyMa [ToHTpsruHa 0e3 alpHOpHBIX TH-
MOTe3 PEryJIIPHOCTH SKCTPEMAJIBLHOW TPACKTOPHH OTHOCHUTEIBHO OTOOpa)KEHUS ¢ OBLIU TOJIYYCHBI B
pabote [1].

B Hacrosiiei pabore mpeyioxkKeHO elile 0JHO JOKa3aTeIbCTBO MPHHIIMIIA MAKCUMYyMa JJIs 3a]1a4 C
HEpEryJSIPHBIMUA CMEIIAaHHBIMKM OTpaHWYeHUsAMU. [Ipu 3TOM Mo cpaBHEHHIO ¢ paboToi [1] momyueHo
YCHJICHHOE YCIJIOBHUE JIOTIOTHSIOIICH HEXeCTKOCTH. OHO MMEET BUJT

0¢ / <g(§:(t), u(t), t)dp + conv Clos g(z(t), u(t), t)d(n — ,u)) (1)
[0,1]

3nech Clos o3HauaeT 3aMbIKaHHE U3MEPUMON (DYHKIUH 10 Mepe; 1) — OOpeneBcKas Mepa-MHOXKUTEIb
Jlarpamnxa; (1 — aOCONIOTHO HEMIPEPBIBHAS Mepa, KOTOpasi MaKOPUPYETCSt a0COITIOTHO HEMPEPHIBHON KOM-

IIOHEHTOU MEPHI 7).
Pa6ora Beimonnena npu nojaepxxke PH®, npoext Ne 23-21-00161.
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Security market prediction using decision tree

Matvey Kazantsev
Institute of Mathematics and Information Technologies

Irkutsk State University, Irkutsk, Russia
kazmat123321@gmail.com

In this report, we analyse various tools used to predict stock prices. The
aim is to construct and study a model based on the decision tree method. The
implementation was carried out on the programming language Python.

Keywords: stock price, decision tree, modeling

IIporuo3upoBanue HeH HEHHbIX OyMar MOCPeACTBOM AepPeBbeB
NPUHATUHA PelleHuit

M. M. Kazanues
HHcTuTyT MaTeMaTuKu U HHGOPMAIMOHHBIX TEXHOIOTHI

WpkyTckuii rocynapcTBeHHbIN yHUBepcuTeT, MUpkyTck, Poccust
kazmatl123321@gmail.com

B noxnaze n3y4arorcst pa3IMyHble HHCTPYMEHTBI, UCIIOIb3YEMbIe JUIsS IPOrHO3HPOBa-
HUS 1eH Ha akuuu. [IpencraBieHsl pe3yabTaTbl aHAIU3a MOJEIN, OCHOBAHHOW Ha METONIE
HOCTPOEHUS JiepeBa NPUHATHS pelleHuil. BeinonHena peanu3anus Ha si3blke IPOrpaMMHU-
poBanust Python.

KiroueBble coBa: ICHBI Ha aKIIUH, JE€PCBO IIPUHATUA peHleHHﬁ, MOACIIMPOBAHUC

Optimization of heat and power sources system
operation taking into account losses at cross-flows

Oleg Khamisov, Nadezhda Ulianova

Melentiev Energy Systems Institute Siberian Branch of the Russian Academy of Sciences, Irkutsk, Russia
khamisov@isem.irk.ru, nadinmix@mail.ru

The mathematical formulation of the problem of optimization of the operation
of an energy system consisting of sources, consumers and transit nodes is considered.
The total load generated by all producers should satisfy the needs of the consuming
stations, taking into account losses due to overflows. The objective is to minimize
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the total costs incurred by the sources to provide the required load, as well as the
costs of energy transportation.

Keywords: energy system, optimization, mixed integer programming, linear ap-
proximations, counting algorithm

Onrumu3anus padoThbl CHCTEMbI TEIUIOIHEPreTHYECKUX
HCTOYHHMKOB C YUY€TOM MOTEPh NPHU MEPETOKAX

O. B. Xamucos, H.}O. YabsgHoBa

UnctutyT cuctem snepreruku uMm. JILA. MenenteeBa CO PAH, Upkyrck, Poccus
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PaccmarpuBaeTcs MareMaTHuecKas oCcTaHOBKA 33141 ONTHMM3AIH BKITIOUEHUS — BbI-

KIIFOYCHHS 000PYI0BaHUS HA IPUMEPE TETJIOIHEPTETHIECKON CHCTEMBI, COCTOSIICH U3 HC-
TOYHUKOB, TOTPeOUTENEH 1 TPAaH3UTHBIX y3710B. [IpeaoxkenHas mocTaHoBKa SIBIISETCS TIPO-
JoikeHueM paboTsl [1] ¢ yuéroM auckpeTHOM cTpykTyphl. O0mias Harpy3ka, co3aaBaemast
BCEMHU MPOU3BOIUTENSIMH, T0JKHA YOBIETBOPATH MOTPEOHOCTH MOTPEOISIOMINUX CTAaHIUI
C YUYETOM TOTEepb MpH MepeTokax. Llenb coCTOMT B MUHMMH3AIUHN OOIIUX H3AEPKEK, KO-
TOpBIE HECYT UCTOYHUKH JJIsi oOecrieueHrs TpedyeMoi Harpys3KkH, a TakKe pPacxolloB Ha
TPAHCHOPTUPOBKY SHEPTHU. M31epKKN KaKJOTO HCTOYHHKA BKIIIOYAIOT IEPEMEHHYIO KOM-
MIOHEHTY, 3aBUCSIIYI0 OT 00beMa MPOU3BOIUMON SHEPrHH (TIPEACTABICHHON KyOn4eckon
(yHKIME), ¥ TOCTOSIHHYIO COCTABIISIIOILYIO, CB3aHHYIO C COAEpKaHUEM HUCTOYHHUKA B TO-
psiueM pesepBe. Taxke yUUTHIBAIOTCS TEPUOJIbI, KOT/Ia UCTOYHUKU HAXOSATCS B PEKUME
OXKUIaHUA (HEe POU3BOIAT SHEPTHUIO), HO BCE )K€ HECYT U3ICPKKU.
Hcnons3ys OnHapHBIE IEPEMEHHBIE JUTSI OTIPEICIICHHSI COCTOSHHS NCTOYHHUKOB, 3a]1a4a Tpe-
o0pazyercs B 3a7a4y YaCTUYHOTO IIE€JI0YNCIEHHOTO TPOrpaMMUpOBaHus. Pemenue 3ot 3a-
Jla4M CTPOUTCS HA TMPUOIMIKCHUN UCXOIHOW 3aJ1a4M K 3a/1a4aM JIMHEHHOTO YaCTUYHOTO Iie-
JIOYMCIICHHOTO MPOTrPaMMHUPOBAHUSI TyTEM 3aMEHbI KyOn4eCcKol (PyHKIIMU TEPEeMEHHbIX U3-
JIEPIKEK MX KyCOUYHO-TMHEHHBIMU anmpoKkcuMaIusiMu. PazpaboTan aaroputm 1uist peeHus
3aJlauy Ha OCHOBE 3TUX aIllIPOKCUMAIINI U BBITIOHEHA YHCIieHHas peanu3aius. [IpoBenen
PSI TECTOBBIX PAcUYETOB IS MPOBEPKU PEATH3yeMOCTH MPEJIOKEHHOTO METO/IA.

KuioueBble cioBa: >HEpreTHUeckasi CHCTEMA, ONTUMU3AIU, CMEIIAHHOE LIETOUUCICHHOE
MPOTrpaMMHUPOBAHUE, TUHEUHBIE alllTPOKCUMAIINH, CUETHBIM aJITOPUTM
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Generalized Heilbronn problem
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The paper deals with the following optimisation problem: we need to locate
points inside a given subset of Euclidean space in such a way that the smallest
possible area of triangles (simplex volumes) with vertices at these points is as large
as possible. In other words, we need to find k points of the most general position in
the compact X C R", where the degeneracy criterion is the smallest of the volumes
of n-simplexes. The paper will present an algorithm for finding local minima and
some results obtained when X is a flat torus and a sphere.

Keywords: discrete geometry, stochastic gradient descent

O0o0mennas 3agaya XelsibOpénna

B. JI. Kucrrep', B. A. Boporos'+?

1 Kapkasckuii MaTeMaTnueckuii eHTp
AZBITeHCKOT0 TOCYJapcTBEHHOTO YHUBEpcUTeTa, Maiikon, Poccus
vovakistnerl@gmail.comm
2 MoCKOBCKHiT (PU3HKO-TEXHHUECKHIT MHCTHTYT
Jonronpynusiii, Poccus
v-vor@yandex.ru

B noknazne paccmarpuBaeTcs cienyrolias ONTMMU3alMOHHAs 3a/1ada:; TpedyeTcs: pac-
MOJIOKUTH TOYKM BHYTPH 33JJaHHOTO TIOJAMHOXKECTBA €BKJIMIOBA MMPOCTPAHCTBA TaKUM 00-
pa3oM, 4ToObl HAMMEHBINAs U3 TUIOIIACH TPEYTOIBHUKOB (0OBEMOB CHMILJIEKCOB) C BEp-
IIMHAMH B OTUX TOYKaX Oblja Kak MOxHO Oosbine [1-3]. HbIMU ciioBamu, TpeOyeTcs Hak-
TH k TOYeK Kak MOXHO Oonee obiero nonoxxenus: B komnakre X C R™, rne xpurepuem
«TIOYTH BBIPOKJICHHOCTW SIBJISIETCA HAUMEHBIINM 13 00bEMOB 11-CUMILIEKCOB. B nokiane
OyleT MpeACTaBIeH aJrOPUTM MOKMCKA JOKaJbHBIX MUHUMYMOB M HEKOTOPBIE PE3YyJIbTaThI,
MOJYYCHHBIC B CIIydasix, Korna X sBIISETCS IJIOCKUM TOPOM U CEepOid.

KiroueBble cjioBa: AUCKPCTHAasA rcoMeTpu, CTOXaCTUYECKUI Fpa,I[I/IeHTHBIﬁ CIIYCK
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On one development of the method of guiding functions

Sergey Kornev, Polina Korneva

Voronezh State Pedagogical University, Voronezh, Russia
kornev_vrn@rambler.ru

The method of guiding functions, whose base was laid in the middle of the 20th
century by M.A. Krasnoselskii and A.I. Perov, is one of the most effective and
geometrically clear ways to solve the periodic problem for differential equations
(see, for example, [1]).

In this note, to effectively solve the periodic problem for random differential
equations, one of the modifications of the classical notion of a guiding function is
used — a random multivalent guiding function (see, for example, [5], [6]).

Keywords: differential equation, periodic solution, multivalent guiding function

OO 0THOM pPa3BUTHH METO1A HANPABJISIOINX PyHKIM™

C. B. Kopses, II. C. Kopuesa

Boponexckuii rocy1apCcTBEHHBIH ITearornieckuil yausepcuret, Boponex, Poccns
kornev vrn@rambler.ru

Meton HanpaBisONMX (GYHKIHA, OCHOBBI KOTOPOTO 3aJI0KMIIN elIe B cepennHe XX

Beka M.A. Kpacnocenbckuii u A.W. Tlepos, sBiseTcst oqHUM U3 HanOomee d3PPEKTUBHBIX
Y TEOMETPUYECKH HAITIATHBIX CIOCOOOB PELICHHUs IEPHUOANIECKOM 3a1auul Uit quddepeH-
LUalbHBIX YpaBHEHUH (CM., Harpumep, [1]).
B nactosmeii 3ameTke 11t 3pHEKTUBHOTO pEeLIeHHs MEPUOANYECKON 3a1a4uu i Cllydai-
HBIX JU(depeHIrnaIbHbIX YPaBHEHHM IPUMEHSIETCSI OHA U3 MOAU(DHUKAIIHMIA KIIaCCUYECKOTO
TIOHSTHSI HANIPABIIAIOMIEH (QYHKIINH — CITy4aifHasi MHOTOJIMCTHAS HAIIPABIIAIOMAs (QyHKITUS
(cm., HAmmpumep, [5], [6]).

KuaroueBble ciioBa: nuddepeHnmansHoe ypaBHEHNE, TEPHOITIECKOE PEIICHHE, MHOTOJIHCT-
Hasl HANPaBJISFOIIAS (PYHKITHS

1. OcHOBHBIE pe3yJIbTAThI

B konne XX - Hagane XXI BEKOB B CBS3U ¢ OTKPHIBITUMHUCS HOBBIMU BO3MOKHOCTSIMH TTPUII0KEHHAMN
K aKTyaJIbHBIM 33/l1a4aM MaTeMaTHKH, MEXaHUKH, TEOPUH YIIPaBICHHS, GPU3UKHU U IPYTUX HAYK, BOSHHUKIIA
HE0O0XOJMMOCTD B CYIIECTBEHHOM PACIIMPEHUH KIJIACCOB PACCMaTPUBAEMbIX HANPABISIONINX (QYHKIIHMA.
B ywacTHOCTH, TIS ﬂm(b(bepeHuHaanmx ypaBHEHUH OBLI BBEJIEH KJIACC MHOTOJIMCTHBIX HAIPaBJIAIOIUX
¢bynkuii (cm., HarpuMmep, [4]).

* Pabota BBIIOTHEHA U oA epkke Munnpocsemmenus Poccun B pamkax rocynapersenroro 3aganus (OTGE-2024-0002), PH® (mpo-
ekt Ne 22-71-10008).
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ITycts (£2, 3, 1) — TIONHOE BEPOSITHOCTHOE MPOCTPAHCTBO. B HacTosiieii paboTe paccMarpuBaeTcst
nepuoanYecKas 3ajada JUisi ciydyaitHoro AudQepeHnuanbHOro ypaBHeHHs CIeyIOIIero BUa:

2 (w,t) = f(w,t,z(w,t)) nB. teER, (1)

mmsiBeex w € ,rae f: QO XRXR™ — R™— chayuaiinblii c-oneparop, yA0BICTBOPSIOIINIA Is1 KAXK0T0
w € () ycnoBuio 1-mepuoMIHOCTH 110 BTOPOMY apryMEHTY.

JIns uccnenoBaHus paccMaTpUBaeMoi 3a1a4H MCIONIB3yeTCsl MOAN(PHUKALUS KIACCHUSCKOTO MOHS-
THsI HANpaBJsoeld (GyHKIMU — ciTydaiiHas Hermajkas MHOTONMCTHAs Hampapisiromas ¢yHkius. Cy-
IECTBEHHBIM IPEUMYIIECTBOM 110 CPABHEHUIO C KJIACCHYECKUM TIOIXOJIOM SIBIISIETCS BOSMOXKHOCTB ““JI0-
KaJIM30BaTh”’, MPOBEPKY OCHOBHOTO YCJIOBUS “HAIPaBIIIEMOCTH ’, HA 00JIACTH, 3aBUCSIIEH OT CaMOii Ha-
NPaBJISFOIIEH (YHKIIUH, IIPHYEM Ha 00JIACTH HE BCETO MPOCTPAHCTBA, @ €T0 MOAIPOCTPAHCTBA MEHBINIEH
pasmepHOCTH. B Kiaccndeckux paboTax 1mo METOMy HANpaBJSIFOIIUX (YyHKIHA, KaK MPaBHIIO, MPEIIIO-
JaraeTcsl, 9To ATH (DYHKIMH SBISIFOTCS TIIQJAKHMU Ha BceM (Da30BOM IPOCTPAHCTBE. DTO YCIOBHE MOXKET
NPECTABUTHCS OIPAHUYUTEIIBHBIM, HATPUMED, B TAKUX CHUTYAIUSIX, KOT/IAa HAMPABJISIONINE MOTCHIINA-
JIbl PA3JIMYHBI B PA3IMUHBIX 00JACTSAX MPOCTPAHCTBA. [t CHATHUS YKa3aHHOTO OTPaHUYEHUs B paboTe
paccMaTpUBAKOTCS HETVIAIKUE HAIIPABIISIOIINE MIOTSHIIUABI U KX 000OIICHHBIC TPAJIUCHTHI.

PaccmarpuBaemblii MeTON OKa3biBaeTCsl S(DGEKTHUBEH M TIPU UCCIICAOBAHUU 3a/1aud O CYIIECTBOBA-
HUU TIEPUOIMICCKUX KOJICOAaHWH B HEIMHEHHBIX O0BEKTAX, OMMUCHIBAEMBIX CITydalHBIMU TUD(hEpEeHIIH-
QIbHBIMH BKIIFOYCHUSIMH, TIPaBasi 4aCTh KOTOPBIX SIBIISETCS U-CIIyYaiHBIM MYJIBTHOTOOPaKEHHEM C BbI-
NYKJIBIMA KOMITAaKTHBIMH 3HAUEHHUSIMHU, YAOBJICTBOPSIONIMM YCIOBHIO THITA TIOMIHMHEHHOTO pocTa (CM.,
Hanpumep, [5]).
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On critical exponents for weak solutions of the Cauchy
problem for one 2 + 1-dimensional nonlinear equation of
wave theory in semiconductors

1,2 1

Maxim Korpusov™“, Alexandra Matveeva
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2 Peoples’ Friendship University of Russia named after Patrice Lumumba, Moscow, Russia
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The Cauchy problem for a model nonlinear equation with gradient nonlinearity
is considered. We prove the existence of two critical exponents ¢; = 2 and ¢, = 3,
such that this problem has no local-in-time weak (in some sense) solution t for
1 < ¢ < g4, while such a solution exists for ¢ > ¢, , but , for ¢; < ¢ < g5 , there is
no global-in-time weak solution.

Keywords: nonlinear Sobolev-type equations, blow-up, local solvability, nonlinear
capacity, blow-up time estimates

O KpUTHYECKHX MOKA3ATeNAX JIA ¢JIa0bIX pemieHuin 3aaa4u Komm
JJI51 OHOTO 2 4 1—MepHOro HeJIUHEHHOT0 YpaBHEeHHsI TEOPUH BOJIH B
MOJIyPOBOTHUKAX

M. O. Koprycos!''2, A. K. Marseesa'

1 MT'Y um. JlJomonocosa, Mocksa, Poccust
matveeva2778@yandex.ru
2 PYJIH, Mocksa, Poccus
korpusov@gmail.com

B pabore paccmarpuBaercs 3aaada Korm /7151 oqHOTO MOIETEHOTO HETMHEHHOTO YpaB-
HEHHUS ¢ TPAJIMCHTHON HeMMHEHHOCTRI0. [ aToi 3agaun Komn B paboTe g0Ka3aHo cylile-
CTBOBaHHE JByX KPUTHUYECKHX MOKa3aTenel q; = 2u gy = 3, Takux yronpu 1 < ¢ < ¢
OTCYTCTBYET JIOKaJIbHOE BO BPEMEHH B HEKOTOPOM CMBbICIIE cl1aboe pelieHue, Ipu g > ¢,
JIOKaJIbHOE BO BPEMEHHU cl1a00€ pelIeHNE NOSBIAETCS, OAHAKO IPU ¢; < G < Gy OTCYTCTBY-
eT m1o0aabHOe BO BpEMEHH Cllaboe pelieHue.

KuaroueBble ciioBa: HelIMHEHHBIE ypaBHEHHs cOOOJIEBCKOTO THIIA, pa3pyiueHue, blow-up,
JIOKaJIbHAs pa3pelIMMOCTh, HEJIMHEIHASI eMKOCTh, OLIEHKU BPEMEHU Pa3pyILeHuUs

* Pabota BeImonHeHa pu ¢uHaHCOBOH moxaepxke PHO (mpoekt Ne 23-11-00056) u npu moxgaepxke OoHma pa3BUTHS TEOPETUUCCKOIT
¢uzuxu u marematuku BASUC (mpoext Ne 22-2-2-17-1)
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B pabote paccmarpuBaercs cienytomias 3anada Komm:

0 0
-_— —_— et q 2
8tAu(a:,t) - o Au(z,t) = |[Vu(x,t)|?, (z,t) € R*® (0,T], (D)

9 0? 0?
u(z,0) =uy(z), zeR, A= o2 + a7
BriBon ypasHenus (1) umeercs B padore [1]. YpaBaenue (1) oTHOCATCS K KIIacCy HETMHEHHBIX ypaBHE-
auit Tama C. JI. Co6oneBa. OTMETHM, YTO MCCIICIOBAHUIO JTMHEWHBIX U HEIMHEHHBIX ypaBHEHUH CO00-
JICBCKOTO THUIIA MOCBAIICHO MHOTO paboT. Tak, B padorax I. A. Ceupumioka, C. A. 3arpebunoii, A. A.
3ambInuiAeBoit [2]— [4] ObuM paccMOTpPEHBI B 00IIIEM BUC U B BHJIE IPUMEPOB HauaIbHO—KpacBbIe 3a-
Jaqu U1t 00JIBIIOT0 MHOTO0Opa3us KIacCoOB JIMHEHHBIX U HETMHEHHBIX ypaBHEHUH COO0JIEBCKOTO THIIA.

OTmeTuM, 4TO BIIEpBbIE TEOPUS TOTEHIMANA Ul Hekiaccuyeckux ypaBHeHui tuna C. JI. Cobonena
Obl1a paccMoTpeHa B pabote b. B. Kanmronosa [5]. B maneHelitem Teopust mOTeHIMANA H3yYaiach B
pabotax C. A. T'aboBa u A. I'. CBemaukoBa [6], [7], a Takxke B paboTax WX YYCHHKOB (CM., HAPUMED,
pa6oty 1O. /1. ITnerHepa [8]).

B knaccuueckoit padore [9] C. U. IToxoxaeBa u D. Mutuanepu ObUIM JOCTaTOYHO MPOCTHIM METO-
JIOM HEJTMHEHHON €MKOCTH OBLIHM MOJTY4YeHBI ITyOOKHE PEe3yIbTaThl O PO TaK HAa3bIBAEMBIX KPUTHYE-
ckux nokazareseir. Ormerum Taxxe padotsl E. U. T'amaxoBau O. A. Canuesoii [ 10] u [11]. B HacTosmei
paboTe MBI HOIYUYUIIN PE3YIBTAT O CYLIECTBOBAaHUHU JIBYX KPUTHYECKUX IOKa3zaTenel ¢ = 2 U ¢y = 3
TaKHX, YTO B IIMPOKHX KJIACCAX HAYAIBHBIX QYHKIHH 1 (2) pu 1 < ¢ < ¢y OTCYTCTBYeT JaXe JTOKajlb-
HbI€ BO BpeMeHU cialble pemenus 3agauu Kommu (1), (2), a mpu g; < g JI0KaJIbHbIE BO BPEMEHH Cl1a0ble
pELICHUs yKe CYIIECTBYIOT, OHAKO, IPU ¢; < ¢ < ¢y II00AJIbHBIX BO BDEMEHH CJIA0bIX PEIICHUI HET
— Bce cia0ble peleHus pa3pymalTces 32 KOHEYHOE BPeMs.

JlanHast paboTa mpooirKaeT UCCIeI0OBaHMs, Ha9aThie HaMu B padotax [12]—[16]. [Ipuuem B pabote
[16] Obu1a paccMoTpeHa ciieayromias 3aaa4a Komu:

2

0 0
aAaﬂH— %Amu =|ul?, x=(z,29,73) ER3, t>0, ¢q>1,
1
0? 0? 0?
0) = R3, A = i
u(z,0) =ug(x), x€R?, = o + 922 + 8x§

J1st KOTOPOii OBUTH TOXKE MOIY4EHBI J1BA KDUTUUECKUX TIOKA3aTels ¢; = 3 U ¢y = 4 JUId aHaJOTUYHBIX
YTBEPKACHMIA, UTO U B 3TOU padorTe.

Pa6ora BeimonHeHa npu puHaHCcoBO# nomaaepxkke PH® (mpoekt Ne 23-11-00056) u ipu moaeprke
®onpaa pazsutus Teoperndeckoil pusuku u maremaruk bBA3UC (npoekt Ne 22-2-2-17-1).

Cnmcok ureparypbl

[1] JluHeliHbIC M HEJTMHEHHBIC BOTHBI B quctieprupyomux cpeaax / Ilog pen.barmoes A.T., Epodees B.
., lllexosz A. B. M.: DU3MATIIAT 2009.

[2] Csupumiok I. A. K o6mieit reopun nonyrpymm oneparopos // YMH. 1994Ne 49(4) C. 47-74.

[3] 3arpeouna C. A. HauanpHo-KOHEYHas 3ajada JUisi YPaBHEHHWH COOOJIEBCKOTO THMA C CHIIBHO
(L,p)-panuansueiM oneparopom // Mar. 3ametku SAI'Y. 2012 Ne 19(2). C.39-48.

[4] Zamyshlyaeva A. A., Sviridyuk G. A. Nonclassical equations of mathematical physics. Linear
Sobolev type equations of higher order // Bectn. FOxno-VYp. yH-Ta. Cep. Marem. Mex. ®@us. 2016.
No 8. Pp.5-16.

[5] KamurtonoB b. B. Teopus nmoteHnmana s ypaBHSHHSI MaJIbIX KOJCOAHUN BPAIAIOIICHCS KHJIKO-
ctu // Marem. ¢6.1979. Ne 109(151). C.607-628.

133



[6] T'aboB C. A., CemnukoB A. I'. JIuHeitHbIe 3ajaun TCOPUH HECTAIIMOHAPHBIX BHYTPEHHUX BOJIH.
M.: Hayka, 1990.

[7] T'abos C. A. HoBble 3aa4n MaTeMaTu4eckoi Teopun BosiH. M.: @usmariut, 1998.

[8] Inernep 1O. /1. DynnamenTansHbIC petnieHus onepaTopoB Trmma CodoseBa 1 HEKOTOPIC HAYaIbHO-
Kpaesbie 3aaun // XK. Beramci. matem. u MateM. ¢pu3z. 1992, No 32, C.1885-1899.

[9] Hoxoxaes C. U. , Mutuauepu 3. AIpuOpHbIE OLIEHKH U OTCYTCTBHE PEIICHNUN HEJIMHEHHBIX YpaB-
HEHUI 1 HEPaBEHCTB B YaCTHBIX Mpou3BoAHbIX // Tp. MUAH.2001 Ne234 C.3-383.

[10] Galakhov E. I. Some nonexistence results for quasilinear elliptic problems // J. Math. Anal.
Appl.Vol.2000. Vol. 252. Pp.256-277.

[11] Tamaxo E. H., CammeBa O. A. O0 OTCYyTCTBHHM HEOTPUIIATSILHBIX MOHOTOHHBIX PEIICHUN IS
HEKOTOPBIX KOAPIUTHBHBIX HEPaBEHCTB B nonynpoctpancTse // COM. 2017. Ne 63. C. 573-585.

[12] Kopmyco M. O. Kpurnueckue mnoxkazaresidi MTHOBEHHOTO pa3pyllI€HUs WM JIOKAJIbHOM paspe-
HIMMOCTH HENMHEWHBIX ypaBHeHHH cobonesckoro tumna // M3B. PAH. Cep. marem. 2015.Ne 79.
C.103-162.

[13] Kopmycos M. O. O pa3pylieHun peiieHnid HeMTMHEWHbBIX YpaBHEHUN TUTIA YpaBHEHUS X0XJI0Ba—3a-
6onorckoii // TM®.2018. Ne 194. C.403-417.

[14] Korpusov M. O., Ovchinnikov A. V., Panin A. A. Instantaneous blow-up versus local solvability
of solutions to the Cauchy problem for the equation of a semiconductor in a magnetic field // Math.
Methods Appl. Sci.2018. Vol. 41. Pp.8070-8099.

[15] KopmycoB M.O., [lanun A.A. MrHoBeHHOE pa3pylIeHHe Versus JIOKalbHas pa3pelmMocTh 3a-
naun Ko asst AByMEpHOTo ypaBHEHUS MOJTYNPOBOAHUKA C TEIIOBBIM pazorpeBom // M3B. PAH.
Cep. matem. 2019 Vol. 83. C. 1174-1200.

[16] Korpusov M.O., Matveeva A.K. O KkpuTHYECKUX TOKa3aTeISIX ISl cla0bIX penieHni 3anaan Ko-
MM /17151 OTHOTO HeJIMHEHHoro ypaBHeHus coctaBHoro tuna // 3. PAH. Cep. matem.2021 Vol. 85
C.96-136.

[17] Korpusov M.O., Matveeva A.K. On critical exponents for weak solutions to the Cauchy problem
for one nonlinear equation with gradient nonlinearity // MMAS.2023

[18] Bnamumupos B. C. YpaBHeHnus maremaruueckoit ¢pusuku //M.: Hayka. 1988.

[19] T'un6apr A., Tpynunrep M. Dnnunrudeckue augdepeHuanbHble ypaBHEHHs C YaCTHBIMU ITPOU3-
BOJHBIMH BTOpOTrO nopsiaka // M.: Hayka. 1989.

[20] dpuaman A. YpaBHEHUS C YaCTHBIMHU MPOU3BOIHBIMHE Mapabonudeckoro tuma // M.: Mup.1968.

[21] Manma A. A. O 10KaJdbHOHN Pa3peInMOCTH U pa3pyILICHUH PEUICHUs a0CTPAKTHOTO HETMHEHHOTO
MHTETpasbHOTO ypaBHeHUs Bonbreppa // Maremarndeckue 3ametku. 2015 Ne 97. C.884-903.

134



Solutions of problems for the semilinear wave equation
with a Dirac potential
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We study the solvability and uniqueness of the Cauchy problem in the upper
half-plane and the first mixed problem in the first quadrant for the nonlinear wave
equation with a Dirac potential.

Keywords: classical solution, mild solution, semilinear wave equation, Cauchy
problem, first mixed problem, matching conditions

In the present report, we shall consider the question of global solvability of the Cauchy
problem

(M

{Dau(t,x) —O(t, )0, ulul(t,x) = f(t,z,ult,z)), (t,2) € (0,00) X R,
u<07x) = @(x)a atu(ovx) = w<x)v z €R,

and of the first mixed problem

Oou(t,z) — O, )0, 4 [ul(t,z) = f(t,2,ut,r)), (¢ z) € (0,00) x (0,00),
0, CE) = QO(CL'), atu<0a :L') = 1/)(33), LS [07 OO)? (2)
t,0) = u(t), tel0,00),

where 00, = 92 — a20? is the d’Alembert operator (a > 0 for definiteness), (¢4, z,) is a point
from the interior of the set, where we consider problems, ¢, ., is the Dirac delta distribution
concentrated at the point (¢y,zg) (i.e., 0, 4 [ul(t, ) = ulty, o))

Let us introduce the notation

Altp,xp) ={(t,z) : 0 <t <tpAlx—xzp| <alt—tpl}

and

~

Altp,zp) ={(t,z): 0 <t <tpAlx—zp| <alt—tp| ANz > 0}.

We state the main results of this report.

Theorem 1. Let the smoothness conditions

feCH[0,00) xR?), e C*R), veCYR), ©¢€C(0,00)xR),

([0, o) X R3 (t,x) — /@(T,xj:a(t—T))dTE IR> € C([0,00) x R),
0

and one of the following conditions be satisfied:
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1. The function f satisfies the Lipschitz condition |f(t,x,z,) — f(t, 2, 25)] < k(t,x)|z; — 25/,
where k € LE _([0,00) x R) and the smallness condition

// (10(7,&)| + |k(7,€)])dTdE < 2a

A(to’l’o)

be satisfied.
2. The functz’on f satisfies the Lipschitz condition |f(t,x,z) — f(t,x, z9)| < k(t,x)|2; — 25],
where k € L2 ([0,00) x R), the trace condition f(t,z,0) =0, and the smallness conditions

( // (7,€) |d7d§) // (r.€)|drdé < 1

Alty,xg) Alty,xq)

loc

be satisfied.

3. The functions f and © salisfy the sign conditions O, f(t,z,u) > 0 and O(t,x) < 0
for all (t,z) € [0,00) x R and the growth condition |f(t,x,u)| < B(t,z)u|®, where
B e L ([0,00) xR) and a € [0,1).

Then the Cauchy problem (1) has a unique solution in the class C*([0,00) x R).

loc

Theorem 2. Let the smoothness conditions

feCH[0,00 xR), ¢ €C*[0,00), 1 €CH[0,00), peC?(0,00)),

6 € C([0,00)?), ([O,oo ) /@ Jz+alt—1)|)dre [R) € 0([0,00)2),
0

the trace condition ©(0,0) = 0, and one of the following conditions be satisfied:

1. The function f satisfy the Lipschitz condition |f(t,z,z;) — f(t,x, z5)| < k(t,z)|z; — 23],
where k € L% _(]0,00)?) and the smallness condition

[ et e+ kir. eyaras < 2a

Z(toﬂco)

be satisfied.

2. The functions f and © satisfy the sign conditions 0, f(t,z,u) > 0 and O(t,x) <0 for all
(t,x) € [0,00)? and the growth condition |f(t,z,u)| < B(t,z)|u|*, where B € L{ _(]0,00)?)
and o € [0,1).

Then the first mized problem (2) has a unique solution u in the class C?([0,00)?) if and only
if conditions p(0) = p(0), ' (0) = 1(0), and u”(0) = a?¢”(0) + f(0,0,¢(0)) are satisfied.
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Epidemic optimal control problem with
vaccination and isolation processes
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In modern models of spreading viruses, special attention focuses necessary for
vaccination and isolation processes. These processes can significantly affect to
course of the epidemic, and also is an additional control function of epidemic. This
paper considers SIIR compartment epidemic model, which define with nonlinear
control system. Modifications of the model have been carried out to deal with
vaccination and isolation in the population. The final formulas of the differential
equations to the modified problem are presented and the objective functional is
described, as well as the properties of its integrative function.

Keywords: application of mathematical control theory, nonlinear control systems,
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dnuaeMu4ecKue 3a1a41 ONTHMAJIBLHOIO YIIPABJICHUS ¢ U30JISIIIHEH U
BaKIMHAIIMEH B MOMYJISIIHH

H. O. KocpstHOB
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B coBpeMeHHBIX MOJIEINIAX pacpOCTPaHEHUsI BUPYCOB 0CO00€ BHUMAHMSI 3aCITYKHUBAIOT
MPOLIECCHI BAKIIMHALMK W M30JSIUU. JlaHHbBIE TIpoLiecChl MOTYT HE TOJBKO CYIIECTBEHHO
BJIMATH HA XOJI SMUJIEMHUH, HO U MTPEJCTABIISIOT COOOH JOMOTHUTENbHBIE (PYHKIMH YIIpaBie-
HUS drHeMuei. B manHO# paboTe paccMoTpeHa rpymmoBas snuaeMudeckas moneib SIIR,

* Pabora Beinonnena npu noguepxke PH®, npoext Ne 24-41-03004.
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KOTOpasi 3a/1aéTcsl HeJIMHEHHOM ynpasisieMoil cuctemoid. [IpoBenena moauduxanmii Mmone-
JIH, II03BOJISAIOINAs YYUTHIBATh BAKLIMHALIMIO U U300 B momyisiuui. [IpencraBiens! uto-
roBele (hopmyinsl AuddepeHInaNIbHBIX ypaBHEHNH MOAU(DUIIMPOBAHHOM 331a4i U OIMCAH
1eJ1eBOM (DYHKIIMOHAJ, A TAK)KE CBOIMCTBA €r0 MOABIHTErPaIbHON (QYHKIINH.

KiiroueBble ci10Ba: MPUIIOKEHUS MaTEMaTHYECKOM TEOPUH YIIPABICHUS, HEJIMHEHHBIE yIIPaB-
JSIEMbIE€ CUCTEMBI, TPYIIIOBbIE MUJEMUYECKHE MOJIETH

Paccmotpum nByxsupycHyto mozens SIIR (Bocnpuumuusbiii, 3apaxennsliil, 3apaxennblii2, Boi-
3[0POBEBLINI) ¢ MOIU(PHUIMPOBAHHBIM MTAPAMETPOM 3apa)keHUs U 0e3 ydeTa MpoLecCOB BaKIMHALUU
¥ M30JIAUMHK TIpefcTaButeneit nomysasunu [1], o6oszuaanm S(t), I, (t), I,(t), R(t) — momu Boctipuum-
YUBBIX, MH(QUIMPOBAHHBIX U BBI3TOPOBEBINNX B NOMysiuu. ONpenenum cieayomee JoMyneHue s
MOJIETTH: €CITU MPEJICTABUTENb MOIYJISIMN 3apa3HiICs OHUM U3 BUPYCOB, TO APYTMM BUPYCOM OH 3apa-
3UTHCSl HE MOXKET. B TakoM ciyyae nameHeHue coctostuuii cuctemsl SIIR, Ha HEKOTOPOM BpeMEHHOM
unrepsane T’ = [t,, ]|, MOKHO onmcaTh cieayouen cucteMoil IudpepeHIranbHbIX ypaBHEHHIA:

o~

)S(t) — (o1 +uy) 11 (1), S(t) = —(d, +95)S(1),

)S(t) = (09 +up)Iy(t), R(t) = (01 +uy)ly(t) + (03 + ug)I5(1),
(1)

3nece 6, (I;(t), I;(t),1) — MomubuIMpPOBaHHBIA apaAMETP MHTEHCHBHOCTH PACIIPOCTPAHEHHS BHpYCa

V,, KOTODBIH 3aBUCHT OT JIOJEH 3apakeHHbIX ocobeii B momymsiuu (I, I,) U CpeHero KonuyecTsa

KOHTAKTOB Mex 1y oco0smu (1):

5 —(1— _ l
5L (), I, (0).1) = (1) - | (;111%;12212%)%@) |

e p; = const € [0, 1] — BeposTHOCTD 3apaxkeHust BUpycoM V; IPH €IMHUYHOM KOHTAKTE BOCIIPHHM-
YUBOTO U 3apakeHHoro, ¢ = 1,2,t € T.
[Mapamerp o, = const € [0, 1] oTBeyaeT 3a HHTEHCUBHOCTD BBI3IOPOBIIEHUs OT Bupyca V. DyHk-

j1(t) = 51(11(75)7]2(75)7
j2(t> = 52(11(75)712(15)7

o~

2)

wn u; (1) = (uq (1), u,y (t))" - nom 3aGoneBIINX, POXOILMX IONOTHATEIEHOE (PMHAHCHPYEMOE
neuenue, npu 3toM u,(t) € U C PC(T),U — MHOKECTBO JOIyCTHUMBIX YIIPaBICHH (IOAMHOXKeE-
CTBO KYCOYHO-HEIPEPHIBHBIX (DYHKIIHIT). DIKOHOMHYECKHE 3aTPaThl Ha SMUACMUIO TSl JIAHHOM 3a1a4n
IPECTABISAIOTCS B BU/IE QYHKIHOHANA C HHTETPATBHBIM CIIaraeMbIM:

J = / r1(11(t) + ro(I5 () + 51 (uy(8) + sy (uy(t)) —p(S(0), R(2)) | dt. 3)
T (11(t),15(¢)) s(uq(t),uq(t))
fsrrr(S 11,15, Ryuy uy)

3nech Gyuximu 7;(1;(t)) — pacxompl, cBs3aHHBIE ¢ 3a00JEBIIEH TPYIIION WHAMBHIOB (BBIILIATHI

OOJIBHIYHBIX, IIPEIOCTABICHHE OCCIUIATHOTO MUTAHKS | JiekapeTs U T.1.), p(S(t), R(t)) — nocryme-

HUE CPEJICTB OT TPYAOCIOCOOHOTO HACeNeH sl (HanpuMep — Haloru), s, (u; (t)) — CTOMMOCTb JIOTIONHH-

TeJILHOTO Jedenns, i = 1,2. Ecim GyHKkiuu 7, p, s — muHeiiHbIe, TO MOABIHTErpanbHas GyHKIUs B (4)

TaK’Ke JIMHEHHa, a 3HAYHUT U BBIyKJIa. B ciydae, ecim 7(+), p(+), s(-) — Beimyiksie, To oHa sisiercst D.C.

¢ynkuumeii (difference of two convex functions) [3,2]:

fsrrr() = (I (1)) +ro(I5(1)) + 51 (uq (1)) + so(us(t)) —p(S(t), R(t)) - 4)
9(I1,15,uq,us) h(S,R)

B Mozensix ¢ BakIIMHALMEH TPeCTaBUTEINIEH TOMYIISIIUH TOSIBISETCS JOMOTHUTEIbHAS TPYIIIa MPaX-
naH V — BaKIMHUPOBAHHHBIE, a cucTteMa (1) Mmoaupumpyercs ciaeayrommm o0pa3om:
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). DS(t) = (o7 +u) L (1), S(t) = —(8; + 6, +w)S(8),
: ), DS(t) = (03 +up)Ip(t), V(t) =wS(t) — (6, + 6, — )V (1),

R(t) = (o1 +uy) 1 (1) + (05 + up) (1) + vV (1), .
rie w(t) — HOBas IepeMEHHas YIIPaBJICHHs, KOTOpast IPEICTABISET COOOM 00 TPAK/IaH, BAKIIUHUPY-
€MBIX 32 €IMHHILY BPEMEHH, i = CONSt — CKOPOCTh MPHOOPETEHNSI IMMYHHTETA TIOCIIE BAKIIMHALIUH.

Wzonsmust rpakaad — QyHKIUH YIIpaBieHus B (opMylie MOTU(PHUINPOBAHHOTO ITapaMeTpa UHTEH-
CHBHOCTH pacrpocTpaHeHnus Bupyca (2):

~ _ — I Vi —v l
0:(1(#), I (1), 1) = p, T (8)(1 — v,) - : <1171[1]Z;)I(11(12(11)1> +1;2[2]z§>1(21<?(7112)) = ’

3ech v; — 011 U30JIMPOBAHHBIX HHANBUIOB U3 TPYIIIbI 3apaKECHHBIX BUPYCOM V.
C y4eToM BceX HOBOBBEACHHI HEOOXOAMMO OOHOBHTH (POpMYITy IeNeBOro (yHKIMOHATA 3a/1auu
(1*-2%):

(2%

J* =/[T’(Il(t%fg(t))+8(u1(t>,vl(t>,u2(t),v2(t))+Q(W)—p(S(t%V(t),R(t))] dt.  (3%)
T

IIpH 5TOM CBOICTBA MOJABIHTErPATBHON (DYHKIMH aHATOTUYHBI CBOMCTBaM GyHKIMH fo;yp(+). Tak
Kak cucrema (1*) HenuHelHa, TO C MOMOIIBIO KIIACCHYECKOTO IMPUHIIUIIA MAKCHMYMa BO3MOXXHO HAWTH
yIpaBJIEHUs, YAOBIETBOPSIOIIUE TOIBKO HEOOXOAMMOMY YCIIOBHUIO ONTHMAaJIBHOCTH. Takum oOpaszoM,
JUTSI TIOUCKA pEeICHHs 3a7a49u onTuMaibHoro ynpasieHus (1%)—(3%) tpebyercst pa3paboTka crienuaib-
HBIX METO/IOB.
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Equilibrium as a coincidence point of two mappings
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The report is dedicated to a research on equilibrium in complex systems using
the results from the theory of covering mappings and coincidence points which is a
extension of fixed point theory. Existence conditions for equilibrium in open market
model are obtained. Equilibrium in this model is considered as a coincidence point
for covering and Lipschitz-continuous mappings.
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ITonokeHUe pABHOBECHSI KAK TOUYKA COBNAEHHS
JBYX OTOOpaKeHHit*

A M. Kortoxos!, H.T. ITaBnoa?
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JIoKJ1aJ] IOCBSIILEH UCCIEI0BAHUIO PABHOBECHUS B CIIOKHBIX CUCTEMAX C IIOMOIIBIO pe-
3yJbTaTOB TEOPUH HAKPBIBAIOIIMX OTOOPa)KEHHUM 1 TOUEK COBIAJICHUS, KOTOPBIE SBISIFOTCS
0000111eHNEeM MTOHATHS HENOABMKHON TOUKH. [oyyeHb! yca0BuUs CyIIIeCTBOBAHUS ITOJI0XKE-
HUS PaBHOBECHS B MOJIEIM OTKPBITOrO phIHKA. [lonokeHne paBHOBECHS pacCMOTPEHO KaK
TOUYKA COBIAJECHUS HAKPBIBAIOIETO U JHUIIINIIEBOTO OTOOpaXKeHUI.

KaroueBble cjioBa: TOYKa COBIAJICHHS, HAKPBIBAIOIIEE OTOOpaKEHUE, paBHOBECHE, CITPOC,
MPE/TIOKEHNE

1. OcHoOBHBIE pe3yJIbTaThI

B uccrnenoBanuu pa3nuyHbIX MOJENEH CHCTEM OOJBIIYIO POJIb 3aHUMAET BOMPOC 00 yCTONYHUBOCTH
cuctemsl. [1on yCTOWIMBOCTHIO MOHUMAETCS CIIOCOOHOCTH CHCTEMBI BO3BPAILIATHCS B UICXOAHOE COCTOS-
HHE T10CJI€ KAKOr0-T100 N3MEHEH NS, BLI3BAHHOTO JIM0O CaMOM CHCTEMOM, TN0O BHEIIHUM BO3ICHCTBHUEM.
YCTONYMBOCTh TECHO CBSI3aHA C TIOHATHEM PABHOBECHS CHUCTEMbl. PaBHOBECHEM Ha3bIBAETCS CIIOCO0-
HOCTb CHCTEMBI TIOJJICPKNBATh CBOE CYIIIECTBOBaHKME O€3 BHEIIHEro Bo3jaeicTBus. YacTo mpu uccie-
JIOBAaHUU BOTIPOCA O CYIECTBOBAHUH PABHOBECHS BO3HUKAIOT CHCTEMBI HESIBHBIX alre0pandecKuX HIIN

* PaGora Beinonuena npu noanepxxke PH®, npoexr Ne 22-11-00042, https://rscf.ru/project/22-11-00042/, 8 UT1Y PAH.
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muddepeHnnanbHbIX ypaBHeHHH. [Ipekie BCero MHTEpeCHO MOTYYHTh YCIOBHS CYIIECTBOBAHMUS pellie-
HUW 17151 3TUX CHCTEM, 3aTEM HAWTH caMo pelleHue. B 1okiiane npeaiokeH Noaxol K pelIeHUI0 3THX
3aJ1a4, OCHOBAHHBIM Ha MCTIOIB30BAHNUH PE3YIBTATOB TEOPUH HAKPHIBAIOIIMX OTOOPAKEHUN U TOUEK COB-
najieHus1. JJlaHHbIi moaxoa NpoAeMOHCTPUPOBAH JIJISI HCCIIEIOBAHUS BOIIPOCA O MOJIOKEHUH PaBHOBECHS
B MaTeMaTHU4€CKON MOJIETH PhIHKA.

[Tycts Ha pbIHKE pUCYTCTBYET 12 € N TOBapOB, IIEHBI HA KOTOPBIE OMUCHIBAIOTCS BEKTOPOM P €
R™, p = (py, ..., P,,) TAKAM, 9TO P; € [C1;, -, Co;),© = 1, n, THE

Cl — (Cll7 "'76171)’02 - (021, 7CQTL) c [R : 0 < cli < 627;,2 — ].,n.

O6o3naunM P = [cqq, ..., Cg1| X ... X [¢1,,, Cop,]- B paccMaTprBaemoit MoaeIH OTOOPaXEHHUs CIIpoca 1
IPETOKCHHS

D,S:P—R:={z=(2,...,0,) €R" |z; > 0Vi=1,n}

UMEIOT CIeIMaIbHbIN BUJ. BekTop p € P Ha3bIBaeTCsl MOJIOKESHUEM PABHOBECHUS B MOJICIIH OTKPBITOTO
PBIHKA, €CITH

S(p) = D(p).

PaGora BemonHena npu noanepxkke PH®, mpoekt Ne 22-11-00042, https://rsctf.ru/project/22-11-
00042/, 8 UITTY PAH.
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On the possibility of constructing an explicit formula of
the fundamental solution for the density of the
generalized Ornstein-Uhlenbeck process

Nikolai Krutov

Lomonosov Moscow State University, Moscow, Russia
kru.tov@outlook.com

The density of a generalized Ornstein-Uhlenbeck process on a half-axis, in which
the Wiener process is replaced by a jump process with distribution density of jumps
being linear combination of exponents, is considered. A similar process can be used
in biology to model gene expression. For certain parameter ratios the formula of
the Green function for the Kolmogorov-Feller equation, which describes the density
of the process, is obtained explicitly. This allows to find a solution to the equation
with any initial data.

Keywords: Kolmogorov—Feller equation, probability density, Green’s function

O B0O3MOKHOCTH IOCTPOEHHUS IBHOTO BU/Ia (yHIAMEHTAJILHOIO
pelieHus AJs1 IJIOTHOCTH 0000IIEHHOT0 mpouecca
OpHurTeiiHa-YiieHOexka

H. A. Kpytos

MI'Y umenn M.B.JlomonocoBa, Mockea, Poccust
kru.tov@outlook.com

PaccMmoTpeHa mIoTHOCTh 3aJaHHOTO Ha MOJTyoCH 0000IIEHHOTO Tpolecca
OpHiuteitHa- Yinen6eka, B KOTOPOM BUHEPOBCKUM MPOIIECC 3aMEHEH Ha YHCTO CKauKooOpas-
HBIH MTpoLIeCe C SIAPOM, MPEACTABISIONIUM COOON JTMHEHHYI0 KOMOMHAIIMIO SKCTIOHEHT. [1o-
JIOOHBII MPOIIECC MOXKET MPUMEHSTHCS B ONOJIOTUHY TIPU MOJISITMPOBAHUN YKCIIPECCHUN TEHOB.
Jlnst onpenenéHHBIX COOTHOIIEHUH TapaMeTpoB TOIydeHa B sIBHOM Buze ¢opmyna (GyHK-
uuu I'puna quis ypasaenus Konmoroposa-®démnepa, OnMChbIBalOLIEro MIIOTHOCT MPOLECcca.
D710 Na€T BO3MOXKHOCTh HAXOAMUTDH PEIIEHUE 3TOTO YPABHEHUS NP PA3TUYHbBIX HauaIbHBIX
JAHHBIX.

KuiroueBnbie ciioBa: ypaBHenue Konmoropoa—®émiepa, MI0THOCTh BEPOSITHOCTH, (PyHK-
us [puna
1. Beenenue u 0030p JIUTEPATYpPbI

Nzydaemsriit B Onosoruu mporiecc mpeoOpa3oBaHus HACIESICTBEHHONW HH(MOPMAITIH, XPSIHSIIEHCS B
HYKJIEMHOBBIX KHCIIOTaX, B MOJIEKYIIbI O€JIKa, Ha3bIBACTCS SKCIPECCHEN TeHOB. DTOT MPOIIECC HOCHT CITy-
YailHbIN XapakTep, U B pe3yJbTare KOHLEHTpalus OeiaKa B FTeHETUYECKU OIMHAKOBBIX JKHUBbBIX KJIETKAX,
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c(hopMHPOBABIINXCS B UACHTUYHBIX YCIOBHSAX, paznuuaeTcs. B padore [1] mpemioxkeHo MoAeTupoBaTh
KOHLIEHTpAaIMIO OejKa B KJIETKE KaK CIIy4aiHbIN MpOIeCcC, YIOBIECTBOPSIOUIUN CIEAYIOEMY CTOXaCTH-
yeckomy auddepeHnnaIbHOMy YPaBHEHHIO:

dX, = —BX,dt + AdTl,, t>0, (1)

rne ¢ - Bpems, X, > 0 - koHUeHTpanus OelKa B 3aBUCHUMOCTH OT BpeMeHH, 3, A - IOJI0XKUTEIbHbIE
KOHCTaHTHI, [, - ckaukooOpa3HBIil IPOIEcC ¢ HKCIOHEHINAIBHO PACTIPEICTIEHHBIMI MOMEHTAMH CKad-
KOB M BEJINYMHAMH CKAYKOB, MPECTABISIOMNMEI COOON HE3aBUCHUMO OIMHAKOBO pacHpe/ieEHHBIE 110
HKCIIOHEHLIMAILHOMY 3aKOHY ClIydaiiHble BeIH4YHHBL. Ecian 0003HauuTh IIIOTHOCTH Mporecca X, yno-
srerBopsiromtero CAY (1), 3a P(t, x) (tae t >= 0 — nepeMeHHasi, OTBEUAIOLIAsE BDEMEHH, T — IIEPEMEH-
Hasi, OTBEYAIOIAs 3HAYCHHIO, IIPUHUMAEMOMY Tporieccom), T0 P (¢, ) yIOBIETBOPSIET CIEAYIOMIEMY
UHTErpo-Iu(pepeHInaTbHOMY YPaBHEHHIO:

) ) g
= P(t,2) = = (BaP(t,x)) — )\(/0 P(t,2)p(ax — z)dz — P(t, x)) —0,2>0,t>0, (2)

rae lim zP(t,z) = 0; A\, 8 > 0 - xoucrauts;, p(z),z > 0 - BEPOATHOCTHAS [IOTHOCTH HA MOJIO-
Tr— 00
JKUTEIBHOM TI0yOCH, OIUCHIBAIONIAS PACIIPENEICHUE HE3ABUCUMBIX CITy9ailHbIX BEMYUH, 3a1aF0IINX

BEJIMYUHY CKAuKOB, L oo p(x)dx = 1. B pabore [1] npurnmaercs p(z) = k - e ¥k > 0. Dra npen-
JIOKCHHAs MOJICITh MTOJITBEPIKIeHA dKcTiepuMeHTaNbHO [2], [3]. CymiecTByeT O0JbIIIOE KOJIMYECTBO MC-
CJIEIOBAHUM, MOCBALIEHHBIX 3TOM MoJienn U e€ MoauduKanusam (Hanpumep, [4], [5]). Kak npasuio, npu
WCCJIEZIOBAHUH PEUICHUI ypaBHEHUS (2) yaenseTcs BHUMaHHe CTallMOHAPHBIM PELICHHUSIM U CBOMCTBAM
pelIeHu# pu & — 00, a TAaKXKe MPUMEHEHHUIO YUCICHHBIX METOIOB. AHAIMTHYECKUE METOIBI IS U3Y-
YeHHs CBOWCTB pelenuit (2) mpuMenstotes B [6]. B atoit pabote s ciydas p(x) = k- e *% k> 0,
HaliieHa siBHas (hopMyna GyHKIH [ pruHa B BUIE CYMMBI psifia, COCTOSIIIIETO U3 CHHTYJISIPHOM U PEeTyJIsip-
HO koMnoHeHT. [Ioka3aHo, 4To 17151 HEKOTOPBIX COOTHOILIEHUH TapaMeTPOB 3TOT Psi/i CTAHOBUTCS KOHEU-
HoU cymMmoii. [TonmyyenHas ananuTHuecku GpyHKIms [prHa MO3BOJSIET HAXOUTH PEIICHUE YPABHEHUS
Konmoropoa-®énepa ams 100bIX JOMYCTUMBIX Ha4aIbHBIX JAHHBIX KaK MHTErpaj OT MPOU3BENCHUS
¢yukmn T'puna u P(t, z)|,_, = 0.

2. OCHOBHO¥ pe3yabTar

B nacrosmeit pabore HaxoAuTCs sIBHBIN BUA GyHKIMH | prHa 17151 ypaBHEeHuUs (2) JUIs ABYX CIIy4aes,
KOIJIa [UIOTHOCTh PACHPECIICH s CKauKOB P(X) MpeacTaBiseT cOO00M JMHEHHYI0 KOMOMHAIIMIO SKCIIO-
HEHT.

Teopema 1. [Tycmo p(2) = ak;e ™17 4+ (1 —a)kye 2% 0 < a < 1,k; > 0,ky > 0.
Toeoa ¢ynryus Ipuna G(t,x,y) ona (2), m.e. pewenue ypasuenus Koimozoposa-Dénnepa c¢ na-
YANbHBIMU OAHHBIMU

Pl =6(x—y), 0<y, 3)
umeem 6uo:

Gt x,y)=eMo@)+ > Y ( £ Ol (e — 1)

O (4)
i J s r
Zo ; (_1>s+rcgcg[(wi1kl) (wf{f@) ](f)),
sr>1



ede r’ = x —ye P, ] - obpamuoe npeobpazosanue Jlannaca,
M , C’fl Y C7, Cy - bunomuanshvie Ko3pguyuermel, npu smom

) )T]<x'>=—< )

w + ky w + ky s+r+1)!
(U 8) (5 7) My gy gy (@ (ks — K)o+ 5)

o/ (kgtkq)

+r(r+s+az’ (k; —ky)) Mﬁ_%7%+%+%(x’ (ky —ky)) ) Ce Y (hy — k) VEE

2

20e M, () - obosnauenue ons gynxyuii Yummexepa.

Teopema 2. Ilycmo p(z) = Lkje ™% + .+ Lk e7Fn? = Z - iz,% = n,n € N. Toeoa
Gynryus Tpuna G(t,x,y) ons (2) naxooumes credyiouum 06pa30M

Gitay) = 0 (et S [ (e )

.4 w+k w+k
J1 +.. +.] n="m
20e x’ = x—ye P, [] - obosnauenue ons obpamnozo npeobpasosanue Jlannaca, Ons HaxoxcoeHus

KOMOpo20 8 O0AHHOM CIy4ae MONCHO B0CHOIb308AMbCS (POpMYIoL

3 3

K S N=k. -.. k
kil"f‘w kinﬁ—w] (x) “ ’

(7

86udy mozo, umo ece j,., k =1,..,n, 6 popmyne (6) pasuot 0 unu 1.
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Semiclassical solutions to the nonlocal nonlinear
Schrodinger equation with an anti-Hermitian term
associated with the dynamics of quasiparticles

2
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The method of constructing asymptotic solutions to the Schrodinger equation
with a nonlocal nonlinearity and an anti-Hermitian term within the semiclassical
approximation. The solutions under consideration are localized in a neighbourhood
of few trajectories associated with classical mechanics of quasiparticles. The
general formalism is applied to the specific one-dimensional model equation for the
Bose-Einstein condensate.

Keywords: quasiparticles, open quantum system, semiclassical approximation,
Maslov complex germ method

KBa3ukiiaccuyeckue pemieHusi HeJI0KaJAbHOI0 HEJIMHEeHOI0
ypaBHeHus llIpeguHrepa ¢ aHTUIPMUTOBOM YaCTHIO,
aACCOIMMPOBAHHBIE ¢ IMHAMMKON KBAa3MYACTHI["

A. E. Kymarur®2, A. B. IllanoBanos®

1 Towmckuii lonuTexHIYecKuii yHuBEpCHTET, T. ToMck, Poccus
aek8@tpu.ru
2 Wucruryt onruku armocdepsr CO PAH, 1. Tomck, Pocens
3 ToMmckwuit rocynapcTBeHHEIH yHIBepCHTET, T. Tomck, Poccns
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IIpenmaraercss METON MOCTPOCHUSA ACHMIITOTUYECKUX pelleHnH ypaBHeHus [lIpennH-
repa ¢ HEIOKAJIbHOW HEIMHEMHOCTHIO M AHTUAPMHUTOBOM YACTHIO B KBAa3UKIACCHYECKOM
npubnuxkeHnu. PaccmarpuBaeMble perieHUs JTOKATU30BaHbI B OKPECTHOCTH HECKOJIBKUX
TPaeKTOPH, aCCOIMUPOBAHHBIX C KJIACCUYECKON MeXaHMKOW kBaszudacTul. Oo0muii dop-
MaJIi3M MPUMEHEH K KOHKPETHOMY OJJHOMEPHOMY MOJICIIbHOMY YPaBHEHUIO /Ui 003e-31H-
IITEMHOBCKOTO KOHJICHCATA.

KiroueBble cjioBa: KBa3U4aCTHUIIbI, OTKPbITasd KBAHTOBAsA CUCTEMA, KBa3UKJIACCUYECCKOC ITPpH-
6J'II/I)K6HI/16, MCTO KOMIIJICKCHOTI'O pOCTKa Macnosa

* HiccnepoBaHue BBINOIHEHO 3a cuet rpaHta Poccuiickoro HayuHoro ¢onma Ne 23-71-01047, https://rscf.ru/project/23-71-01047/.
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Merton kBasukiaccuuecku cocpenorodeHHbx coctosHuil (MKCC), ocHOBaHHBIN Ha METO/E KOM-
IJIEKCHOTO pocTka MacinoBa [ 1], mo3BosisieT CTpOUTh pelIeHHs HEOKaIbHOTO HETMHEMHOT0 ypaBHEHUS
Mpenunrepa (HHVYII), xoTophle T0KaIM30BaHbl B OKPECTHOCTU TPAEKTOPUHU B (ha30BOM MPOCTpPaH-
ctBe [2]. Dta paboTa mocesmieHa 6oyee CI0KHOU MpoOIeMe MOCTPOCHUS PEIICHN, KOTOPhIE JIOKa-
JIM30BaHbl B OKPECTHOCTU HECKOJIBKUX TPAEKTOpUH, a HE OAHOM. Takue peleHus: acCOLUUPOBAHBI C
“KJIACCHUYECKOM MEXaHHMKOI’, HECKOJIbKMX KBa3MYaCTHUL], KaKasi U3 KOTOPBIX UMEET CBOIO TPACKTOPHIO
Y B3aUMOJIEHCTBHE KOTOPBIX APYT ¢ Apyrom aukryercas HHYIII.

PaccmarpuBaercs 3agaua Komn ans cnenyromero HHYII ¢ aHTu3pMuTOBO#M YacThO:

{ — ihd, + H(2,t)[¥] — ihAH (2, t)[\lf]}\l!(o‘é, t) =0, U(Z0) =),

H(Z [0 = V(3,t) + m/dg T (5, )W (2,0, £) U (5, 1),

(1)
|Rn
AW = V(&0 +x [ dj v @0 (E 5,0¥(,0),
|Rn
e &,y € [R”,]:) = —ihd,, ]%y = —ihd,, z = (]39, ), w = (137 ,Y) 1 h — popMabHBIN Mablii

y
napaMeTp KBasMK/IaccHueckoro npubmmkenus. Onepatopst V (2, 6), V(2,1), W (2,0, t) u W (2, D, t)
— niceBnonupepeHIranbHbIe OMepaToOphl C IMAAKUMU CUMBOJIAMHU.

Pacmmpenne MKCC na cirygait HHYIL ¢ aHTH-3pMUTOBO# 9acThI0 OBLITO TIpEIOKeHO B padore [3].
3meck MBI 0000111aeM 3TOT (hopMaTH3M Ha ACHMIITOTHYECKUE pemieHus ypaBHeHus (1), accoruupoBan-
HBIE C IMHAMHUYECKOI CHCTEMON OOBIKHOBEHHBIX AU (hepeHIINATBHBIX YPAaBHEHUH, OMTMCHIBAIOIINX KBa-
3UKJIACCUYECKYIO TMHAMUKY KBa3UYaCTHULI.

C noMo11bo NMpeUIoKEeHHOTo (opMaIr3Ma OCTPOCHbI peleHus 3a1a4u Koy ogHOMepHOTo ypas-
HEHUS BUIA

—ihd,
1 —1hA

C2

((z —y)* +¢?)

OIUCBIBAIOIIET0 003€-3HHIITEHHOBCKHUM KOHJIEHCAT B IEPUOINYECKON NOTEHIIUAIBHOM JIOBYIIKE C AUIOIIb-
JIUTIONIFHBIM B3aUMOZICHCTBUEM U (DEHOMEHOIOTMYECKUM 3aTyXaHHeM. B paMKkax KBa3MKIacCHUECKOro
IpUOIMKEHHs T0Ka3aHOo, YTO JUIs OAMHOYHON KBa3MYACTHLBl B MOTEHIUAIBHON SIME, BOSHUKAET KOJI-
naric peurenust U (7, t), B TO BpeMst Kak IpH T00ABICHUH B COCEIHIOI TMOTEHIMAIBHYIO SIMY BTOPOM
TaKOM 7K€ KBa3MUYaCTULbl KOJUIAIC IPONaJaeT Jaxke IpU C1adoM B3aUMOAECHCTBUM MEXKAy KBa3U4acTu-
LIaMH, YTO CBUJETEJILCTBYET O COJMTOHONIOAOOHOM MOBEACHNUHU aHCAMOJIsl B3aMMO/ICHCTBYIONINX KBa3U-
YaCTHII.

P +ecosz+ K / 3/2|\I/(y7t)|2dy}\ll(x,t) =0, 2)

1
2
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Controllability of nonlinear delay differential control
systems in Hilbert spaces

S. Kumar
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This work presents a study on the class of nonlinear delay differential control
systems in Hilbert spaces. Sufficient conditions for the existence of unique mild
solution and the controllability have been established. The linearized control
system is obtained by the linear approximation of the nonlinear control system.
The main result proves that the nonlinear delay control system is approximately
(exactly) controllable under the established conditions if the linearized control
system is approximately (exactly) controllable. The results are applicable to partial
differential equations.

Keywords: controllability, delay differential systems, control systems, nonlinear
control problems
1 The main results

Let X and U be Hilbert spaces of state and control variables with norms || - || and || - ||,
respectively. Consider the nonlinear control system as follows

i(t) = Ax(t) + f(t, 2, u(?)), t € (0,T], (1
£(0) = 6(6) for 0 € [—7,0], %
where 7 > 0, z(t) € X, u(t) € U, x, € C([-7,0];X), A: D(A) C X — X is densely

defined closed linear operator, f : [0,7] x C([—7,0]; X) x U — X is nonlinear map, and
¢ € C([=,0[; X).

The motivation of this work came from the pioneer works of Chukwu [1] and Hernandez et
al. [2].

Assumption 1 The system operator A generates a strongly continuous semigroup {S(t)},~o
with ||S(t)|| < Me** for M > 1 and w > 0.

Assumption 2 f is continuous on [0,T] and Lipschitz in C([—7,0]; X) x U, i.e. there is L; >0
such that

Lt @, u(®) = f@&ye, v@O)I < Ll — yellor,0x) + [[u(®) = v(@)l]y),
and f(t,¢,0) =0 for all t.

The unique mild solution of (1), (2) exists under Assumptions 1-2, and is given as

(b, ) = o(t), if t € [—7,0],
s S(t)$(0) + [ S(t—s)f(s,x,,uls))ds, ift>0.
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Assumption 3 f is Frechet differentiable with derivatives D, f(0,¢,0) for i = 1,2,3, where Dy,
D, and D4 are derivatives in [0,T], C([—7,0]; X) and U, respectively.

Under the Assumption 3, the linear approximation of (1) is

Take P = D,f(0,¢,0) and C = D5f(0,¢,0). Then, P would be a bounded pertur-
bation operator and C' is control operator. Let us define the controllability grammian
G, : L?([0,T;U) — X, t >0, as

t
Gu = / S(t — s)BB*S*(t — s)u(s)ds, 4)
0

where * denotes the adjoint of operator.

Assumption 4 The controllability grammian G is bounded below, i.e. there exists v > 0 such
that ||Gpul| > v||u|| for all w € L2([0,T); U).

Definition 1. The linearized control system (3) is approximately (or exactly) controllable on

[0,T] if Ran(Gp) = X (or Ran(Gp) = X).

Definition 2. The nonlinear delay control system (1), (2) is approzimately (or exactly)
controllable on [0, T] if for each ¢ € C([—7,0]; X), T € X there is a control u € L?([0,T);U)
such that (0, ¢, u) = ¢(0) and z(T, p,u) = x.

Assumption 5 There exists £ € L1([0,T]; (0,00)) such that || f(t,z,,u(t))|] < &(¢).

Theorem 1. Suppose that Assumptions 1, 5 hold. If the linearized control system (3) is
approximately (exactly) controllable on [0, T, then the nonlinear control system is approzimately
(exactly) controllable on [0, T].
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On exact solutions with zero fronts to the parabolic
predator-prey system

Pavel Kuznetsov
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We consider the quazi-linear parabolic predator-prey system with degeneracy.
According to predator-prey model we investigate solutions with sufficiently smooth
zero fronts. These fronts are curves where unknown functions vanish and they
bound habitats of predators and prey. We construct new exact solutions with
zero fronts to the system by ansatz method in special cases. Thus, we generalize
previously obtained results.

Keywords: predator-prey system, zero-front solution, exact solution, ansatz method

1 Formulation
We consider the quazi-linear parabolic predator-prey system [1]
U — C Uy = hl (uvmx + uxv:r) + f<u7v)7 Uy — CUy = _h2 (Uuwa: + Umux) + g(U7 U’) (1)

Here ¢, 5 € (0;400), hy 5 € (—00;400) are constants, u(t,x), v(t,r) are unknown functions,
and f, g are sufficiently smooth specified functions, which satisfy the condition f(0,0) =
9(0,0) = 0.

According to predator-prey model [1] we consider solutions with zero fronts:

u(t, z)| o) = 0, v(t,o)[,_p4) = 0.

Sufficiently smooth curves x = a(t), x = b(t) bound habitats of prey u and predators v
respectively. Parabolic type of system (1) degenerate on these curves, because the terms
multiplying the higher derivatives vanish.

In the case u = v, every equation of system (1) is similar to nonlinear heat (diffusion)
equation [2] in structure and qualitative properties. Wave solutions form an essential class
of solutions of such equations [2] and its systems (like a reaction-diffusion system [3]). Wave
solution is a special case of zero-front solution characterized by non-negative main parts.

We construct new exact solutions with zero fronts to system (1) by ansatz method. Thus,
we generalize the results obtained in articles [3.,4].

2 The main results
We construct exact solutions in the form (ansatz)
u=ay(t)e? + Bz + (), v=ay(t)z® + By(t)z + 1a(t). ()

Unknown functions a4 5(t), 8y o(t), 71 2() have sufficiently smoothness.
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Advantage of substitution (2) lies in the possibility to reduce system (1) to systems of
ordinary differential equations (ODE). These systems can be integrable in quadrature in special
cases, namely,

hy =hy=1, f(u,v)="06u, g(v,u)=—6v; h; =hy=1, f(u,v)=—g(v,u) =3(u+v);
hy=—hy =1, f(u,0) =60, g(v,u)=6u.

Solving the systems ODE we find functions oy 5(t), 8y 5(t), 71 2(t) and obtain zero fronts

formulas:
2
—B. 4+ /B2 —4a.~.
€Xr. = ﬁ'bi 2ﬁz 05@77,, 7,:1,2 (3)
o,

7
%

From equalities (3), it follows that functions u and v have two fronts both.
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Problems of control and optimal control by laser action
on a two-layer material
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This talk deals with a multilayer object subjected to laser irradiation. The object
consists of two biological layers which are heterogeneous in their thermophysical
characteristics. Methods for constructing control functions and optimal control of
the thermal effect of a laser action on the two-layer biomaterial are discussed.

Keywords: thermal conductivity, control, optimal control, two-layer biomaterial

3agaum ynpapJjieHUsI 1 ONITUMAJBHOIO YIIPABJIEHUS JIA3€PHBIM
BO3/1CHCTBUEM HA IBYXCJIOMHBbIN MaTepuaJl

. B. JlapuoHnosa
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Hpkyrckuii rocynapcTBeHHblit yHuBepeuTeT, MpkyTck, Poccust
lardar24@yandex.ru

B noknane paccmarpuBaeTcsi MHOTOCIOMHBINA OOBEKT, COCTOSIILUM U3 BYX HEOAHOPO-
HBIX TI0O CBOUM TEIIOPU3NIECKUM XapaKTEPUCTUKAM OMOJIOTHYECKHUX CI0EB. DTOT 0OBEKT
MOZIBEpPraeTcs Ja3epHOMY BO3eHCTBUI0. OOCYXIar0TCsS METO bl TOCTPOEHUS (PYHKIUH yrpaB-
JIEHUSI U ONTHMAJIBHOTO YNPABJICHUS TEIUIOBBIM BO3JEHCTBUEM JIa3€PHOIO JIyya Ha JIByX-
CJIOMHBIN OMOMaTepHall.

KiroueBble cjioBa: ypaBHEHUE TEIUIONPOBOAHOCTH, YIIPaBICHUE, ONTUMAIILHOE yIIpaBJie-
HUE, IBYXCIIOWHBIN OnoMarepuan

VYnpaBieHue mporeccom Ja3epHOro BO3ICHCTBUS HA TPAHUIE HEOAHOPOTHOTO IO CBOMM (HU3UUe-
CKUM XapaKTepUCTHKaM OnoMaTepHasa OCyIIeCTBISETCS N3MEHEHNEM MHTEHCUBHOCTH TEMIIEPATypPhI
JIa3€pHOro BO3/IEHUCTBUS, BIMAS Ha TEIUIOBOE COCTOSIHUE B OMOIOrHyeckoii cpene. B qoknazae npennoxex
KOHCTPYKTUBHBIH MMOJIX0/1 TOCTPOCHUS (DYHKIIUH YIPABICHHS U ONTUMAIBHOTO YIIPABICHUS TEIJIOBBIM
BO3/ICMCTBUEM JIa3€PHOTO U3ITyUYEHHUs Ha JIByXCIIOMHBIN OromMarepual.

[Ipeanonaraercs, 4To ynpaBiIeHUE U ONITUMAIIBHOE YTIPaBICHHE IPOIIECCOM TETIOBOTO BO3ACHCTBUS
Ja3epHOTO JIy4a OCYIIECTBISETCS CISIYOIUM 00pa3oM: H3MEHsIS 110 BpeMEHH Ha BepXHel (J1eBoif) rpa-
HUIIE IByXCJIOWHOTO OMoMaTepraia HHTEHCUBHOCTh TEMITEPATypPhI J1a3epHOTO JIy4a, MbI BIMSEM Ha Tel-
JIOBOE COCTOSIHME B OMOJIOTHYeCKOM cyocTpare. [l 3a1a4 ONTUMaIbHOTO YIIpaBIeHUs KPUTEpUH Kade-
CTBaA 3a/1aH Ha BCEM MMPOMEIKYTKEC BPCMCHH. HCJII) yHpaBJICHUA COCTOUT B UBMCHCHHUU TEMIICPATYPhI U3
3aJJaHHOTO Ha4aJIbHOTO COCTOSIHUSA B JK€JIaeMO€e KOHEYHOE COCTOSIHUE.

151



Equilibrium problem for a timoshenko plate contacting
by the side edge and the bottom boundary*
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nyurgunlazarev@yandex.ru
2 dju92@mail.ru
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Contact problems for solids with inequality type constraints have attracted the
attention of scientists since 1933s [1,2]. Problems of this kind are associated with
the use of boundary conditions that describe non-penetration constraints on the
contact surfaces or curves [2,3]. We propose a new nonlinear equilibrium model
for a Timoshenko plate which may come into contact either on the side edge or
on the bottom surface with a rigid obstacle of a certain given configuration. A
corresponding variational problem is formulated as a minimization problem for
an energy functional over a nonconvex set of admissible displacements subject to
a nonpenetration condition. In contrast to problems for Timoshenko plates in
the framework of nonlinear boundary conditions [4,5], we consider two surfaces of
possible contacts. Namely, the inequality type nonpenetration condition is given
as a system of inequalities describing two cases of possible contacts of the plate
and the rigid obstacle. These two cases correspond to different types of contacts
by the plate side edge and by the plate bottom. The solvability of the problem
is established. In particular case, when contact zones is previously known, an
equivalent differential statement is obtained under the assumption of additional
regularity for the solution to the variational problem.

Keywords: contact problem, non-penetration condition, non-convex set, variational
problem
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Applying a tabu search to solving the robust p-median
problem

Tatiana Levanova, Ivan Khmara
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The one-criterion p-median problem in a robust formulation using threshold
robustness is considered. Unlike the classical problem, it allows to take into account
changes in parameters. In this work, it is assumed that demand is unstable. The
possibility of applying a Tabu Search to solving of the robust p-median problems
being studied. Variant of the Tabu Search algorithm are proposed. Research are
conducted on specially created test instances, the quality of the results and ways
of developing the approach are discussed.

Keywords: p-median problem, threshold robustness, tabu search

IIpuMeHeHHe MOMCKA C 3aMPeTaMM K PelIeHHI0 POOACTHOM 3a1a4H 0
p-MeqHaHe”

T. B. JIeBanosa, W. C. Xmapa

Hucruryt maremaruku uMm. C. JI. Cobonesa, OMmck, Poccust
levanovat@gmail.com
khmaraivan97@gmail.com

PaccmarpuBaeTcst onHOKpUTEpHaIbHas 3a/1a4a O P-MeAnaHe B poOOACTHOM MOCTaHOBKE.
B otnnyure ot kiaccuueckoil 3aa4u OHa MO3BOJISET yUeCTh U3MEHEHU MapamMeTpoB. B nan-
HOM paboTe MpUHUMAETCsi BO BHUMEHHE HECTaOMITLHOCTH cripoca. M3ydaeTcs BO3MOXKHOCTh
IPUMEHEHHUS K peIIeHHIo poOacTHOMN 3a/1a4u O p-MeuaHe oucka ¢ 3anperamu. [Ipemiara-
IOTCSl BApUAHTHI JITOPUTMA JUTS YKAa3aHHOH 3a7a4qM, MIPOBOISATCS UCCIECAOBAHHS HA CIIEIH-
AJIBHO CO3JJAaHHBIX TECTOBBIX MPUMEPAX, 00CYKAAETCS KaueCTBO PE3YNIBTATOB M Iy TH Pa3BH-
THUS IOAXOA.

KiroueBble cjioBa: 3ajaya o pP-MEIUaHE, p06aCTHOCTB, IOUCK C 3arperaMu

PasBuBaercs monxon kK poOAaCTHOCTH pelieHus, Ha4aTelid B pabotax [1,2]. B coBpemenHOM Mupe
MIPOLECC MPUHATUS PEUICHUH 3a4acTyr0 HEYCTOMYMB, IIOCKOJIBKY MEHSIOTCS ycinoBus. Iloatomy ctpo-
ATCA TaKMe MaTeMaTU4YEeCKUE MOENHU, KOTOpbIE MO3BOJIAT YUeCTh U3MeHeHHs. VX 1enp 3akitodaercs
B TOM, YTOOBI OINPENEINTh, HACKOJIBKO MOTYT U3MEHUTHCS MapaMeTphbl 3a7a4u, YTOObI pelIeHrne OcTa-
BaJIOCh aKTyaslbHbIM. Kitaccuueckas 3aaua o p-MequaHe XOpOIIO W3BECTHA: HEOOXOIUMO OTKPBITh P

* Pabora BhINonHeHa B paMmkax rocyaapcrsenHoro 3ananus UM CO PAH, npoexkt Ne FWNF-2022-0020.
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MpEeInpUITUIA TaK, 4TOObI BCe KIUMEHTHI ObUIM OOCITYKEHBI, a 3aTpaThl OKa3aJIUCh MUHUMAJIbHBIMU. B
OJTHOKPUTEPUATLHOU POOACTHON BEPCUH 33J]aull P-MEHaHE B KAUECTBE HEOMPEACICHHBIX TapaMeTPOB
paccMmarpuBaeTcst Cipoc KIMEHTOB. ONTUMU3HUPYETCS pOOACTHOCTB, a 3aTPaThl BBICTYNAIOT B KAYECTBE
orpannyeHus. PaccMarpuBaercs Tak Ha3pIBaeMasi IoporoBast poOacTHOCTh. Mcnonp30BaHMe U3BECTHO-
rO MPOrPaMMHOTO OOecriedeHus ISl peIIeH s 3TOM 3a1auu TpeOyeT OOJbIIEro KOMMYeCTBa BPEeMEHH!
U MaMATH KOMIIBIOTEpA. MO3TOMY Mbl pa3BHBAEM METO MPUOIMKEHHOro pemeHus. B nanHoil padore
MpeI0KEeH HOBBIM BApUAHT aJITOPUTMA MTOKMCKA C 3anpeTamMu [3 ], yYUThIBAIOLINI 0COOEHHOCTH paccMart-
puBaemotii 3a1auun. [[i1st ero uccneaoBaHus CO3aHbI CEPUU TECTOBBIX IPHUMEPOB, B YACTHOCTH, C UCIIOJb-
30BaHUEM Ml OnOMmoTekn «J{uckpeTHbIe 3amauu pa3MenieHus» [4].
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Homogenization modeling of effective permeability for
generalized Newtonian flow in porous media*
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This report focuses on pore-scale modeling of generalized Newtonian fluid flow
in porous media using asymptotic homogenization methods. Local problems on
periodic cells are derived to describe the local transport of generalized Newtonian
fluids in pores. The permeability tensor of generalized Newtonian fluids is obtained
based on the theoretical analysis of local problems and is proved to be symmetric
and positive definite. A least squares finite element numerical solution of the local
problem is developed with the help of the physical properties of the microscopic
pore structure. Solving the local problem determines the accurate distribution
of velocity, pressure, and non-Newtonian viscosity in a single pore, as well as
evaluating the permeability coefficient and effective viscosity. Simulation results of
Carreau-Yasuda fluid microflow in three-dimensional porous ceramics validate the
proposed mathematical model and numerical method.

Keywords: homogenization method, a generalized Newtonian fluid, porous media,
least squares finite element method

1 The main results

The non-Newtonian flow in porous medium has attracted much attention due to its important
role in composite materials and petroleum industry. However, due to the spatial multi-scale of
porous medium and the rheological properties of fluids, this low mechanism is very complex.
In this study, the asymptotic homogenization method is applied to pore-scale modeling of
generalized Newtonian fluid flow in porous media. Local problems on periodic cells are
derived to describe the local transport of generalized Newtonian fluids in pores. Based on the
theoretical analysis of local problems, the permeability tensor of generalized Newtonian fluid
is obtained and proved to be symmetric and positive definite, as shown in Theorem 1 below:

Theorem 1. The solution Vi(J ) of the local problem has the following relationship with
the local problem:

(0)
WOy = g7 91 P
|9j - p,<22|

where Kf = j;) g Vi(j)dy is the permeability tensor and Kf is symmetric positive definite.
Since Vi(j ) (v, lg; — pfgi |) are nonlinear vector functions, in fact the tensor K7(| g; — pfgi
a symmetric positive definite tensor composed of nonlinear tensor functions.

|) is is

* The research is supported by the “China Postdoctoral Science Foundation”, project No. 2023M740468, the “Natural Science Foundation
of Liaoning Province in China”, project No. 2022-BS-093, and the “Education Basic Research Project of Liaoning Province in China”,
project No. JYTQN2023042.
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A least squares finite element numerical solution for local problems has been developed
based on the physical properties of microscopic pore structures. The solution of local problems
can not only determine the accurate distribution of velocity, pressure and non Newtonian
viscosity in a single hole, but also evaluate the permeability coefficient and effective viscosity
of generalized Newtonian fluid in porous medium. The micro flow of Carreau-Yasuda fluid in
three-dimensional porous ceramics was simulated, and the proposed mathematical model and
numerical method were validated.

The sensitivity of non Newtonian viscosity to permeability and effective viscosity was
discussed through numerical simulation.
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(a) velocity \71(1) (b) velocity \72(‘1) (c) pressure pulse P(Y)  (d) non-Newtonian viscosity fi(*
Figure 1. Numerical results for a local problem of Carreau-Yasuda fluid in 1/8 periodic cells.
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Figure 2. The relationships between the permeability tensor K& and effective viscosity p1(®) of a Carreau-Yasuda fluid.
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Spectral theory and asymptotic behavior of solutions for
differential-algebraic equations*

Vu Hoang Linh

VNU University of Science, Hanoi, Vietnam
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The spectral theory (Lyapunov and Bohl exponents) for linear time-varying
ordinary differential equations (ODEs) and differential-algebraic equations (DAEs)
can be considered as generalizations of eigenvalue problems for constant matrices
and matrix pencils. The spectral theory can be used for characterizing asymptotic
behavior and stability of solutions. Omne of the most interesting problems is
the investigation of Lyapunov/Bohl exponents of solutions when the system is
under small linear /nonlinear perturbations. These questions led to the stability of
exponents and Perron theorems. In the last decade, some results were extended
from ODEs to DAEs and from the time-invariant case to the time-varying one.
First, we give a brief overview on the existing results. Next, we discuss some open
problems in the operator setting that includes infinite dimensional systems modeled
by partial differential- algebraic (PDAESs) or delay-differential-algebraic equations
(DDAES).

Keywords: differential-algebraic equations, Lyapunov exponents, Bohl exponents,
stability of exponents
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Problem of control of transportation of elastic beams by
carts composition in the presence of uncertainty

1
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We consider the problem of controlling a hyperbolic system that describes
the stretching of n elastic beams in a non-inertial reference frame during their
transportation by a locomotive with a train of n bogies. The control is the traction
force of the locomotive, limited in magnitude. The uncertainty consists of the
influence of external disturbances on each beam and the totality of forces opposing
the movement of the locomotive. On each cart, one beam of length [ is rigidly
attached to the right end. The left ends of the beams are not secured. The goal of
choosing a control is to ensure that at a fixed moment in time the modulus of the
linear function, determined using the average values of the beam tensions, does not
exceed a given value for any acceptable realizations of uncertainty. A technique
has been developed for reducing this problem to a one-dimensional control problem
in the presence of uncertainty. Necessary and sufficient conditions for termination
are found.

Keywords: control, hyperbolic system, guaranteed result, uncertainty

3axauya ynpasJieHUs] TPAHCIOPTUPOBKOM YIIPYTrUX 0aJI0K COCTaBOM
TeJIesKeK MPU HAJIMYUM HeolpeaeIeHHOCTH
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PaccmarpuBaeTcs 3a1aqa yrpaBieHus TUTIEPOOTNIECKON CHCTEMOM, KOTOPasi OTIMCHIBA-
€T PaCTsDKEHHE 7 YIIPYTHUX 0alloK B HEMHEPLUHUAIBHOW CHCTEME OTCUETa BO BpeMs X TpaHC-
MIOPTUPOBKH JIOKOMOTHBOM C COCTaBOM U3 T TEJIEXKEK. YIIPABIECHUEM SABIAETCS OTPaHUYECH-
Has 110 BCINMYHMHC CHJIA TATW JJOKOMOTHBA. HCOHpe}IeHeHHOCTb CKJIadbIBACTCs H3 BOS,[[GIZ-
CTBHSI BHEIIIHUX BO3MYIIICHUH Ha KaXKAyl0 OAJIKy U COBOKYITHOCTHU CHJI IPOTHUBOJEHCTBYIO-
IIUX BHKEHUIO JTOKOMOTHBA. Ha Ka) 01l Temex,Ke )KECTKO 3aKpeIIeHa 3a MPaBbId KOHEI]
omHa Oanka 1yuHEL . JIeBble KOHIBI 0aoK He 3akperuieHsl. Llens BeiOopa ynpaBieHus 3a-
KITIOUAeTCs B TOM, YTOOBI B PMKCHPOBAHHBII MOMEHT BPEMEHH MOYJIb TIMHEWHOW (DyHKIIHH,
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OTpeIeIIsIEMO C TTOMOIIBIO CPEAHNX BETTUYMH PACTSKEHUH 0aloK, He MPEBbIIIAI 33/IaHHO-
IO 3HAYCHMUS MPH JIFOOBIX JIOMYCTUMBIX pealin3aiisax HeonpeaeneHHocTu. Pazpaborana me-
TOJIMKA CBEJICHUS TaHHOM 3a7]a4i K OJTHOMEPHOM 3ajjaue yIpaBJieHUs PU HAIMYUHU HEollpe-
neneHHocTH. HaliieHpl HeoOX0MMMBIE U JJOCTaTOYHBIE YCIOBHUS OKOHYAHHUS.

KuroueBble ciioBa: ympasieHue, TUNepOoIndecKas CUCTeMa, rapaHTUPOBAHHBIN pe3yiib-
TaT, HEONPEEIIEHHOCTb

3amaauM cUCTEMY 1 YpaBHEHHM MTPOAOIBHBIX KoJIeOaHN B HEMHEPIIMAIBHOM cucTeme oTcueta [1],
OTMCHIBAIOIINX TPAHCIIOPTHPOBKY YIPYTUX 0AOK HA COCTaBE TEJIEKEK JOKOMOTHBOM:

0%U,(t,x) 0%U,(t,x .
() SV |0y — (P~ W), i = Tom, m

e 0 <t <pul <z <l opyakunn U,(t,x), 7 = 1, n ONUCHIBAIOT H3MEHEHHE PACTSHKECHUSI OAIIOK,
arcno p € (0;1). Cucrema (1) paccmarpuBaeTcs Py 3a1aHHBIX HAYAIBHBIX YCIOBHSX

oU, (0, x)

Y G,(x), i ,n,

rne oyukuuu g, (), G;(x) i = 1,n sBasiorcs HenpepbIBHBIMA. [IIIOTHOCTh COBOKYITHOCTH BHEIIHHX
CcuI, ICHCTBYIONINX Ha i-0aJIKy, 3a/1aeTcst HerpepbIBHON GyHKIwmen f;(z, t). U3 ycnosuii Toro, 4ro mnpa-
BBII KOHEIl KaXK/I0M OaJKi KECTKO 3aKperieH, a JIEBbI CBOOOMIEH, CIENYeT, YTO TPaHUYHbBIE YCIOBUS
IIPUHUMAIOT BAJ

Uit0) _ T
ox

CuwraeM, 4TO Ha JIOKOMOTHB BO3/EICTBYeT cuia Tsaru F'(t) 1 BHENIHKE CUITBI IPETATCTBYOIIHE JABHKE-
uuto W (t) [2], KOTOpbIE H3MEHSIIOTCSI COMTIACHO YPaBHEHHSAM

F(t) = a,(t) +b,()(t), [€(1)] < )
W (t) = ay(t) + by(t)n(t), [n(t)] < 3)
Oyuximu a;(t), b;(t) > 0, j = 1,2, nenpepoisubt npu t € [0, pl; £(t) u n(t) snsoTes ynpasnexuem
1 IOMEXOM, COOTBETCTBEHHO.
V3BeCTHBI OLICHKU HENpPepbIBHBIX QyHKuHHA f; (, x):

L,
1.

filt.x) < fit,2) < fit,x), i=T1,n )

Oyuxumn [, (t, 1), fi(t, T) SBIAIOTCA HEMPEPHIBHBIMU. 3aianbl uucna o € R, € > 0 u BekTOp \ =
(A1, Agy s A,) T € R™ Takoit, uto A # 0. Llens BbiGopa ynpasnenus £(t) (2) 3akaouaeTcst B TOM,
4TOOBI OCYILIECTBUTH HEPABEHCTBO

l
[ @t ds—al < )
0
115t 06oi peanusanuu omexu 7)(t) (3) u must mo6bIX HenpepsiBHBIX GyHKIWME f; (¢, ) (4), ¢ =1,n
3nech o : [0, 1] — R 3amannas HenpepsiBHas GyHKIWS, yrosiaeTBopsiomas yeiosusiM o (0) = o (1) =

0.
[Tocne 3amenbl IepeMeHHBIX 3a1a49a (1)—(5) cBoguTCs K OMHOMEPHOM OHOTHUITHOM 3a/1aue yIpasiie-
HUSA [IPU HATHYWAU HeonpeieIeHHoCTH [3]:

i=—at)u+b(t)y, [uf<1, o] <1, [z(p)<e (6)
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3ech © — OIHOMEPHOE YIIpaBJeHUE, v — HEONpeneieHHoCTh; Gynkunu a(t) > 0, b(t) > 0
SIBJIIFOTCSL HETIPEPBIBHBIMU IIpH ¢ < .

Vcnionb3yst MeTO/1 ONITUMU3AIMY FApaHTUPOBAHHOTO pe3ylibTara [4], HaliieHbl He0OXOAUMBbIE U J0-
CTAaTOYHBIEC YCIOBHS OKOHYAHU B 3a/1a4de (6). Kpome Toro, mocTpoeHO COOTBETCTBYIONIEE YIIPABICHUE
&, pemaroriiee 3amaay (1)—(5).
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On the stability of solutions to the variational
Prony problem*

Andrei Lomov

Sobolev Institute of Mathematics, Novosibirsk State University,
Novosibirsk, Russia, lomov@math.nsc.ru

Using the Mean value theorem, new stability constants of solutions to the
variational Prony problem are obtained.

Keywords: the variational Prony problem, local stability, guaranteed estimates
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ITo Teopeme 00 OIeHKE KOHEYHBIX NMPHUPAIIECHUI NOTy4eHbl HOBbIE KOHCTAHTHI YCTOM-
YHMBOCTH PEIICHUN BapHATMOHHOM 3a1a4u [IpoHwu.

KuaroueBble cioBa: BapuanuoHHas 3aaada [IpoHwu, nokanbHasg yCTOMYUBOCTh, TAPAHTHPO-
BaHHBIC OLICHKH
* The study was carried out within the framework of the state contract of the Sobolev Institute of Mathematics (project no. FWNF-2022-
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1. OcHoBHBIE pe3yJIbTaThI

Bapuanmonnoii 3agadeii [[porn Ha3piBaeM 00paTHYIO 3a71a4y HASHTH(PUKAIINHA BEKTOPA ITApaMETPOB
f € RY pa3HOCTHOTO ypaBHCHUS

O Tpyy t 0 1T 1+ .o+ ogr, =0, k=1,N—n, (1)

¢ MaTpHYHBIME KodddummenTamu a; = o (6) € R™ (™) = 0, 'n 110 BO3MyIIEHHBIM HAGIONEHUAM

y = &+ 0z € RNU+™) nponecca © = [xy; ... ; 7 5]. IIpeanonaraercs, uto o = DO + d, tie o =
vect [ag; ... ; @, ], cTonbupl (D, d] nuHEHHO HE3aBUCHMBI, U 33/1a4a BHIYUCICHUS 6 110 T OIHO3HAYHO
paspermma.

VeroitunBocTs pemennii 0(x 4+ 0x) = 6 + 660 Kk Bo3MyIIeHHAM 3aBUCHT OT LEIEBON (GYHKIHH; PH

aJINTUBHBIX BO3MYIIIEHUSX MpeanouTuTenbHa [ 1] Bapuanmonnas L{D:
0= argmin J(0,y), J(0,y) = |y — &) I, #0)=(—-GCGT)y, C=(GTG) ",

rne G = \«(f)\ ecTb KIeTOUHO-TEIUIMIIEBAS MATPUIIA CUCTEMBI ypaBHeHuii (1),
Hac uHTepecytoT rapaHTHPOBAaHHbIE TPAHUIIBI ISl HOPMBI OTKJIOHEHHH ||06)||, B oTinune ot aHanmsa
C TOYHOCTBIO JI0 MaJIBIX 00JIee BRICOKMX MOPSIKOB [2].

Teopema (00 oueHKe KOHEUHBIX npupamenuii) /lycms omobpaxcenue F : () — R nenpepuigno
ouppepenyupyemo & suinyioi komnaxkmuoii o6nacmu npocmpancmea RN Tozoa

|F(y) — F(z)| < sup |[F()] - |y —=|.
£eq

Jlns HessBHOM (pyHKIUM é(y) = F(y), BBIYUCIISIEMON U3 YCIOBHS Jé(@7 y) = 0, umMeeM npou3BoI-
uyio dpeme F' = — (J55) " Joy = ST. Mycts || - | — oneparopras Hopma, Tora

IE ()] = 1S(B(y), y)]| = Auex (STS).

Jlemma. [1pu sosmywenuu R — R+ AR € R™ cummempuunou nonoxcumensho onpeodeieHnou
mampuysl R 6epra 2apanmuposannas oyenxa 0isi HaumeHve2o coocmeennozo uucia \; = \; (R),
A <Ay < S A, (I — dpobenuycoscras nopma):

2
|/\2 - )‘1|

~ ~ -1 ~
Mpennoxenne. B sapuayuonnoi 3adaue Iponu S'S = (DTVTCVD) = R, 20e Vecmo

Knemouno-2anxeneeas mampuya uz omcuemoé npoyecca t: G'z =V (DO + d) . Toz0a

Al (STS) = A2 (R).

min

Kak cnezncrBue TeopeMbl 00 OLCHKE KOHEYHBIX TPUPAICHANH HMeeT MeCTo HepaBeHCTBO [|06] <
= , Tae (0 > 1 — anpuopHsIil k03 UIueHT.

NE

inf 71/2(R) min

l6wl<e, I501<perpih
Teopema. B sapuayuonnoi 3adaue IIponu eepHa ciedyrowas 2apaHmuposanias oyeHka Ois
owubku sekmopa napamempos: 66| < ,u%, > 1, A = A, (R), npu mexuuyeckom ycnosuu
1
(v2-1) (L 2)A)?

< . .
Sl DPIVITICIT (g 301 /X))
Snjz[|C]
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[IpoBeneHbl pacyeThl ISl TPAHHUI] HOPMBI OHOKH |66 B 3anaue JlaHionia BOCCTaHOBIEHHS KCIIO-
HEHIIMAJIbHBIX CJIAraéMbIX U3 BO3MYILEHHbBIX HAOIIOEHUH CyMMBI TPEX SKCIIOHEHT [3] u Ha psae 6osee
00yCIIOBJIEHHBIX TIPUMEPOB. [10Ka3aHo, 4TO paHee MOJTy9IeHHbIC TPAHHIBI HOPMbI ook ||06] (ceput-
ki B [1,4]), OCHOBaHHbIC Ha OLCHKAX OCTATOYHOIO “WICHA BTOPOTO MOPSIKA B PA3IOXKCHNN B psiff Teid-
Jopa HesiBHOM GyHKuMH 6(y) (0 CyTH Ha OL[EHKaX KOHEYHBIX MPHpAICHUIT Tpon3BoaHOI Dpere), Ha
HECKOJIbKO MOPSIIKOB MeHee 3(pheKTHBHBI, KaK U OLIEHKU Ha OCHOBE HEPABEHCTB TUIA YHIKHHCOHA.
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Optimal control of the economic system in conditions of
mass disease with vaccination*®

Igor Lutoshkin, Maria Rybina

Ulyanovsk State University, Ulyanovsk, Russia
lutoshkiniv@ulsu.ru

The development of a model for managing the economic system in conditions
of mass disease is proposed. A special feature of this model is the simultaneous
consideration of socio-biological and socio-economic factors. In the model, control
influences include costs for: construction of hospitals, refurbishment of existing
beds, conducting an information campaign, vaccination. The model is formulated
in terms of an optimal control problem with delay.

Keywords: optimal control, economic system, mass disease, vaccination

1 The model

Mathematical modeling of the development of mass disease has resulted in a number of models
aimed mainly at predicting, for example, [1,2,3]. Control models have also been proposed [4,5,6].
They are formulated in terms of optimal control problems. At the same time, these models
are medical and/or biological; they poorly reflect social indicators.

The works [7,8] proposed a mathematical model for managing a socio-economic system
in conditions of a mass disease. It simultaneously takes into account socio-biological and
economic factors. The present study is aimed at developing the model proposed in [7,8] by
adding a vaccination factor.

Let P — number of people complying with restrictions measures; S — number of people who
do not comply with restrictive measures; F — number of infected people; I — number of sick
people; (Q — number of hospitalized people; R — number of recovered; D — number of deaths; Z
— number of beds; V; — number of people who have received artificial immunity to the disease
due to being vaccinated with the vaccine 7, i = 1,n; N — population size; Y — gross output;
m — profit; K — cost of fixed assets; L — representation of the working population. Control
variables: u; — intensity of costs for refurbishment of existing beds; u, — cost intensity for the
construction of new hospitals; us — intensity of costs for the information campaign; us,; —
intensity of costs for a campaign to vaccinate the population with the vaccine i, i = 1, n.

Let’s introduce differential equations:

o = hpsP(0)+ bnslt 1) — (ks (31 ) + Rsplus() = p) S0+

n

inm—Zﬁ%?@;
I8 ()50 — kpsP(0);

Z—f =kop (]{7(; ) ( +Z UBH—Z?))> — kgE(t);

1=

* The research was financially supported by the Russian Science Foundation No. 24-28-00542, https://rscf.ru/en/project/24-28-00542/
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dl d
O = ki) — (ki + kum + ki) (1) 52 = ki I(0) — (kgp + kor)QU);
dR dD
g = kipl(t) + kgrQ(t) — krsR(1); P kopQ(t) + kipl(t);
U2 gluglt— 7)) — pZ(t) + ks (8):

dd‘f B (1_ (1—5“;)145,5 <J{f((tt>)>> Henll 25 —Vi(t=7), i=1n,

&

Let’s take into account the vaccination factor in the algebraic connections: Q(t) < Z(t);

L(t) =m (ePP(t) +egS(t) +epE(t) + egR(t) + Z ey V ) (t) = P(t)+S(t)+E(t)+
n+3

1(t) + Q1) ) + ZV = F(K(t),L(t)); m(t) = Y(8) = > u;(t); u(t) = 0,
=1

T
t

The functional can be represented as

J = ul,?igma [T (al% — 042%) dt.

Here a; + ay = 1.
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The effects of viscous dissipation on the nanofluid
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The viscous dissipation leads to changes in the temperature, viscosity, heat
transfer and other physical properties of the fluid during the flow process, thereby
affecting the flow characteristics. And it plays an important role in damping
effect, momentum transfer and energy dissipation. Therefore, more in-depth
research is needed to reveal the importance of viscous dissipation in natural
convection. In this work, the effects of viscous dissipation on the flow and heat
transfer of nanofluid natural convection in a tilted square cavity are numerically
studied by applying a newly proposed fractional-step semi-implicit algorithm with
the numerical advantage of larger time steps. The cavity is filled with water
and nanoparticles of copper (Cu), and the viscous dissipative behavior of the
mixture flow is not negligible. This study has been conducted for certain pertinent
parameters of Rayleigh number (Ra = 10 and 10°), Prandtl number (Pr = 6.2),
Eckert number (Fc = 0 — 2), the volume fraction of solid particles (¢ = 0 — 0.06),
and inclination angle of square cavity (a = 0 — 7/2).

Keywords: Natural convection, Heat transfer, Nanofluid, Viscous dissipation, Fractional-
step semi-implicit algorithm.

The results show that at any tilt angle , the increase in viscous dissipation leads to weakened
heat transfer on the hot wall, enhanced heat transfer on the cold wall, and weakened flow in
the square cavity. Adding solid particles can effectively weaken the effect of viscous dissipation.
As the Rayleigh number increases, the effect of viscous dissipation increases. As the tilt angle
increases, the effects of volume fraction and Eckert number weaken.

The numerical results in Fig 1 show that for any solid particle volume fraction, viscous
dissipation leads to reduced heat transfer on the hot wall and enhanced heat transfer on the
cold wall. And as the volume fraction of solid particles increases, the effect of Eckert number
on heat transfer weakens. The numerical results in Fig 2 show that as the tilt angle increases,
the effects of solid particle volume fraction and Eckert number weaken.

References

[1] Li S.G., Lv L.J., Liao M.Y. Numerical simulation of heat transfer and entropy generation
due to the nanofluid natural convection with viscous dissipation in an inclined square
cavity. Numer. Heat Transf. A Appl. 2024. https://doi.org/10.1080/10407782.2024.2325121

* The research is supported by partially by the Natural Science Foundation of Liaoning Province in China, project No. 2022-BS-093,
the Fundamental Research Funds for the Central Universities of China, project No. 3132023203 and the Educational Science Planning
Projects of Liaoning Province of China, project No. JG21DB065.

165



=

1.36 138 1.4 142 1.44 1.46

—o—¢=0
$=0.02

—A—$=0.04

—+—¢=0.06

Figure 1. The effect of Eckert number on the average Nusselt number /N u on the hot wall and the average Nusselt number N, on the
cold wall with different volume fractions of the solid particles ¢ in a horizontally placed square cavity(c = 0) at Ra = 10°
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Figure 2. The effect of inclination angle o« on the average Nusselt number /N u, on the hot wall and the average Nusselt number N, on
the cold wall at Ra = 10°
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Longitudinal-transverse bending of a rod under the
action of nonlinear distributed loads
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Calculation of rod bending using differential bending equation and Euler bending
theory under the influence of Gaussian shear forces.

Keywords: bend, distributed load, normal distribution

IIpoxosibHO-IIONEPEYHbIN U3rH0 CTEPKHA NMPH TeHCTBUHA
HEJIMHEHHBIX pacnpe/le/IeHHbIX HATPY30K
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Pacuér uzrnba crepxus, ucrons3ys nuddepeHnranTsHoe YypaBHEHUE U3rnda U TEOpHH
u3ruba Ditnepa, npu Bo3zeiicTBuM ['aycCOBBIX Mepepe3bIBAIONINX CHIT.

KuaroueBble ciioBa: m3ru0, pacnpezciicHHast Harpy3Kka, HopMajabHOE pacipeaesieHue

Paccmotpum nuddepenianbHoe ypaBHEHUE

4 2
EJd—w-l-Nd—w-i-c-w:q(z),
dz* dz?
rJe W — BeJIMYMHA nporuda, 2 — KoopAuHaTa cTepxxus, £/ — moxyns lOunra, J — momenT unepuuu, N
— MIPOJIOJIbHBIE CUJIBL, ¢ — KO3((ULUMEHT )KECTKOCTH OCHOBAHMSI C YYETOM IIOIAN CONPUKOCHOBEHMS,
q(z) — pactipesienieHHast HATPY3Ka C HEJMHEHHOM 3aBUCHMOCTBIO.

W3rub crepxHs Mo AeiicTBHEM HONEPEYHOM Harpy3KH C yYeTOM MPOAOJIBHBIX CHJI Ha3bIBAETCS
IPOJIOIBHO-TIONEpeyHbIM U3rnooM. [IpononpHo-nonepeyHslii H3rub BO3HUKAET IpH MoTepe DiepoBoit
YCTOHYHMBOCTH, TO €CTh P MPEBBIIIICHUNA KPUTHICCKON CHITBI. MaKCUMaITbHBIA H3THO TTPH PABHOMEPHO
pacnpeneneHHON Harpy3Ke MPOMCXOIUT B CEPEINHE CTEPKHS, a IPU BO3JIEHCTBUU HEJIMHEHHBIX HArpy-
30K MOXKET ObITh CMEUIEH.

B pabore coznaém HenmmHeHy0 Harpy3Ky, UCIIOJIb3Ys BEJIMYMHBI HOPMAIILHOT'O paclpe/iesIeHus], CKa-
JUPOBaHHbBIC HA BEJIMYMHY 3aJaHHON HATrPy3KH.
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On limit sets of monotone maps on one-dimensional
ramified continua
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Let X be a dendroid or a dendrite, f : X — X be a monotone map. In the
report we study the structure of the nonwandering set of f and w-limit set of a
trajectory of any point = € X.

Keywords: dendroid, dendrite, monotone map, the nonwandering set, w-limit set

O npegeabHbIX MHOKECTBAX MOHOTOHHBIX 0TOOPaKeHUN HA
OJITHOMEPHBIX Pa3BeTBJEHHbIX KOHTHHYyMAaX"

E. H. Maxposa

Hwxeropoackuii rocynapcrsennsiii yausepeuret uM. H.J. Jlobayesckoro, . H. HoBropoa, Poccust
elena makhrova@inbox.ru

[Mycts X — nenapouna wiu aeuapur, f : X — X —MoHOTOHHOE 0TOOpakeHue. B qokia-
JIe M3y4aeTcsi CTPYKTYpa HEeOIyKIAI0Iero MHOXKECTBA OTOOpaKeHUs [ U w-NPeAeIbHOrO
MHOKECTBA TPACKTOPUH JIF000H Touku = € X.

KiroueBble cioBa: ACHApoua, ACHAPUT, MOHOTOHHOC OTO6pa}KeHI/Ie, H€6J'Iy>KI[aIOH.Iee MHO-
KECTBO, W-NIPEACTIbHOC MHOXCECTBO

1. OcHOBHBIE pe3yJIbTAThI

[lox Konmunyymom TIOHEMAaeM KOMITAKTHOE CBSI3HOE MeTpudeckoe mpoctpaHcTBo. Ciemys pado-
Te [1], CBA3HOE MOAMHOKECTBO KOHTUHYYMa X, 3aMBIKAHHE KOTOPOro romeoMopduo otpesky [0; 1] na
npsvoit R, Gymem HaswiBaTh Oyeotl. Kontunyym X Ha3bIBAeTCS YHUKO2EDEHMHBIM, €CIH IS TIOOBIX
noakouTuHyyMoB A u B B X, ynosnerBopsironux ycnosuio A U B = X, nepeceuenne A N B cBsi3-
Ho. Tak, m060ii 0Tpe3ok Ha npamoii R yHHKOTepeHTeH, a OKpYXKHOCTb HE SBIACTCS YHUKOT€PEHTHBIM
MHOkecTBOM. KoHTuHYyM X HasbIBaeTcsi 0eHOpouoom, eciin X — 1yrooopa3Ho CBSI3HO U HACIICICTBEH-
HO YHHUKOTEPEHTHO, TO €CTh JI00O0! NOAKOHTHHYYM Y B X SIBIIsSIeTCS YHUKOTepeHTHbIM. OTMETHM, YTO
neHapousl X — OJTHOMEPHBI KOHTHHYYM, X HE COIACPIKUT MOJJMHOKECTB, TOMEOMOP(PHBIX OKPYKHOCTH,
1 JI00BIE pa3IMYHbIC JIBE TOUKH X, 3 B X MOKHO COCTMHUTH €AMHCTBEHHOM JyToii (CM., Harpumep, [2]).
JIoKaJbHO CBSI3HBIN ICHAPOU/I HA3BIBACTCSI OEHOPUMOM.

B nocierHue rogpl BO3poc HHTEPEC K H3yYSHUIO TMHAMUYECKUX CHCTEM Ha OJJHOMEPHBIX Pa3BETB-
JICHHBIX KOHTHHYYMaX, TaK KaK OHHU TOSBISIOTCS, HAIPUMEP, KaKk MHO)KecTBa JKIona B KOMILUICKCHBIX

* HcenenoBaHue BBINOIHEHO 3a cyeT rpanta Poccuiickoro HayuHoro ¢onzna Ne 24-21-00242, https://rscf.ru/project/24-21-00242/
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JUHAMUYECKHX CUcTeMax [3], Kak mpeebHbIe MHOXKECTBA TUHAMUYECKIX CUCTEM pPa3MepHOCTH, OOJIb-
mieit 1 [4], [5], kak m100alibHBIN aTTpakTop KOCOTro Mpou3BeaeHus [6], B 3a1auax MaTeMaTH4eckoil puzn-
k4 [7] u np. Ho yka3aHHbIE OHOMEPHBIE KOHTUHYYMBI UMEIOT CIIOKHYIO TOIOJIOTUYECKYIO CTPYKTYDY,
MO3TOMY JIaXKe MPOCTEHIINe 0TOOpaKeHUs Takue, KaKk ToMeoMOp(H3MbI WIM MOHOTOHHBIE OTOOpaske-
HUS UMEIOT HETPUBHAIBHYIO IMHAMHUKY (CM., Hanpumep, [8] — [12]).

ITycte X — nennpoun. HenpepsiBHoe otoOpaxenue f : X — X Ha3bIBaeTCS MOHOTOHHBIM, €CIIH
s mro6oro ceasnoro MEoxkectsa A C f(X) monusiit mpoo6pas f1(A) ceazen B X. Onpenensiomas
pOJIb B CBOMCTBAX JH000H AMHAMUUYECKON CHCTEMbI IPUHAUIEKUT MHOKECTBY HEOIy)KIArOIUX TOYEK
U W-TIPe/IeIbHOMY MHOKECTBY NPOHM3BOJIBHOM Tpaektopuu. Touka x € X Ha3piBaeTcsi HEOMyXIaro-
1iei TouKoit orobpaskenust f, eciu st 0boi ee okpectHocT U B X HalgeTCss HATYPAbHOE YKCIIO
n > 1 taxoe, uro f™(U) N U # (). MHOXeCTBO Beex HEOMY»kIAIONUX TOYEK OTOOpaKeHus [ Ha-
3BIBAETCSI HEOTYXTAIOIIUM MHOXKECTBOM 0TOOpaxkeHust f. Bynem roBopuTh, 4TO TOUYKA ¥ PUHAICHKUT
W-TIPEIEIbHOMY MHOXECTBY TPAeKTOPHHU TOUKU = € X OTHOCHTENBHO oToOpaxenus f (y € w(x, f)),
€CJIM CYIUECTBYET NOCIE0BATENbHOCTD HATYPAIBHBIX YMCeN Ny < Ng < ... < n; < ... TaKas, 410
lim f"i(z) =y.

j—)OO

Iycts f : X — X — MoHOTOHHOE OTOOpaxkeHue aeHapouna X. B mokmane nszydaercs cTpykrypa
HEOIy)KJafoIero MHOXKECTBA U W-TIPEIEIBHOTO MHOXKECTBA IPOU3BOIBHOM TPACKTOPUU OTOOPAKEHUS
/- IlpuBoasATCS TaKXKE Pa3IUyMsl B CBOMCTBAX yKa3aHHBIX MHOXKECTB MOHOTOHHBIX OTOOPaKCHHH, 3a/1aH-
HBIX Ha JICHAPUTAX U ACHAPOHJAX, HE SBISIFOIIUXCS ICHIAPUTAMHU.
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The report provides a comparative analysis of three related algorithms for
solving the problem of hard SVM-separation of two finite sets in Euclidean space.

Keywords: machine learning, hard SVM-separation, Kozinec algorithm, MDM-
algorithm, SMO-algorithm, clipped iterations

CpaBHureabHbIi aHaau3 ajaropurmos Kozunua, MDM u SMO
peleHus 3a1a4u kecTKkoro SVM-oTaeieHus™
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B nokiiane nmpuBOIUTCS CpPaBHUTENbHBIN aHAJIU3 TPEX POACTBEHHBIX aJITOPUTMOB pe-
LIEHUs 3a7a4u KecTkoro SVM-oT/iesieHust 1ByX KOHEUHbIX MHOXKECTB B €BKIIMIOBOM IPO-
CTPaHCTBE.

KaroueBsble ciioBa: ManmHHOE 00ydeHHe, xxectkoe SVM-otnenenue, anroput™ Kosunia,
MDM-anroput™, SMO-anroput™, oLeHKa IUIaHa, YCEUEHHbIE HTEpaLuH

1. IlocTaHoBKAa 3a1a4M

ITycts B pocTpancTBe R™ ¢ eBKINI0BOM HOPMOIL 3a/1aHBI 1B KOHEUHBIX MHOXKECTBA, COCTOSIINE
U3 MONApHO Pa3INYHbIX TOYEK,
S m
P, = {p; u P, ={p, .
1 {pﬂ}j:1 2 {pj}jzsﬂ
3nece s € 1 : m + 1. Byaem cuurarh, 4TO BBITYKjble 00010ukn C' 1 1 C’Q 3THUX MHOXECTB HE UMCIOT
o0mux Touek. 3agaua skectkoro SVM-oTaenenust MHOecTB /2| n P, cTaBuTCs Tak:

* YucneHHbIe SKCIIEPIMEHTHI BRITONHIUCE B HCTHTYTE IpodieM MammHOBeneHuss PAH npu ¢unancoBO# nognepskke Poccuiickoro
Hay4Horo ¢onna, npoext Ne 23-41-00060.
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noCmMpoums 2UnepniocKocmy, pazoenaiouyro muoxcecmea Py u Py, npu ycroeuu, umo pac-
CMosiHUe 0m dMotl 2unepniockocmu 0o obveounenus Py U Py makcumansbHo.

JlanHyto0 3a1a9y MOKHO ()OPMaTM30BaTh CICIYOIIMM 00pa3oM:

1 2 :
sle—y|*—  min . (1
zeC,yeCy
OueBuHO, yto 3a1aua (1) umeer peurenue (z*, y*), BoobIIe roBops, He euHCTBEHHOE. HO e/IMHCTBEH-
HbIM Oyzet Bektop w* = x* — y*. Tak xkak C; N Cy, = (), To w* # 0.
OGo3HauMM uepes ¢ cepeHy oTpeska [z, y*], ¢ = 1(z* + y*). Ypasnenne (w*,z — ¢) = 0
ONpPEENSeT HCKOMYIO THIIEPILIOCKOCTD, PA3ENsIoNlyto MHOKecTBa P 1 P,.

2. OcCHOBHBIE Pe3yJIbTaThI

U C ucnonp3oBaHHEM CHEIUATBHON MapaMETPUICCKOW BapUaIli BBOIUTCS OYEHKA NIAHA 3A0a4u.
Onenka HeoTpuIaTellbHA Ha JI0O0M raHe. OHa paBHA HYJIO TOTJAa M TOJBKO TOTNA, KOTJA IUIaH
ONTUMAaJIbHBIM.

U ITonoXHUTENBHOCTD OLICHKH TI03BOJISIET YAYYLIHTh IUTaH (YMEHBIINUTD HENIeBYr0 QYHKIHIO). ITO CiIy-
YKUT OCHOBOM JJI1 MOCTPOEHUS aJITOPUTMA PELICHH 3a/1a41 KeCcTKoro SVM-otnenenus.

U Anroputmsl ObUTH pean3oBaHbl B cpeie MatLab 2022b. 3amepsiiocs BpeMst, 3aTpa4eHHOE KaKIbIM
QITOPUTMOM Ha PEIICHNE OJMHAKOBBIX 3a7ad.

W3 nmpoBeieHHOT0 CPaBHUTEIBHOTO aHAIN3a alTopuTMOB [ 1,2,3,4], monyuuiu, yto MDM-anroputm
UMEET NMPEUMYILIECTBO nepen anropurMamu Kosununa n SMO.
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On sharp two-sided estimates for stable solutions
to differential equations with delay

Vera Malygina

Perm National Research Polytechnic University, Perm, Russia
tlsabatulina@list.ru

For linear autonomous differential equations with distributed delay that have
a positive fundamental solution, we propose a method for obtaining new tests of
exponential stability and two-sided estimates of the fundamental solution in the
form of two exponential functions with exact efficiently calculated exponents and
coefficients.

Keywords: autonomous functional differential equations, fundamental solution,
exponential stability, sharp upper exponent

O TOYHBIX IBYCTOPOHHHUX OLEHKAX YCTONYHUBBIX PelICHUN
auddepeHINATBHBIX YPABHEHMII ¢ 3ana3IbIBAHHEM

B. B. Mansirnaa

[lepMckuii HalMOHANBHBII HCCIIeIoBaTeNbCKU onuTexunaecknil yausepcuret (ITHUITY), [Tepms, Poccust
mavera@list.ru

JIoist TUHEeHHBIX aBTOHOMHBIX TU(depeHIHatbHbIX YPaBHEHUH C pacipeeIeHHbIM 3a-
Na3/IbIBAHUEM, UMEIOIIIUX TTOJIOKUTETbHOE (PyHIaMEHTANBHOE PELICHUE, IPEAIaracTcs Me-
TOI IMOJTY4YCHHU A HOBBIX ITIPU3HAKOB 3KCHOHCHHHaﬂBHOﬁ YCTOﬁqHBOCTH N IBYCTOPOHHHUX OLIC-
HOK Q)YHIIaMeHTaJH)HOI‘O peuIcHrd B BUJIC ABYX OKCIIOHCHIIMAJIbHBIX Q)YHKHI/II\/’I C TOYHBIMH
3¢ (}EeKTUBHO BBIYUCIIIEMBIMH ITOKA3aTEISIMA 1 KOA(hDUTTHEHTaMHU.

KuaioueBble ciioBa: aBHOHOMHBIE (PyHKIIMOHAIBHO-IH(epeHnanpubpie ypaBHeHUs, QyH-
JTaMEHTAJIbHOE PeLleHUE, SKCIIOHEHI[MaJIbHAsl YCTOWYMBOCTb, TOUHBIA BEpXHUI OKa3aTeb

Omnpenenenue 3KCIOHEHIIUAIBHON YCTOMYUBOCTH JIMHEHHOTO AU(PEpeHInaIbHOrO YpaBHEHUS C

rocneecTBHEM 0000IIAeT KIIACCHYECKOE ONPE/IENICHHE SKCITOHEHIIMAIBHOM YCTONYIHBOCTH IS OOBIK-
HOBEHHOTO u(hepeHIIHAIBHOTO YpaBHEHHS U IPEIIoaraeT cylecrsopanue koncraut N,y > 0 ta-
KHX, 9TO JUTA Ka)KIOTO pemenns & : [ty,00) — R cripaemmpa onenxa |x(t)| < Ne 7 t)|p|, e
 — HavabHas (QYHKIHs, ONpeenstomas peuenne. st ypaBHeHH# ¢ mocieneicTBIeM 3a1a4a OLeH-
K1 KOHCTaHT [N ¥ 7y HETPUBHAIIbHA JaXke [UIsl CIlydasl CKaJSIPHBIX yPaBHEHHIT; TEM HE MEHEE, PEllaTh e
HE00XOMMO, TMTOCKOJBKY 0e3 yKa3aHHus OLeHOK s (WiH 3(GEKTUBHOTO aITrOPUTMA UX BBIYUCIICHUS)

po0IeMy SKCITOHEHIINATBHON YCTOMUYMBOCTH HEJIb3s CUUTATh MOJHOCTHIO PEIICHHOM.

* PaboTa BBIIIOTHEHA U HOIepskKke MUHKCTEpCTBa HAyKH 1 BBIcIIeTo oOpazoBanus Poccuiickoit ®enepanym, mpoexkt Ne FSNM-2023-

0005.
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PaccmoTpum aBTOHOMHOE (DYHKIIMOHATBHO-TU(PEpEeHIIATBHOE YPABHEHHE

h
:i;(t)—i—a:c(t)—i—/a:(t—s) dr(s) = f(t), ¢>0, (1)

mea € R,h > 0,7: [0,h] - R — ¢ynxuus orpanuuennoit sapuaimu, r(0) = 0, unTErpa mo-
HUMaeTcs B cMbiciie Pumana—Cruntbeca, a f — nokanbHo uHTerpupyemast pyukims. Hazosem ¢ynoa-
MeHmanbHuiM peutenuem ypaBHeHus (1) yHkuuio x, ABISAIOLIYIOCS perieHreM ypaBHeHus (1) mpu
f(t) = 0mxy(0) = 1. Kak usBecrno [1], mo6oe peruenue ypasHenus (1) Boipakaercs yepes GyHa-
MEHTaJIbHOE pelieHue mno Gopmyre

t

x(t) = zy(t)z(0) + /mo(t —s)f(s)ds, t=>0.
0

Jn1sl SKCIIOHEHIIMAIBHO YCTOWYMBBIX ypaBHeHUH Buna (1) mpemiaraercs 3pQeKTUBHBIN METO TO-
JTy4eHHs ABYCTOPOHHUX OLEHOK (DyHIaMEHTaIbHOIO PELIECHUS.

MeTox 03BOJISIET C MPOU3BOIBHOI TOUHOCTBIO HAITH Kak MOKa3aTelb, TaK U KO3(D(GHUIHUEHT 3KCIO-
HEHLIMAIbHOM oLleHKHU perieHus. OCHOBY METO/la COCTaBIISI€T allpUOPHOE MPEIIION0KEHHE O TOJI0KH-
TEJILHOCTH (DYyHAAMEHTAJIILHOTO PELIEHUS C MOCIEIYIOIIUM IOIHBIM OIMCAaHUEM €TI0 CBOICTB Ha MOIy-
OCH.

h
O6osnaunm F(A) = A +a+ [e*dr(s), \ € R.
0

Teopema 1 [2]. [Tycmo ¢ynxyus v ne yovisaem na [0, h]. Toeoa, eciu ons nexomopozo eeuye-
cmeenno2o w > 0 gvinonnsaomes ycrosuss F(—w) = 0, F'(—w) > 0, mo ¢gynoamenmanvroe
pewenue ypasrenus (1) umeem 08ycmopoHHI0I0 OYeHKY

—w 1 —w
e~ wt < ;L‘O(t> < me t

3ameuanue. [TocrosHHbIC 1 1 ﬁ Tounsle, T.K. T (0) = 1, a tlim zy(t)et = ﬁ
Teopema 2 [2]. [Tycmb ynxyus r ne 6ospacmaem Ha [0, h]. Toeoa, eciu ons nekomopo2o eeuje-
cmeennozo w > 0 evinonneno ycnosue F'(—w) = 0, mo ¢pynoamenmanvnoe pewenue ypasuenus (1)

umeem 08yCmMoOpPOHHIOI OYEHKY

Y

e(wfa)hefwt < ilfo(t) < efwt

m z,(t)e?t = =+

u, kpome moeo, 1 )"
¢

i

— 00
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Analysis of natural vibrations of a liquid column in a
vertical well

7.7. Mamaeva

Mavlyutov Institute of Mechanics UFRC RAS, Ufa, Russia
zilial6@mail.ru

The problem of natural oscillations of a liquid column in a tubing string placed
in a vertical well, arising after a sudden opening or closing of the well, is considered.
A mathematical model has been constructed and studied to describe the dynamics
of fluid pressure in a vertical well and the bottom-hole zone in order to determine the
natural frequencies of oscillations. The influence of various reservoir characteristics
of the formation and hydraulic fracture on the main wave parameters of the natural
oscillations of the liquid column is analyzed.

Keywords: oil well, formation, liquid column, natural vibrations, hydraulic fracture

AHAJIN3 COOCTBEHHBIX KOJICOAHUN CT0JI0A KUIKOCTH B
BEPTUKAJIBHON CKBAaKUHE

3. 3. MamaeBa

NMex YOULL PAH, ¥Yda, Poccus
zilial6@mail.ru.

PaccMotpena 3aa4a 0 COOCTBEHHBIX KOJIEOAHUSIX CTONIOA KHUIKOCTH B HACOCHO-KOMII-
PECCOPHOI KOJIOHHE, TIOMEIIEHHOH B BEPTUKAIBHYIO CKBaXKHHY, BOSHUKAIOIIHX ITOCIIC BHE-
3aITHOTO OTKPBITHUS WIIH 3aKPBITHS CKBaXXUHBL. [loCcTpoeHa 1 rcciejoBaHa MaTeMaTu4ecKast
MOJCJIb, OIMUChIBAIONIIAsA JUHAMUKY JTaBJICHWA ) XUJIKOCTU B BepTHKaﬂbHOﬁ CKBAXUHE U IIPpU-
3a00HOM 30HE C IENBI0 ONpeaeNeHNs] COOCTBEHHBIX YacToT Kojebanuii. [Ipoanamm3npo-
BaHO BIIMSIHUS PA3JINYHBIX KOJUIEKTOPCKHUX XapaKTepUCTHUK 1uiacta u Tperusbl ['PIT Ha oc-
HOBHBIC BOJTHOBBIE MTapaMeTpbl COOCTBEHHBIX KOJIeOaHHI CTOI0A HKHUKOCTH.

KuroueBble ciioBa: HeTsSHAS CKBaXKWHA, IUIACT, CTOJIO XKUIAKOCTH, COOCTBEHHBIC KoJieOa-
HUS, TPEIIMHA THAPABINYECKOTO Pa3pbIBa

1. OcHoOBHBIE pe3yJIbTaThI

B Hacrosiee BpeMs 100b14a He(hTH ABJISCTCS CIIOKHBIM U HAYKOEMKHM TPOIIECCOM, KOTOPBIN Hepe-
PBIBHO MOJIEpHU3UpYETCS U pa3BuBaeTcsa. OQHON U3 aKTyallbHBIX MPoOJieM B HE(PTAHOM oTpaciu sBis-
€TCs CHIDKEHUE 1e0nTa OONBITMHCTBA TOOBIBAIOIINX CKBAXXUH W, KaK CIIEACTBHE, YBEIWMYCHHUE TOOBIYN
TPYIHOM3BJICKACMBIX 3aI1aCOB M HEOOXOIMMOCTh IPOBEACHUS PabOT 1o 00pabOTKH MPU3a00HOM 30HBI
C IENBI0 YIYUIIICHHUS €€ KOJICKTOPCKUX XapaKTepUCTHK, HanpuMmep, coznanue ['PIT Tpenun. JlanHble
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npoIiecchl TPEOYIOT HCCIIEAOBAHHS COCTOSIHUS TJIACTOB M MOJTYYEHUsI HH(OpMAIIMK O TEOMETPUU TIOITY-
YEHHBIX TPEILHH.

B nannoii paboTe mpeacTaBieH OIMH U3 BO3MOXKHBIX METO/IOB HMCCIICIOBAHUS TJIACTOB U TPEIINH
I'PII, ocHoBaHHBIN Ha BO30YXAEHUN COOCTBEHHBIX KOJIOAHUH CcTOJI0a KUIKOCTH B CKBaKMHE M aHa-
JIM3€ BOJIHOBBIX XapaKTepUCTHUK KojebaHui. [locTpoena Matemaruueckass MoJieb COOCTBEHHBIX KoOJie-
OaHuii cToN0a KUAKOCTH B CKBAaXXKMHE, BO3HUKIIUX BeiencTBue ruapoynapa [1,2]. Usydyeno BnusHue
KOJIJIEKTOPCKUX XapaKTEPUCTHUK IJIacTa, HAIMYUS TPELIMHbI HA OCHOBHBIE BOJTHOBBIE XapaKTEPUCTUKU
kosnebanuii. [lokazaHo, 4To B ciryyae HU3KOIIPOHHUIIAEMBIX IIACTOB (TTOPSAIKA MUJUTUAAPCH U MEHBIIIE),
nocye nposeaeHus ['PI1 MoxeT mpoucXoauTh AByKPAaTHOE CHM)KEHUE COOCTBEHHBIX YacTOT KOJIeOaHUH.
[Tpoananu3upoBaHa TMHAMUKA KoieOaHUI 1aBlIeHUs HA YCThE, B CEpEAMHE U Ha 3a00€ CKBaXKHUHBI.

Cnucok jureparypsbl
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A dual method for solving a game problem with
arbitrary situations

Akmal Mamatov

Samarkand State University named after Sh. Rashidov, Samarkand, Uzbekistan
akmm1964Q@rambler.ru

A dual method for solving a game problem with arbitrary situations is proposed.

Keywords: game problem, players, dual method, support

/IBOMCTBEHHBIA METO/ PelICHUS PelICeHUS UTPOBO 3a1a4M C
MPOU3BOJbHBIMU CUTYALUSAMU

A. P. Mamaros

CamapkaH/ICKuii rocynapcTBeHHbli yHuBepeurtet uMenu L. Pamunnosa, Camapkana, Y30ekucran
akmml964Q@rambler.ru

Hpez[naraeTca HBOﬁCTBCHHBIﬁ MCTO/ PCIICHUA HFpOBOﬁ 3aJia4yu C MMPOMU3BOJIbHBIMU CHU-
TyallusimMu.

KiroueBble cioBa: HUrpoBas 3ajia4a, UrpokKu, ,I[BOﬁCTBGHHLIﬁ MCTO[, OI10pa
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1. OcHoOBHBIE pe3y/IbTaThI

[TycTh nMeeTcs 1Ba UTPOKa, KOTOPBIE BRIOMPAIOT CTPATETUN X U Y COOTBETCTBEHHO U3 MHOXKECTB
X={z|f,<z<f},Y(2)={y|g,<y<yg", Ax+ By=>0},

[OOYEPETHO, CHAYalIa MEPBBIA UTPOK BHIOMPAET CTPATETHIO X, 3aTE€M, 3HAs T, BTOPOM UTPOK BHIOMpPAET
CTPATETHUIO .
3nech T, f,, [* € R",y,9,,9° € RL,be R™, A € R™*" B c R™! rankB < I.

Llesb IEPBOro UIPOKAa — HANTH T, JOCTABIISAIONIMH MAKCUMAJILHOE 3HAYeHHEe (PyHKIMU

p(x) = min ¥(z,y),z € X, re. ¢(Z) = max p(x),
yeY(x) zeX

1eJTb BTOPOTO MIPOKA — HAWTH {/, MUHUMH3UPYIOIINH (HYHKIIHIO

U(z,y),y € Y(Z), re. ¥V(z,y) = min V(z,y).
yeY(z)

cdr+dy ecmz € X,ycY(x),cecR",decR

Bnecs V(z,y) =
(=9) {—l—oo, ecur € X,Y (z) = 0.

Jpyrumu cinoBaMu, UIMEEM JIMHEWHYIO UTPOBYIO 3a7ady ¢ MPOU3BOJIbHBIMU cuTyauusmu [1], [2]:

= min Y(z,y) — max. 1
o(x) in (z,y) max (1)

3agaya Makcumusaimu GyHkunn (s, t) mo (p, s,t) € M, Te.

, 8, 1) = min b+ g.s—g-t+ N — V) — max , 2
¢(M ) (>\7’/>€A<M7S7t>< M g g f f ) (,LL,S,t)GM ( )

M ={(n,s,t) | B'u—t+s=dys>0,t >0},

Alp,s,t) ={(\v) |Ap—v+A=cv>0,A2=0},

Ha3bIBacTCS JIBOWCTBEHHOM K 3aaaye (1).
Hcnonw3ys 3amady (2), a Takke pe3yybTarsl padoThl [3] npeiokeH Meton pemieHus 3aaaqn (1).
ITpy 5TOM OCHOBHBIM HHCTPYMEHTOM HCCIIE0OBAHUE SBIISETCS IIOHATHUS ONOPSI [4].
[TpuBoasTCS MILTIOCTPAaTUBHBIN NpuMep 3a1auu (1) npu cleayomux 3HaYeHUIX TapaMeTpoB:

¢ =(1;-1;0),d" = (1;0;—1;1;5),
fl = (=5;=30;0), f*" = (3;25;50),

g. = (—109; —6; —101; —10; —3),g*/ = (44;6;298;10;15),

101 63234\ ., .
A"<01 1>’B“(42123>J’_<a4y
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On estimates for solutions to
a class of nonautonomous systems of neutral type
with concentrated and distributed delays*

Inessa I. Matveeva

Novosibirsk State University, Novosibirsk, Russia
i.matveeva@g.nsu.ru

We consider a class of neutral type systems of nonautonomous differential
equations with concentrated and distributed delays. Using a Lyapunov-Krasovskii
functional, some estimates for solutions are established. The obtained estimates
allow us to conclude whether the solutions are stable.

Keywords: time-delay systems of neutral type, variable coefficients, estimates for
solutions, stability, Lyapunov—Krasovskii functional

We consider time-delay systems of the following form:

t

pr (t)=At)y(t)+ B(t)y(t —7) + C’(t)%y(t —7T)+ / D(t,t — s)y(s)ds

t—T

+F (t, y(t),y(t — 1), %y(t —7), / D(t,t — s)y(s) ds) , t>0, (1)

t—r

where A(t), B(t), C(t), D(t,s) are (n X n)-matrices with continuous real-valued entries; i.e.
a;;(t), b;;(t), c;;(t) € C(Rr): d;;(t,s) € C(Rr x [0,7]), i,j=1,...,n,

7 > 0 is a delay, F(t,uq,uq,us,uy) is a continuous real-valued vector-function. We assume
that F'(t,uq,uq,us,uy) is a Lipschitz function of uy, u, on every compact set G C [0,00) x
R™ x R™ x R™ x R™ and satisfies the inequality

|F(t, g, wg, us, wy)|| < qqflug || + gofus|, t>0, u;€R* ¢;>0.

* The research is supported by the Russian Science Foundation (grant no. 24-21-00367), https://rscf.ru/project/24-21-00367/.
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Using a Lyapunov—Krasovskii functional introduced in [1] and functional difference equa-
tions, we establish some estimates for solutions to these systems. The obtained estimates
allow us to conclude whether the solutions are stable. In the case of the exponential stability,
stabilization rates of the solutions at infinity are pointed out. The present work continues
our investigations of properties of solutions to nonautonomous time-delay systems (see, for
example, [2, 3]).
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Optimization of the solutions of the pseudogeometric
version of the traveling salesman problem
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We continue to consider the pseudogeometric version of the traveling salesman
problem. At the same time, we propose our own version of the “onion husk”
algorithm, which, unlike its usual descriptions, is oriented not to a geometric
variant, but to a pseudo-geometric one. We also describe our own version of
random data generation for computational experiments, and we consider this
option adequate for most real models. For each of the several variants of the
problem dimension, we conducted some computational experiments with randomly
generated input data. The obtained results of computational experiments generally
approximately corresponded to the expected values.

Keywords: optimization problems, traveling salesman problem, Hamilton cycles,
heuristic algorithms

In this paper, we continue to consider the pseudogeometric version of the traveling salesman
problem, [1,2,3,4,5,6]. We compared the total length of the contours (which differs little from
the current solution obtained based on the selected contours) with the optimal solution
calculated using the branch and boundary method. Further, based on the generated variants of
the geometric version, we modify these variants to obtain pseudo-geometric variants using two
values of the standard deviation: ¢ = 0.04 and 0 = 0.08. When generating the corresponding
pseudo-solution, we use the same sequences that were found for the original geometric variant;
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in both cases (geometric and pseudo-geometric), the sum of the contour lengths is taken into
account for some simplification. For the criterion of response quality, we fixed the result of
the ratio of the solution of the pseudogeometric variant obtained in this way to the solution of
the corresponding geometric variant. As the results, we obtained the table given below.

K R 0,04 0,08
20 | 3,71 -0,73 2,09 4,17
45 | 6,17 -1,02 3,11 6,82
79 | 8,71 -2,11 4,87 9,13
199 |16,71 — 9,22 20,01
499 (30,29 — 34,34 70,34

The dimension is indicated in the table of calculation results for rows. All other results (in

each cell of the table) are averaged as follows: a certain number of computational experiments
were carried out with randomly generated data, then the smallest and largest values obtained
were discarded, the arithmetic mean was calculated for the remaining values.

a
a

a

The “K” column shows the average number of resulting contours for the geometric variant.
The “R” column is the ratio of the solution with contours to the optimal solution. For this
column and its cells, the following additional comments are needed.

The dimension is considered no more than 79, because exact solutions are required for the
table, they are calculated using the method of branch and bound (the variant of it that
was described in previous publications, firstly in [2]), because of this, restrictions occur.
We have already noted that instead of the value of the solution, we use the sum of the
contour lengths. The negative values are associated with this, i.e., instead of deterioration
of the values, their improvement occurs.

The last columns are marked with the values of the standard deviation for the pseudo-
geometric version, 0.04 and 0.08. In them, we place the calculated ratio of the “adjusted
to the answer” solution of the pseudo-geometric version (i.e., the solution corresponding to
the order of points of the geometric version) to the geometric solution. It is clear that in
real algorithms for solving the pseudo-geometric version of the traveling salesman problem,
we cannot get such a value; however, we can get it by knowing the generation algorithm,
and these values are interesting for describing the solution algorithms.

At the same time, in the last two columns, the result is given as a percentage: for example,
the value 4.17 corresponds to an increase of 1.0417 times.

We think, that the obtained results of computational experiments in general approximately

correspond to the expected values.
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(section “Shenzhen 2022 — Science, Technology and Innovation Commission of Shenzhen
Municipality”).

References

[1] Gutin G., Punnen A. (Eds.): The traveling salesman problem and its variations. Nether-

lands, Dordrecht: Kluwer Academic Publishers, 2002, 856 p.

[2] Melnikov B., Melnikova E. About the classical version of the branch and bound method.

Computer tools in education. 2021. No. 1. Pp. 21-44 (in Russian).

[3] Melnikov B., Melnikova E. On the classical version of the branch and bound method.

Computer tools in education. 2022. No. 2. Pp. 41-58.

179



[4] Melnikov B. On the object-oriented implementation of the branch and bound method for
the traveling salesman problem. Part I. Modern information technologies and IT education.
2022. Vol. 18. No. 2. Pp. 287-299 (in Russian).

[5] Melnikov B. On the object-oriented implementation of the branch and bound method for
the traveling salesman problem. Part II. Modern information technologies and I'T education.
2022. Vol. 18. No. 3. Pp. 644-654 (in Russian).

[6] Makarkin S., Melnikov B. Geometric methods for solving the pseudo-geometric version of
the traveling salesman problem. Stochastic optimization in computer science. 2013. Vol. 9.
No. 2. Pp. 54-72 (in Russian).

Control of autonomous vehicles on the basis of the
observation of surrounding landscape
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Navigation based on observations of the current video image is one of the most
promising means of navigation and control of unmanned vehicles in conditions
of limited use of satellite navigation tools. In autonomous motion mode, simply
adding a video camera in the absence of recognition and interpretation tools to the
inertial navigation system does not have a significant effect. In this case the optical
flow remains one of the main navigation tools.Therefore, extracting navigation
information from a sequence of images plays a key role. An important characteristic
of the observed images is the evolution generated information flow. Examples are
optical flow during video surveillance, Doppler measurement of absolute velocity,
and the evolution of the relief of the measured range using multipath sonars. From
an algorithmic point of view, they are very close, which allows us to combine their
discussion in this report.

Keywords: unmanned vehicles, navigation, optical flow, estimation

YupasieHne aBTOHOMHBIMY NOABUKHBIMM CPEeACTBAMH HA OCHOBE
HAOJIIOICeHUH 32 OKPYKAIUM JIaHAmAagTOM

A. b. Munnep, b. M. Munnep, A. K. Tlonos, K. B. Cremansin

denepanbHOe rocyIapcTBeHHOE Oro/KeTHOE yupekaeHne Hayku MHcTutyT npobnem nepenaun undopmanuu um. A.A. XapkeBuua
Poccuiickoit akanemun Hayk (UITITM PAH), Mocksa, Poccus
amiller@iitp.ru,bmiller@iitp.ru,ap@iitp.ru,KVStepanyan@iitp.ru

HaBI/IFaHI/IH 10 HB.6.TIIOI[€HI/I$IM TEKYLICTO BHI[@OHSOGpa)KeHI/IH ABIACTCA OOJHUM U3 HaHU-
bonee MNEPCHNCKTUBHBIX CPCACTB HABUT'allUU U YIIPABJICHUA 0OeCITUITOTHBIMHU arraparaMu B
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YCIIOBHSAX OTPaHUYEHHOTO IPUMEHEHUS CITyTHHKOBBIX CPEJICTB HaBHTaluu. B pexxume aB-
TOHOMHOTO JIBUKEHUS MTPOCTOE T00ABICHUE BUACOKAMEPHI MPH OTCYTCTBUH CPEACTB pac-
MO3HABaHUS Y WUHTEPIPETALUU K CHCTEME MHEPIUAIBHOW HABHTAIMK HE JaeT 3HAYUMO-
ro s dexra. [TosToMy M3BIIEUCHNE HABUTAITMOHHON MH()OPMAITUH U3 TTOCIICOBATEIIEHOCTH
M300paKCHNUH UTPaAET KITFOUEBYIO poJib. BaXKHOW XapaKTepUCTUKOW HAOII0MaeMbIX H300pa-
JKCHUH SBIISICTCS DBOJIOLIUS MIOPOXKAAEMOT0 HH(OPMALIMOHHOTO TOTOKA. [Tpumepamu sBis-
IOTCSl ONTHYECKUI MOTOK TP BUICOHAOIIOICHNUH, TOTITICPOBCKOE U3MEPEHUE a0CONMIOTHON
CKOPOCTH M 3BOJIIOLHS penbeda N3MEPEHHOM NaJbHOCTH MPHU UCTIOIH30BAHUNA MHOTOJTyYe-
BbIX COHapoB. C aNrOpUTMUYECKON TOUKH 3PSHHUSI OHU BeCbMa OJIM3KH, UTO MO3BOJISET 00b-
eIMHHUTD UX 00CYXJCHHE B TaHHOM JIOKJIAJIE.

KnroueBble cjioBa: OcCIUIOTHBIN arrapar, HaBuramus, ONTHYCCKUMN IIOTOK, OICHHUBAHUC

CrpykTypa aokJjaaa

1. VYnpapnenue BITJIA Ha ocHOBE NENEHTalMOHHBIX U3MEPECHUMA
U TeomeTpusi ONTHKO-3JIEKTPOHHOM CHCTeMbI HaOmoneHNs. Mo/ielib KaMepbl-00CKYpBI
(pinhole camera)
O VYrossie npeoOpazoBaHus
U KoopaunatHble mpeoOpazoBaHus
U Monenb neneHralioHHbIX H3MEPEHUI
U 3amauu ¥ METO/IBI OLICHUBAHHUS
U MoauduiupoBaHHbIH METOJT TICEBION3MEPCHHIA
2. VYmpasnenue BITJIA Ha 0CHOBE BUIEONIOCIIEN0OBATEIBHOCTEN.
U BuaeonocnenoBaTeIbHOCTh M ONTUYESCKHI TOTOK
U MeTtons! pacyeTa ONTHYECKOTO MTOTOKA
U Cas3p ONTHYECKOTO MOTOKA C MOJIOKEHHEM U iBHKeHHeM BITJTA
Q TIpumepbl UCTIONB30BAHKS ONITHYSCKOTO MOTOKA
3. 3akiIl0YeHUE U BHIBOJBI

33[{3‘11/[ M ME€TOAbI OIICHUBAHUA

U Pa3Benka u 1eneykazaHue
U Hasuramus BITJTIA
U CrexeHre 3a MOJBIKHBIMU IIEJISIMU M OIIPE/ICIICHHE UX CKOPOCTEH

Oco0eHHOCTH 331241 OLIEHUBAHMNS, PA3JIUYHbIE€ METOIbI

U JluHeapu30BaHHBIN U paciiupeHHbli GuisTp Kanmmana
Q Particle filter

U Meron niceBaon3MepeHmii

O Venosao-ontumanbheiid Guinstp B. C. [lyrauesa

KoMmiutekcupoBanue nmejieHralMOHHBIX N3MepeHuii co ctanaapTabiMu cuctemamu UHC tpedyer:

U HecMeleHHOCTH OIICHOK
U 3nHaHue ux KavyecTBa (CpeaHe-KBaApaTUICCKUX OMIMOOK OIICHUBAHMSI)
U VYudera cy4ailHOCTH CpeIHE-KBaIPATUYCCKUX XapaKTCPUCTUK OIIUOOK OlCHUBAHUS
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An optimization approach to search of Nash equilibrium
in nonmonotone quadratic games

[lya Minarchenko

Melentiev Energy Systems Institute SB RAS, Irkutsk, Russia
minar@isem.irk.ru

We investigate normal form game with quadratic payoffs and polyhedral strategy
sets. The game is not supposed to be monotone and concave, therefore Nash equi-
librium may not exist. The Nash equilibrium problem is reduced to minimization of
nonconvex implicit function. Global and local search methods based on nonlinear
support functions are proposed for this statement.

Keywords: Nash equilibrium, nonmonotone game, global optimization

OnTuMHM3aLMOHHBIN MOAX0X K MOMCKY PABHOBECUSA
no Hamy B HEeMOHOTOHHBIX KBa/IPpATUYHBIX MI'PaX

H. M. MunapueHko

Wucruryt cucrem suepretuku uM. JI. A. MenentseBa CO PAH (MCOM CO PAH), Upkyrck, Poccust
minar@isem.irk.ru

Uccnenyercs urpa B HopManbHOH GopMe ¢ KBaIpaTHIHBIMH (DYHKITUSMHU BHIMTPHIIIA H
MHOKECTBAMH CTPATETrni, 3aJaHHBIMU BBIYKJIBIMH MHOIOIpaHHUKaMU. MOHOTOHHOCTb U
BOTHYTOCTb UT'PBI HE IIPEAIIONIAracTCs, B CUIIy YETO HE FapaHTUPYETCS CYLIECTBOBAaHHUE PAB-
HoBecus 1o Homry. 3agadya norucka paBHOBECHS CBOIUTCS K 3a7a4e MUHUMH3AIHI HEBBITYK-
JIOW HeSBHO 3ajaHHON QyHKIMH. [[71s1 perenns yka3aHHON ONTUMU3AIIMOHHON TOCTaHOBKHU
MIPEIaraloTCsl METO/IbI TII00ATBHOTO | JIOKAJIBHOTO MTOMCKA, OCHOBAaHHbBIE HAa MCIIOJIb30Ba-
HUUW HEJIMHEHHBIX OMOPHBIX (PYHKIIAH.

KuaroueBnble ciioBa: paBHOBecHe 1o Ha1ry, HEMOHOTOHHAs UTPa, TII00ATbHAS OTITUMH3AIINS

PaccMoTpuM urpy n ui B HopmanbHoii hopme. [Tycte N = {1,2, ..., n} — MHOXeCTBO UIPOKOB,
X; C R™i — MHOXeCTBO CTpaTerui ¢-ro urpoka, m = m, + my + -~ + m,, — oOllee Yucio
nepemeHHbIX, X = X X Xy x---x X C R™ — mHoxecTBo cutyarmii urpsl, f,: X — R— dynkius
BBIUTPHIIIA ¢-T0 UTpoKa. R 0003HaYaeT MHOXKECTBO JeHCTBUTENBHBIX uncen. st moboro ¢ € N Oynem
npesronararh, 4To X; sSBiIseTcs OrpaHMYeHHBIM MHOKECTBOM BU/IA

X, ={x, e Rmi: Az, <b,},

e A, € R"*™i b, € R", ¢ € N. OyHKIUH BBIUIPHIIIA OHPEACIUM CICAYIOLINM 00pa3oM:

1
filx) =a] <§Bixi + di> + Y z/Cyx;, i€N,
JEN{i}
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rie B; € R™i*™i — cuMmeTpuuHBIe W, BOOOIIE TOBOPS, 3HAKOHEOTpe/enénnble Marpuibl, C,; €
R™*™i, d; € R™i. O603Ha49uM (Y;, T_;) = (X1, Lo, o s Ti_1,Ys> Tip1s - Ly ). 381298 3AKIOIACTCS
B HAXO)KJIEHUHM PaBHOBeCHs 110 Houry, To ecTh Takoii cutyanuu 2* € X, Juist KOTOPOH BBIIOJIHEHO

filwi ) = fi(@;, 7)), r; € X;, 1€N.
Paccmorpum cnenyronme Gynkuuu [1]:

o(x,y) = (filypa_y) = filw,n_y),  Flz) = maxe(z,y).

1€N yeX

HerpyaHo y6emuthest, uro F'(z) > 0 misa mo6six © € X. J{st Toro 4ro6bl cutyanus x* € X siBist-
Jach paBHOBeCHeM 110 Hamry, He0OX0IMMO U J0CTAaTOYHO, YTOOBI F' (m*) = 0[1]. Otcrona cnexyer, 4To
MHOKECTBO PaBHOBECHIA SIBISIETCS IYCTHIM TOT/IA U TOJBKO Tora, Koraa F'(z) > 0 mus mobsix © € X.
YuuThIBas HEOTPULIATEIILHOCTh PYHKINUU F, pacCMOTpUM 3a71a4y

F(x) — min, reX. (1)

Ecnu MHOXECTBO paBHOBECHU HEITyCTO, TO OHO COBIAJAeT C MHOXKECTBOM peuieHuid 3amaun (1) [2].
; T T
Beeném crenyromue Bekropsl 1 Matpuus: d = (d; dy ... d,) , b= (by by ... ],) ,

0 Cpy...Cy, B, 0 ..0 A 0 .. 0
o |G 0 Oy, p_| 0B 0 A | 0 A0
C, Cy.. O 0 0 ..B, 0 0..4,

Torna i kBagpaTuyHO# Urpel GyHKIUs [ pumer Bua

F(x) = max 1yTBy +y"(Cx + d)} — ! <lB + C> r—x'd,
yeX 2 2

e X = {x € R™: Az < b}. Jlns noucka miobanbpHOro ontumyma 3aaadn (1) npeiaraerest METOR,

OCHOBaHHBII Ha aNMPOKCUMAITUH [IeTIeBOM (DYHKITMH CHU3Y HETMHEWHBIMH OTIOPHBIMU (QYHKIHUAMHA. Ec-

JIM TOTIOJTHUTENBHO MPEAONI0KUTh, YTO (DYHKIIMU BBIUTPHIIIA CTPOTO BOTHYTHI 10 COOCTBEHHBIM IEpe-

MEHHBIM, T. €. MaTpulbl B, ..., B, OTpUIaTeIbHO ONpPEIETICHBl, TO MOXKET OBITh PACCMOTPEH METOA

JIOKaJbHOTO MOUCKA, OCHOBAaHHBIN Ha d.c.-pa3noxeHun QyHKimu F.
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The problem of the inflow of a hot thermoviscous liquid
into a cooled annular channel*

Mukhutdinova Aygul Ayratovna

Mavlyutov Institute of Mechanics UFRC RAS, Ufa, Russia
mukhutdinova23@ya.ru

The features of the flow of a liquid, the viscosity of which depends on tempera-
ture, are studied under various conditions of heat exchange in an annular channel
filled with a stationary liquid. The mathematical model includes the Navier-Stokes
equations taking into account variable viscosity, as well as continuity and energy
conservation equations. The influence of rheological parameters of the liquid and
heat exchange conditions on the characteristics of liquid inflow has been established.
It is shown that the hydrodynamic parameters of the flow strongly depend on the
location of the flow region with high viscosity. Diagrams of axial velocity were
constructed in various sections of the channel. The influence of channel geometry
on the asymmetry of the temperature distribution and the viscous barrier was also
noted.

Keywords: thermoviscous liquid, annular channel, heat-transfer conditions

1 The main results

The processes of heat exchange between a fluid flow and the external environment largely
determine the characteristics of the flow. In this case, taking into account the dependence
of viscosity and thermophysical constants on temperature makes a significant contribution
not only to the quantitative, but also to the qualitative characteristics of the flow. Under
the assumption of an exponentially decreasing dependence of viscosity on temperature [1], a
significant number of hydrodynamic studies have been carried out to solve various problems
in geophysics, ecology, metallurgy and the chemical industry. Meanwhile, the dependence
of viscosity on temperature can also have a non-monotonic character, the physical nature of
which can be explained by the continuous processes of polymerization and decomposition of
polymer chains. The nonmonotonic nature of the temperature dependence is revealed when
determining the viscosity of some amorphous metal alloys in the liquid state [2,3]. As was
shown in [4,5], the property of non-monotonicity can be used in flow diverter technologies
for the production of liquid hydrocarbons. The article [6,7] presented results on determining
the characteristics of the steady-state flow of an anomalously thermoviscous fluid in flat and
annular channels.

In this work, a detailed study of the features of the inflow of liquid with a dependence of
viscosity on temperature at various values of heat transfer parameters into a channel of an
annular cross-section filled with a stationary liquid was carried out.

The mathematical model consists of modified Navier-Stokes equations taking into account
variable viscosity, continuity and energy conservation equations, written in a cylindrical
coordinate system in the presence of axial symmetry [8]. The equations of the mathematical

* The research work was supported by the state budget funds for the state assignment 124030400064-2 (FMRS-2024-0001).
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model are implemented using computer code based on the control volume method using the
SIMPLE algorithm.

Using numerical modeling, the influence of rheological parameters of the liquid and heat

exchange conditions on the characteristics of liquid inflow was established. It is shown that
the hydrodynamic parameters of the flow strongly depend on the location of the flow region
with high viscosity. Diagrams of axial velocity were constructed in various sections of the
channel. The influence of channel geometry on the asymmetry of the temperature distribution
and the viscous barrier was also noted.
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Decomposition of Webullah function into an orthogonal
row

R. R. Mutigullina!, R. D. Murtazina?
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When expanding the Weibull distribution function into an orthogonal series of
exponentials, the coefficients are uniformly convergent integrals with the parameter.

Keywords: Weibull function, orthogonal series, uniform convergence

Pasznoxkenne pynkuuun BeiOyiiia B OpTOroHAJIbHBIN P

P. P. Myrurymmna', P. JI. Myprasuna®
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[Tpu paznoxennn pyHKIUU pacnpenenenus BeiiOymnina B OpTOroHaJbHBIN psifl SKCIIO-
HEHT KO3 QUINEHTHI IPEACTABIAIOT cO00M paBHOMEPHO CXOMSIIMECS UHTETPalbl C mapa-
METPOM.

Karouessble ciioBa: (yHkius BeiiOymia, opTOroHaJIBHBIN psil, paBHOMEPHASI CXOIUMOCTb

Paccmotpum pyHkmmro pacupeneneHus BeiOymia

ft) = k (f)kl el )k,

r

Sl

¢ mapamerpamu = 1, k =1, 5.
B pabote nony4eHo pasiokeHne TaHHOU (YHKIIUU B OPTOTOHATIBHBIN PsijI

f(t) = Zaz@(t),
=1

IJIe OPTOrOHANIbHBIC (GYHKIHNHU ¢, (1) BBIpaXKaroTCs B BUJIE

l
Gt)=> Ny-e TV 1=12,
=1
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bynewm cunrars, uro 3 = 1. KoadduuueHts! a; psaa onpenenstorcs Tak

a = / et f() (o),

a UIMCHHO l
3 o0 .
CLl — 5 Z)\lz/ \/Eeit\/ziltdt.
=1 0

0o L

Hurerpan fo Ve Vit gy paBHOMEPHO CXOAMTCA. 3ajaBasi rpaHuLbl HHTErpupoBanus ot 0 1o
O BBIYUCIUM WHTErpansl npu ¢ = 1,2,3,4,5,6 METOAOM IPSIMOYTOJILHUKOB, METOJIOM Tparneuui u
MeToaoM CuMIICOHa.
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On calculating the mapping degree of the gradient of a
smooth positively homogeneous function

Alizhon Naimov, Alexander Korovin

Vologda State University, Vologda, Russia
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The report addresses the issue of calculating the mapping degree of the gradient
of a smooth positively homogeneous function on the unit sphere of the Euclidean
space R™, n > 2. A scheme for proving the formula for calculating rotation
is discussed and some consequences are given. The formula for calculating the
mapping degree is refined in cases where the set of zeros of a function has a certain
structure or a function is represented by a product of simpler functions.

Keywords: positively homogeneous function, gradient of a function, vector field,
mapping degree of a vector field (topological degree), Euler characteristic

O BBIYNMCJIEHHH BpalleHUsl IPAJANeHTa IIAJAKOi MOJI0KUTEIbHO
O/THOPOIHOM (PYHKIIHH ™

A. H. Haumos, A. JI. KopoBun

Bonoroackuii rocynapcrsennsiii yuusepeuret (BoI'Y), Bonorna, Poccust
naimovan@vogu35.ru, korovinal@vogu35.ru

B noxnane paccMarpuBaeTcs BOIPOC O BBIYMCICHUU BpAILCHUs (CTEIEHH OTOOpake-
HUS) TPAIUCHTA IJIaIKOW MOJOKUTEIBHO OAHOPOIHOM (DYHKIIMU Ha eNMHUYHOU cdepe eB-
KkiuaoBoro mpoctpanctea R™, n > 2. O0cyxmaeTcsi cxema JI0Ka3areibCcTBa (HOPMYIIbI
BbIYHCJICHUA Bpall€CHUA U IIPUBOAATCA HEKOTOPLIC CIICICTBUA. CDopMyna BbIYMCJICHUSA Bpa-
IICHWS YTOYHSETCS B CIyYasX, KOTJa MHOKECTBO HyJel (pyHKIUH UMEET OIpeIeIeHHYIO
CTPYKTYpy WM (pyHKIUS MPeACTaBlICHA IIPOU3BEICHHEM Ooiee MPOCThIX (PYHKIIUH.

KiroueBble ¢jioBa: MOJIOXKUTEILHO OAHOpOAHAA q)YHKI_II/IH, rpaduCHT (I)YHKHI/II/I, BCKTOPHOC
I0JIC, BpAalICHUEC BEKTOPHOT'O I10JIA, ai'mepOBa XapaKTCPpHUCTHUKA

Brruncnenue BpanieHus (CTENeHH 0TOOpaXeHHs1) BEKTOPHBIX MOJICH MpeAcTaBIseT HHTEPEC B IpU-
JIOKEHUH METOJIOB HEJIMHEMHOTO (PYHKIMOHAIBLHOTO aHalu3a B Teopuu AuddepeHnraIbHbIX U UHTe-
rpajJbHBIX YpaBHEHUU. MOXKHO OTMETUTH paboThi [1], [2], [3], Tie MeTonbI BRIYHCICHUS BPAIICHHUS BEK-
TOPHBIX NOJIEH MPUMEHSIOTCS K UCCIEN0BAaHUIO CYIECTBOBAHMS IEPUOJNYECKUX U OTPAaHUYEHHBIX pe-
LICHUH CUCTEM HEJIMHEHHBIX OOBIKHOBEHHBIX TU(PepeHIINaIbHBIX YPaBHEHUH.

B pa6ote [3] anoHCcHpOBaHa popMmyna

Y(Vo, 5771 =1 —x(Q_(v)), (1)

* McenenoBaHue BBINOIHEHO 3a cyeT rpanTa Poccuiickoro HayuHoro ¢onpa Ne23-21-00032, https://rscf.ru/project/23-21-00032/
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e y(Vv, S 1) — Bpamenue rpaauenta Vv miaakoll MOSOKHTENBHO OJHOPONHON QyHKIMH v €
C'(R™ {0};R"), Vu(z) # 0 Vo € S™', na enunmanoii chepe S*~' = {z € R” : |z = 1}

eBKJIMI0BOTO TipocTpancTBa R™, n > 2, x(2_(v)) — oilsiepoBa XapakTeprCTUKA 3aMBIKAHUS MHOXKE-
CTBa

Q_(v) ={x e S :v(x) <0},

npu 5tom X (Q_(v)) = 0, ecmu ©_(v) mycro. B paGorax [4], [5], ucrons3ys hopmymy (1), mokazans!
TEOPEMBI O CYIIECTBOBAHUU MEPUOJUUECKUX M OTPAHUYEHHBIX PEIICHUH I CUCTEM OOBIKHOBEHHBIX
TuddepeHnnanbHbIX YpaBHEHUH IEPBOTO MOPSAKA C IVIABHOW IPaJUEHTHON MOJIOKHUTEIBHO OJHOPOI-
HOM HEJIMHEUHOCTBIO.

B pat6ore [6, c. 3-4] naHO mosicHeHue, Kak popMysibl BUaA (1) MOXKHO IMOIYYHTh HETIOCPEICTBEHHBIM
npuMeHeHueM teopur Mopca. B HacTosieit pabote npeuiokeHa cxema okasarenbersa popmynsi (1).
CyTb Npe/yIokKeHHOH CXeMBI COCTOUT B TOM, 4To Bhraucienue y(Vov, S 1) cpoaurcs k BEIUMCIEHHIO
BpaILlEHUI KacaTeJIbHOW COCTABIIAIOILEH

Vou(x) — <Vv(x),x>xi|2, reSm

Ha TPaHMIAxX CBA3HBIX KOMIOHEHT MHOXecTBa (2_(v), e (z,y) = 1Yy + ... + x,,Y,, — CKaISIpHOE
npousBeaeHue B R"™. YcTaHOBIEHO, YTO BpalllCHHE KacaTeJIbHOW COCTABIISIONICH Ha MPaHUIE KaKIOH
CBSI3HOM KOMIIOHEHTBI PABHO 3MJIEPOBOM XapaKTEPUCTHUKE 3aMbIKaHUS JaHHOW CBA3HON KOMIIOHEHTHI.
CxeMy J10Ka3aTesIbCTBA MOXKHO MPUMEHHTD JJIsi BBIYMCICHHUS BPAIICHUS HETPAJMEHTHBIX BEKTOPHBIX
nosiei (cM., Hapumep, [7]).

CrpaBenuBHI Cieyrolue yTouHeHus: popmyisl (1).

Teopema 1. Ecau mnosicecmeo Qq(v) = {x € S™ ! : v(z) = 0} cocmoum us py(v) ceasmwix
KOMNOHEHM, Kaxucoas u3 Komopuix ouggpeomopgua cgpepe S™2, mo sepna popmyna

y(Vov, 8" 1) = 1 —po(v), ecaun—uemno,
P4 (v) — p_(v), ecnu n — nevemmno,

20e p_ (v) — uucno cesznoix komnonenm muoxcecmea 2, (v) = {x € S : +ov(z) > 0}.

Venosue teopemst | mpu n = 3 Bceraa Beimonusiercst. llpu n = 4 muox)ectBo §2,(v) cocrour
13 P (V) IByMEpHBIX OPUEHTHPYEMBIX IIIaJKHX MHOT00Opaswuii 6e3 kpast. Kaxmoe rakoe MHOroobpasue,
KaK U3BecTHO, nuddeomopdro chepe ¢ pyukamu. 3Hass HAOOP KOJIUUECTBA PYyUCK ¢, ... , T o (v) CBA3HBIX
KOMITOHEHT, HaXOJM

p

X(Qy(v) =2(1—ry) +...+2(1— rp0<v)).

Teopema 2. Eciu n = 4, mo éepna ¢hopmyna
Y(V0,8%) =1 —po(v) + 11 + oo +7p ()5

20€ Ty, ..., Ty (y) — HAOOP KOTUUECEA PYHUEK CEASHBIX KOMNONEHM MHodcecmed o (v).
Teopema 3. ITycmo ¢ynxyuu v, € CH(R™ {0};RY), i = 1, N yooeremsopsiiom ycroeuam
a) Vo, (x) #0Vz #0,i=1,N;

0) [v;(x)| + |v;(x)| > 0V # 0,0 # j;

8) Vi=1,N—1aubo Q_(v;) CQ, (v;; ... - vy), b0 Q_(v;) CQ_(v;; 1 - ... - V).
Tozoa sepna gpopmyna

X(Q (v .o oy)) = _ (V53041 - U)X (O (1) + X(Q_(vy)),

20e



B wacmuocmu,

N
X(Q_ (v e vy)) = Zx(ﬁ_(vi)), ecnu m — 4emHo.

=1

Amnanorudno pabote [8, Lemma 2] MOXHO TIOKa3aTh, 4TO JIFOOYIO MOJIOKUTEIBHO OTHOPOIHYIO (T10-

pamka m > 0) dyskmaro v € C1(R™ {0}; R'), rpaguent koTopoii He o6pamaercs B HOMTb, MOKHO
npescTasuth B Bujie npoussenenus v(z) = |z|™ Ny (z) - ... - vy(x), I N = pyo(v), DyHKImMH v;,
i = 1, N NONIOXHUTENHHO OIHOPOIHBIE TOPSAIKA | M YIOBIETBOPSAIOT YCIOBHAM a) — B), @ COOTBETCTBY-
romue UM MHOXKecTBa (2 (v;), i = 1, N cOBMAAIOT CO CBA3HBIME KoMIOHeHTaMH §, (V).
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Stabilization of linear three-dimensional stationary
discrete systems

Vladislav O. Nesterov

Adyghe State University, Maykop, Adyghe Republic, Russia
v.nesterov@adygnet.ru

The paper deals with the problem of stabilisation of a three-dimensional linear
stationary discrete system by nonstationary feedback. The solution of this problem
lies in the context of solving the discrete analogue of the Brockett problem on
stabilisation of multidimensional linear stationary discrete controlled systems by
means of linear nonstationary feedback. We consider the cases when in the controlled
system the output is one of the coordinates of the state vector.The nonstationary
stabilising feedback is sought in the class of periodic feedbacks of period three.
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back, controlled and observed system, characteristic polynomial, stabilisation region,
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Cradmwiu3anusi TpeXMepHbIX JHHEHHBIX JTMCKPETHBIX CHCTEM
NMepUuoOANYeCKON 00PATHOM CBA3BHIO

B. O. Hecrepos

DakynbTeT MaTeMaTUKH U KOMITBIOTEPHBIX HAYK
AnpITeiicKui rocylapCTBEHHBIN YHUBEpCHUTET, Afpires, Poccus
v.nesterov@adygnet.ru

B nmoxmane paccMarprBaeTcs 3aada CTaOUIN3aIiuy TPEXMEPHOU IMHEHHON CTaIllmoHap-
HOW JIMCKPETHOW CHCTEMbI HECTAITMOHAPHON 0OpaTHOM CBsA3bIO. PereHne nanHoM 3a1aqu
JISKUT B pyCJle peleHus] JUCKPETHOI 0 aHajiora npooiaemsl bpokerra o crabunuszanuu MHO-
TOMEPHBIX JTUHEHHBIX CTALlMOHAPHBIX JUCKPETHBIX YIPABISEMBIX CUCTEM C MOMOIIBIO JIU-
HEWHOW HecTalMOHApHOM o0paTHOM cBs3u. PaccmarpuBaioTcst ciyyau, Korja B ynpasJsie-
MO crcTeMe BBIXOJIOM SIBIISIETCS OJTHA M3 KOOPJIMHAT BEKTOpa cocTosiHus. HecrarmonapHas
cTabmu3upytromas o0paTHas CBS3b HILETCS B KJIACCE IEPUOANICCKUX OOPATHBIX CBS3EH Tie-
puoaa Tpu.

KiaroueBble cioBa: JuHEHHAS JUCKPETHAS CHCTEMA, CTAOMIIH3AIUs, aCUMITTOTHYECKas yCTOM-
YUBOCTD, MEPUOANYECKas 0OpaTHas CBS3b, YIpaBisieMasi U HaOltogaeMasi CucTeMa, Xapak-
TEPUCTUYECKUN MHOTOWIEH, 00J1aCTh CTA0MIIN3AINN, MaTPHUIIA MOHOJIPOMHH

B noxmane paccmarpuBaeTcs 3aj1ada CTaOWIM3alMU TPEXMEPHOH JMHEHHON cTannoHapHOH auc-
KpETHOW CHUCTeMBbl HecTalmoHapHOU oOpartHo# cBsa3bio [1,2,3]. IlocTpoeHsl HecTanmoHapHble 00pat-
HBIE CBA3M — MEPUOAUYECKUE C TEPUONIOM 3, CTaOMIM3UPYIOIINE paccMarpuBaemyto cuctemy. Ilomy-
4yeHbl K0d()(PUIIMEeHTHBIE TOCTAaTOYHBIE YCIOBUS CTAOMIU3MPYEMOCTH paccMaTpuBaeMol CUCTeMbl. B
cilydae, KOrJa BBIXOIOM SIBIISIETCS IIEpBasi MM BTOPasi KOOPJIMHATA BEKTOpA COCTOSIHUS, TOCTPOCHHAs
HECTallMOHApHAasl 0OpaTHas CBSA3b PACIIUPSET B 1IEJIOM O0JIaCTh CTallMOHAPHON cTabmnu3anun. B ciy-
yae, KOIJa BBIXO/IOM SIBJISIETCS TPEThs KOOPAMHATAa BEKTOPA COCTOSIHUSI, HE MPOUCXOAUT PACIIUPEHUS
0071acTH CTaIMo-HApHOU cTabMIn3aIum.

Cnucok jureparypsbl
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The method of fictitious domains for an equilibrium
problem of a Kirchhoff-Love plate with a flat rigid
inclusion

N. A. Nikolaeva

North Eastern Federal University, Yakutsk, Russia
niknataf@mail.ru

An equilibrium problem for a plate with a flat rigid inclusion is considered. It
is assumed that a flat rigid inclusion reaches the boundary at the zero angle and
partially contacts a rigid body. The existence and uniqueness of a solution to the
problem are proved. We present differential and variational formulations of the
problem.

Keywords: plate, flat rigid inclusion, fictitious domain

Meton (pUKTHBHBIX 00/1aCTEel B 32/1a4€¢ 0 PABHOBECHH IJIACTHHBI
Kupxroga-JlsaBa ¢ IJII0CKHM KeCTKHM BKJIIOYeHHEM

H. A. HuxomaeBa

CeBepo-Bocrounslii penepanbHblii yanBepcurer uM. M. K. AMMocoBa, T. SIkyTck, Poccns
niknataf@mail.ru

Uccnenyercs 3amaya 0 paBHOBECHHU IUIACTUHBI, KOTOpPAsi COAEPKHUT IIIOCKOE JKECTKOE
BKIIOYeHMeE. [Ipeanonaraercs, 4To IIOCKOE )KECTKOE BKIIIOUEHHE BBIXOAUT HA TPAHULLY IO
HYJIEBBIM YIJIOM M YaCTUYHO KOHTAKTHUPYET ¢ Hele(opMHUpyeMbIM TeaoM. JlokazaHa Teope-
Ma CyIIIeCTBOBaHMS M €IMHCTBEHHOCTH peleHus 3ana4un. [IpuBenens! nuddepeHnmanbHas
1 BapHalMoHHasl (OPMYITUPOBKH 3a/1a9H.

KiroueBble cjioBa: IJ1aCTuHaA, IJIIOCKOC XCCTKOC BKIIIOUYCHHUC, (bHKTI/IBHaH o0J1acTh
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Numerical solution of a particular control problem with
phase constraints

Dmitrii Novikov

Institute of Mathematics and Mechanics, Ural Branch of the Russian Academy of Sciences, Yekaterinburg, Russia
ya.novikovdmitry@imm.uran.ru

The problem of controlling the horizontal movement of a rod on a plane is
considered. The rod is controlled by a constant modulo force applied to one of its
ends. The rate of change of the angle between the rod and the vector specifying
the direction of the specified force is used as a control parameter. Restrictions
are imposed on the control and the current phase state of the dynamic system
describing the movement of the rod. The desired control must satisfy the constraints
and ensure that the rod is placed on a given vertical axis with zero velocity and
with the required spatial orientation, with all restrictions on the current phase
state of the dynamic system describing its movement being fulfilled. A particular
method for constructing such a control is discussed, based on the decomposition of
a linear system of differential equations in a mathematical model of the problem.
Two auxiliary tasks are considered. The solution of the first forms a reference
function of the angle determining the deviation of the rod from the vertical, the
solution of the second determines the desired control. The results obtained are
illustrated by examples of numerical solutions to a number of model problems.

Keywords: linear dynamic system, system decomposition, phase constraints, per-
formance problem, optimal control

YucjieHHOE pelieHue 3a1a4u yrnpasjieHus ¢ ¢pa3oBbIMHA
OrpaHUYCHUSAMU

. A. HoBukos

WuctutyT Matematuku 1 Mexannku YpO PAH (MMM VYpO PAH), ExarepunOypr, Poccus
ya.novikovdmitry@imm.uran.ru

PaccmarpuBaeTcs 3aaua ynpaBieHHs TOPU30HTAIBHBIM IBMKEHUEM CTEP>KHS Ha IJI0C-
KOCTH. YIIpaBJIEHUE CTEPIKHEM OCYLIECTBIIECTCS € MIOMOLIBIO TIOCTOSHHOM 110 MOIYJIIO CH-
JIbl, IPUJIOKEHHON K OJHOMY M3 €r0 KOHIIOB, KOTOPAsl OTKJIOHSAET CTEP’KEHb OT BEPTHKAJIb-
HOTO MOJIOXKEHMs. B KauecTBe ynpasIisitomiero napaMeTpa uCIob3yeTcs CKOPOCTh U3MEHe-
HUS yIla MEXKIY CTEp’KHEM M BEKTOPOM, 33Jal0llMM HalpaBieHHe yKa3aHHOHM cuibl. Ha
yIpaBieHHEe U TeKylee (ha30Boe COCTOSHUE TUHAMUYECKON CHCTEMBI, OMTUCHIBAIOIIEH JIBU-
KEHHE CTEPIKHS, HAKJIaABIBAIOTCS OTpaHrueHus. Fickomoe yripaBiieHre JOKHO YIOBIETBO-
PATH OTPAaHUYEHUSAM 1 00€CIIeYNBaTh BBIBEACHUE CTEPKHS HA 3aJJaHHYIO BEPTUKAJIBHYIO OCh
C HYJIEBOW CKOPOCTBIO U C TpeOyeMOi MPOCTPAHCTBEHHON OpUEHTALMEH, C BBITOJIHEHUEM
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BCEX OrpaHMYEHUH Ha Tekyliee (a30BOE€ COCTOSHHE AMHAMUYECKOW CHCTEMBI, ONUCHIBA-
roliei ero nBuxeHue. O6CyKaaeTcsi OAUH IMOAXO0 NOCTPOEHHsI TAKOTO YIIPABICHUS, OCHO-
BaHHBIM HA IEKOMIIO3UIIUH JINHEHHOH cucTeMbl Tu(depeHIInanbHbIX ypaBHEHUN B MaTeMa-
TUYECKOM MOJENH 3a1aun. PaccMaTpuBaroTCs ABE BCIIOMOIATENbHBIE 3a/1a4l YIIPABICHUS.
Pemenne nepBoil GopmMupyer 3TaloHHYIO0 (QYHKIHIO yIvIa, ONPEAEISIOUIEro OTKIOHEHHE
CTEp>KHs OT BEpTUKaIU. Pelienne BTOpoii Ha OCHOBE 3TOM 3TaJOHHON (QyHKIMH ONpeess-
€T UCKOMO€ YIIPABIEHUE B UCXOAHOM 3a1aue. IlomyyeHHble pe3ysbTaThl WILIIOCTPUPYIOTCS
IIPUMEpaMH YUCIIEHHOTO PELIEHUS Psiia MOJEIIBHBIX 3aay.

KiroueBble cj1oBa: JMHEHAs JUHAMHYECKas CUCTEMA, JCKOMIIO3UI A CUCTCMBI, (1)3.30B]'>Ie
OrpaHU4CHUA, 3a]ada 6BICTpOH€ﬁCTBHH, OIITUMAJIBHOC YIIPABJICHUE

1. IlocTaHoBKA 3a1a4M

PaccmarpuBaercs nuHelHas cucteMa audQepeHnnanbHbIX ypaBHEHUH, ONUCHIBAIONIAs TOPU30H-
TaJIbHOE U BPAIlaTEIbHOE IBYKEHHS CTEPIKHSA Ha IUIOCKOCTH:

T =
g P
v=— (¥ +0)

rjie T — MOJI0KEHHE IEHTPA MACC CTEPIKHS, U — €0 CKOPOCTh, 1) — YTroJl OTKIIOHEHHSI OCH CTEPXKHS OT
BEPTHKAJIH, W — YIJIOBAsi CKOPOCTh BPAICHHUS CTEPIKHS BOKPYT IIEHTPa Macc, 0 — yroJl MEX/y HarpaBiie-
HHUEM MPUIOKEHHON CHITBI M OCH CTEPIKHSA, 17 — Macca CTEPIKHS, P — BEJIMYMHA TOCTOSTHHON 110 MOJTYJITIO
MPUIIOKEHHOH K KOHITY CTepPIKHS CHIIBI, [ — JUTHHA CTeP)KHS, J — €r0 MOMEHT WHEPIIHU CTEPIKHSI.

B moment Bpemenu ¢ = 0 11t cuctemsl (1) 3aaHbl Ha4aJIbHbBIE YCIOBHUS:

r=x, v =, v =1, W= w d =9, (2)

3HaueHUs ¥ ¥ O IOJDKHBI YIOBJICTBOPSATH OTPAHUUCHUSM:

|79| S ,ﬁmax (3)
|6’ S 5max
Ha YHpaBJICHUE U HAKJIAAbIBACTCS OI'PaHUYICHUE!
lu| < umax t€0,ty] 4)

IlycTb HavanbHBIA MOMCHT BpEMEHH ¢ HE 3a(UKCHPOBAH, HO CUMTast €ro pOpMalbHO 3a/JaHHbIM,
MOXHO C(OPMYIMPOBATh CIEAYIOUIYIO 337a4y YIPaBICHUS.

3angaual. Ins cuctemsl (1), y koTopoit B MOMeHT BpeMeHH ¢ = () 3a1aHO HadyaJIbHOE ycioBue (2),
Tpebyercst Ha uHTepBane Bpemenn [0, ¢ f] HalTH ynpasieHue ¥ (KyCOuYHO-IIOCTOSHHYIO (DYHKIIHIO), Y0-
BJICTBOpSIONIECE orpaHudeHuto (4) n obecreunBaromiee nepeBo cuctemsl (1) n3 HaganbHOTO (Ha30BOTO
cocTosiHMSI (2) B KOHEYHOE COCTOSTHUE:

=0 =0 W=0 w=0 & =0 (5)
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2. OcHOBHBIEC Pe3yJbTAThI

Jlns perienus 3a1auu 1 npejpsaraercs pacCMOTPETH JIBE BCIIOMOIaTeNIbHbIE 3a/1a4l YIIPaBJICHUS.

B nepBoii paccmarpuBaeTcsi TMHAMUYECKas CUCTEMa, ONKCHIBAONIAS MOCTYMATEIbHOE IBUKECHUE
LEHTPa MACC CTEPKHs, B NIPEAIION0KEHUH, YTO OTKIOHEHHE CUIIBI P OT OCH CTEP>KHSA Majo U OTINYHO
OT HyJIsl Ha HEOOJIBIIIOM UHTEPBAJIE BPEMEHHU:

T =0
, €07y 6
b—_P [0, 7] (6)
m
Jlns cuctemsl (6) 3a1a0TCS HauaabHbIC
z(0) =z, v(0) =v, (7
1 KOHEYHBIC
z(1p) =0, v(ry) =0 ®

ycioBusi. B kadecTBe ympaBleHUsI UCTIONB3yeTcst GyHKIHsS 1), Ha 3HAYCHUSI KOTOPOW HAKJIAIbIBACTCSI
OrpaHHYEHUE
(O] < o™t e 0,7y €)

st cuctemsl (6) pernaeTcs 3ajada ObICTPOICHCTBHS:
Tr
J () = / dt — min (10)
0

Oranonnoii Gynkuueit ¥*(t), t € [0, 75| Gynem nasbiBats pemenne sanayu (10).
3arem cTpouTes pasbuenne npomexyTka Bpement [0, 7;]

-
thir =ty + At, ity =0, At:Nf (11)

Bo BTOpOii BCOMOraTenbHO# 3a/ja4e Ha Ka)kI0M dIeMEHTapHOM HHTepBaie (i, || paccmarpu-
BACTCs CUCTEMA

Y =w

) l

w= —j-p-& tE [ty s (12)
§=u,

(a3oBOE COCTOSIHUE KOTOPOH B MOMEHT ¢ = ¢, 3aaeTcs ycloBusaMH (2). BeimonnsaeTcsa utepanuoHHas
110 2JIEMEHTAPHBIM HHTEPBAIAM BPEMEHH MPOLIEYPA, HA KaXKIOM LIAre KOTOPOH € MOMOIIBIO AITOPUTMA,
M3I0KeHHOro B [1], ompenensiercs ynpasnenue uy (t), rae t € [t,, ¢, ,]. C momorsio 3Toro ynpasie-
Hust cucrema (12) mepeBoauTCs U3 TEKYIEro COCTOSHHS B 3aJaHHOE COCTOSIHUE:

V(lpy1) = (tpp1),  wltppr) =0, 6(tpyq) =0. (13)
B pesynbrare Takol UTEpalliOHHON NPOLETYPE CTPOUTCS YIIPABICHHE
w*(t) = {up(r), 7 € [ty tpq) :k=1,... N — 1}, (14)

KOTOpOE Y/IOBJIETBOPSIET OrpaHHueHHIo (4) u nepeBoauT cucremy (1) U3 HauanbHOTO (Ha30BOr0O COCTOS-
HUs (2) B COCTOSIHUE

z(r3) =0, v(t}) =0, w(r}) =0, o(t3) =0, (15)
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B koTopoM U(7}) # 0.

Yro6bI 00eCIIeYnTh BBINONHEHHE YCiioBus (5), Ha MHTEpBaje BpeMeHu ¢ € [ty t f] C TIOMOIIIBIO
aJropUTMa, IPEJTIOAKEHHBIM B [ 1], cTponTCs yrpaBieHue Uy, KOTOpOe NepeBOIUT cUcTeMy U3 ha3oBoro
coctosiaust (15) B koHEUHOE cocTosiHUE (5).

Takum 00pa3oM, HCKOMOE yIPaBICHUE ISl HCXOAHOMW 3a/1a4K IPUMET BH/T

u*(t) — {UZ(t)a te [tkatk+1) (16)

un(t), t€ [ty ty]

[Tony4yeHHBIE pe3yabTaThl HIIFOCTPUPYIOTCS ABYMSI YUCIEHHBIMU PUMEPAMHU.
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On the existence of bounded solutions of differential
inclusions

Valerii Obukhovskii, Sergey Kornev, Polina Korneva

Voronezh State Pedagogical University, Voronezh, Russia
valerio-ob2000@mail.ru

One of the most effective and geometrically clear ways to solve the problem of
the existence of periodic solutions of differential equations is the method of guiding
functions, the general principles of which were formulated by M.A. Krasnosel‘skii
and A.I. Perov. The universality of the method under consideration allows it to
be applied to the problem of the existence of bounded solutions of differential
equations and inclusions (see, for example, [1]).

In this note, to effectively solve this problem, in addition to the classical concept of
a guiding function, its modifications are used an integral guiding function, a guiding
function on a given set, a multivalent guiding function (see, for example, [2]- [5]).

Keywords: differential inclusion, bounded solutions, method of guiding functions
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O cymecTBOBAHUHM OTPAHUYECHHBIX pemieHUu anddepeHnaIbHbIX
BKJIIOYEHUH "

B. B. O6yxosckuii, C. B. Kopnes, II. C. Kopaesa

Boponexckuii rocygapcTBeHHbIH Neparorndeckuii yausepcuret, Boponex, Poccus
valerio-ob2000@mail.ru

OnanM 13 Hanbomee 3GpPEeKTUBHBIX U TEOMETPHUYECKH HATJISITHBIX CITIOCOOOB PEIICHHUS
NEepUOAMYECKOl 3a1auu Uit AuddepeHnnanbHbIX YpaBHEHUH SBISIETCS METO]] HAalpaBIIs-
IOMMX (YHKIUHA, 00IIMe MPUHIMIIEI KoToporo chopmynupoanun M.A. KpacHocenbckuii
u A.W. TlepoB. YHUBEpPCATBLHOCTh PacCMaTPUBAEMOrO METOJIA MTO3BOJIIET MPUMEHATH €TI0
Y K 33J1a4€ O CYIIECTBOBAHUU OTPAHUYCHHBIX pelieHu TuphepeHIIMaTbHBIX YPABHCHUH U
BKITIOYCHMIA (CM., Harpumep, [ 1]). B HacToseit 3ameTke ai1st 3 (HEeKTUBHOTO pemeHHs ATOM
3aJ]a4 MOMUMO KJIACCUYECKOTO TOHSATHSI HAlPaBIAIOMEeH (yHKINN TPUMEHSIOTCS €T0 MO-
TU(UKAINY — HHTETpalibHAs HANIPpaBIIstomias (QyHKIMs, HapaBIsitonias QyHKIHS Ha 3a/1aH-
HOM MHOYKECTBE, MHOTOJIMCTHAS HaIpaBiisomas QyHKIus (CM., Hampumep, [2]— [5]).

KuroueBbie ciioBa: nuddepeHiraibHOe BKIIOYCHNE, OTPAHUYCHHBIC PEIICHUS, METO]T Ha-
MPABISIOMUX (QYHKITHHA. ..

1. OcHoOBHBIE pe3yJIbTaThI

Iycts MynmeTHOTOOpakenne F' : R x R™ — Kuv(R™) ynosneropsier Bepxuum L -ycnosusam Kapa-
TEOJOPHU U YCIIOBHIO MOJJIMHEWHOTO POCTa Ha JIF0O0M MHOXKeCTBE [a; b] X R™ (110 1OBO/Y TEPMUHOIOTUH
CM., Hanipumep, [2]).

Paccmotpum nuddepenipanbHoe BKIIOUSHHE CIIEAYIOIIEro BUa:

z'(t) € F(t,z(t)), teR. (1)
CrpaBennuB ciemyromuii ananor jeMMbl Kpacnocenbckoro MLA. (em. [1], Jlemma 8.1).

Jlemma 1. ITycmo {x,, } — nociedoeamenvhocme pewienuil maxas, 4mo

(1) kascooe pewenue x,, (t) onpedereno na npomesxcymre [—t,  t, |, npuuem t,, — oo,

(ii) cywecmeyem ocpanuuennoe mroxcecmso ) C R"™ makoe, umo x,(t) € Q,t € [—t,,t,]
o4 106020 n € N.

Toeoa ougpepenyuanvroe sxnouenue (1) umeem no kpatineii mepe 00Ho pewenue x(t), onpe-
Oenennoe oz écex t € R u makoe, umo x(t) € Q ona mobozo t € R.

[Ipumenenue pe3ynbsTraToB paboThl [6] TO3BOJSET YCTAHOBUTH CYIIECTBOBAHUE OTPAHUYEHHOIO pe-
neHus JudepeHnnaibHoro BKIodeHus (1) npu ycinoBun HaJIM4Ms y HEro KJIaCCHUECKOM HampaBIsiio-
e GyHKIUH, yIOBIETBOPSIONIEH YCIOBUIO KOIPIIUTHBHOCTH.

Teopema 1. ITycmo mynemuomobpasxcenue F : R x R™ — Kv(R™) yoosremsopsiem éepxnum ycino-
susm Kapameoodopu u ycnosuio noonuretinoco pocma. Ilycmo 8vlnonneno yciosue:

(*) cywyecmeyem r > 0 maxoe, umo onsmodvixt € Rux € R™, |z| = r, naudemcay € F(t,x)
marxoe, umo (x,y) < 0.

Toeoa ougpepenyuanvroe sxnouenue (1) umeem pewenue ., : R — R™ makoe, umo x,(t) €
B, onsamoboco t € R, 20e B, = {z : ||z| < r}.

* Pabora Beinonnena npu noguepxke PH®, npoexr Ne 22-71-10008.
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He menee Bq)(beKTI/IBHBIM OKa3bIBaCTCs METOA HAllpaBJIAIOIINX (bYHKLII/Iﬁ Ha 3aJaHHOM MHOXXCCTBC

(cMm., Hampumep, [3]), a TakKe METOA MHOTOJIMCTHBIX HaNpaBisiomuX QyHKIui (cM., Hanpumep, [5]).
Cy1iecTBeHHBIM MPEUMYIIIECTBOM IO CPABHEHUIO C KIIACCUYECKUM TTOIXO/IOM SIBJISIETCSI BO3MOKHOCTD
“IOKamM30BaTh” TPOBEPKY OCHOBHOTO YCJIOBHUS “HAIpaBIseMOCTH Ha 00JACTH MPOCTPAHCTBA, 3aBU-
CSITIICH OT CaMOU HaIPaBIISIONMIEH (PYHKIIUH.

Cnucok aureparypsbl
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M.: Hayxka, 1966.

bopucosny 0.1, I'eneman b.J1., Memmkuc A.Jl., OGyxoBckuii B.B. BBenenue B Teopuro MHOTO-
3HAYHBIX 0TOOpakeHn u nuddepeHImanpHbIX BKItoueHnid. M. : JInbpoxom, 2011.
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On impulsive fractional differential inclusions with a
nonconvex-valued right-hand side in Banach spaces*

Valeri Obukhovskii, Maria Soroka

Voronezh State Pedagogical University, Voronezh, Russia
valerio-ob2000@mail.ru
marya.afanasowa@yandex.ru

We study the Cauchy problem for an impulsive semilinear fractional order differ-
ential inclusion with a nonconvex-valued almost lower semicontinuous nonlinearity
in a separable Banach space. By using the fixed point theory for condensing maps,
we present a global theorem on the existence of a mild solution to this problem.

Keywords: impulsive differential inclusion, Cauchy problem, Caputo fractional

derivative, almost lower semicontinuous multioperator, condensing map, fixed
point, multivalued map, measure of noncompactness

The main results

We split the segment [0, 7] by points 0 < t; < ... < t,, < T,m > 1, and introduce the
notation I = [0,T] {ty,-,t,,}. For a function ¢ : [0,7] — E we will denote

elt) = Jim e(ty +9).

* The research is supported by RNF, project No. 22-71-10008.
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cltiy) = Jim c(t +9).

fork=1,...,m.
In the present paper we consider the Cauchy problem for a semilinear fractional differential
inclusion in a separable Banach space E of the following form:

ODix(t) € Ax(t) + F(t,x(t)), tel, (1)
$<0> = Ly, (2)

where ¢ D? is the Caputo fractional derivative of an order ¢, 0 < g < land F: [ x E — K(E)
is an almost lower semicontinuous multivalued map with compact values, A: D(A) C E — E
is a closed linear (not necessarily bounded) operator in E generating a uniformly bounded
Cy—semigroup, [, : E — E are the impulse functions and z, € E.

By using the measure of noncompactness theory and the fixed point theory for condensing
maps, we present the theorem on the existence of a mild solution to problem (1)—(3).

The research is carried on with support of RNF project No. 22-71-10008.
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Operator continued J-fractions: basic facts and possible
applications*

Andrey Osipov

Federal State Institution
“Scientific-Research Institute for System Analysis
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Nakhimovskii pr. 36-1, Moscow, 117218,
Russia
osipa68@yahoo.com

We introduce an operator analog of the continued J— fractions. The links
between this object and the spectral theory for one class of band operators are
provided.

Keywords: continued fractions, band operators, operator equations

Since the works of Chebyshev, Stieltjes, Markov and Stone, the continued J— fractions
have found a wide application in the study of orthogonal polynomials, rational approximations,
moment problems and Jacobi operators, including the use of the latter for integration of Toda
and Volterra (Langmuir) nonlinear lattices, see [1]. Here we consider the J— fractions with
operator coefficients

Jyi=(2E—By— (2E—By — (...)TA)) 1A, ==
E

A

A
2E — B, — 1

A
2E — B, — ——
where A;, B, are bounded operators in a Hilbert space H, A; are invertible, and E is the
identity operator. As in the case of scalar continued J— fractions and Jacobi operators, these
continued fractions are related to the band operators A generated by the infinite tridiagonal
matrices

By, E O
A, B, E

B
— 0 +1
A=10 4, B,

O ..

O ..
and the relation is as follows : J 4 is an expansion at infinity of the Weyl (operator) function
of the operator A denoted as 9t(z, A) [2]. We establish a criterion under which a formal power
series with operator coefficients can be expanded into J 4, as well as obtain an expansion
algorithm and the uniqueness theorem for this continued fraction. Then we study the
convergence of J, to M(z, A); we find that for |z| > r(A) J 4 converges to M(z, A) in the
operator norm, where r(A) is the spectral radius of the operator A. Also we show how these
results can be applied for finding the solutions of quadratic operator equations, which may be
of interest in the application context.

* This work is done at SRISA according to the project FNEF-2024-0001, reg. No 1023032100070-3-1.2.1
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Construction of solutions of analogues of the
Schrodinger non-stationary equations corresponding to
some Hamiltonian systems of the Kimura-Kawamuko list

Viktor Pavlenko

Institute of Mathematics with Computing Centre - Subdivision of the Ufa Federal Research Centre of Russian Academy
of Science, Ufa University of Science and Technology, Bashkir State Agrarian University Ufa, Russia
mail@pavlenko.school

A pair of joint solutions of analogs of non-stationary Schrodinger equations are
being constructed, defined by the Hamiltonians Hy (s, Ss,q1,42,p1,P2)(k = 1,2)
of the Hamiltonian system from the Kimura-Kawamuko list. These analogues of
the Schrodinger equations are linear evolutionary equations with times s; and s,
each of which depends on two spatial variables.

Keywords: Hamiltonian systems, Schrodinger equations, Painlevet equations, isomon-
odromic deformation method

IHocTpoeHune pelieHMH AaHAJION0OB BPEMEHHBIX YPABHEHHUH
IIpeauHrepa, COOTBETCTBYOIIMX HEKOTOPHIM rAMUJIBTOHOBbLIM
cucremaMm cnucka Kumypsi-KaBamyko

B. A. ITaBnenko

Wuctutyt maremaruku ¢ BIl YOULL PAH, Vdumckuii yHUBEpCHTET HayKH U TEXHOJIOTUH, BalIkupCKuii rocynapCTBEHHBII arapapHbIi
yHuBepcurer, Y da, Poccus
mail@pavlenko.school

CrposiTcs mapa COBMECTHBIX PELLIEHUI aHAIOrOB BpeMeHHBIX ypaBHeHul [lpeaunrepa,
OIPE/ICISEMBIX TaMUIbTOHHaHaMu H (81, 89,41, 92, P1,P2)(k = 1,2) raMunbsroHOBOI
cuctemsl u3 cucka Kumypsi-Kasamyxko. Jlannsie ananoru ypasaenuit lIpenunrepa mpen-
CTaBJIAIOT COOOM TMHENHBIE BOIIOIMOHHBIE YPABHEHUS C BDEMEHAMU S| U Sq, KAXKI0€ U3
KOTOPBIX 3aBUCHUT OT JABYX IPOCTPAHCTBEHHBIX NIEPEMEHHBIX.

KuroueBble cji0Ba: TaMUIBTOHOBBI CUCTEMBI, YpaBHeHUs peaunrepa, ypaBaenus [len-
JIeBe, METOJl HF30MOHOJIPOHBIX jAedopmariuii
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1. OcHoOBHBIE pe3y/IbTaThI

Hapsiny ¢ mectpio knaccuueckumu OV TlenneBe B mocnenHue JecATHIICTHS Bce OOJBIIHMIA HHTE-
pec Bb3bIBaIOT HenmuHeliHbie OLY Gosee BBICOKOTO MOpsiIKa, KOTOPhIE TAK)KE HHTETPUPYIOTCS METOJJOM
NJIM. Ha cerogss, B YaCTHOCTH, U3BECTEH KOHEUHBIN CIIMCOK COBMECTHBIX ITAp FAMUJIBTOHOBBIX CHCTEM
ony

/ _ / / _ / _ .
(QJ)sk - (Hsk)pj7 (pj)sk __<Hsk>pj (k_ 1’2> (j - 172)

C TaMWJIbTOHHaHamu 1 si (81, 89,41, Gs, P15 P )> KAKIOE U3 KOTOPHIX ECTH YCIOBHE COBMECTHOCTH JIBYX
nuHeiHbIX cucteM OY Buaa

Vs/k = LSkV, Vn’ = AV,
IJIe KBaJIpaTHbie MaTPUIlbl L s, 1 A 0MHAKOBOMW Pa3sMEPHOCTH M PAMOHAJIBHBI 110 IEPEMEHHOM 7). ITOT
CIIUMCOK BbITIUcaH B cratbe Kumypsl, cM. [1]. [Tozanee KaBaMmyko 1OMOTHUI 3TOT CIIUCOK, cM. [2].

B Hacrosmeit pabote OyyT MOCTPOEHBI PEIICHUST YpaBHEHUH BH 1A

, B )

k\I/Tl :H1<7-1,7—27x1,x2,_ka_itl7_ka_x2)qj,
, ) )

k\:[[TZ :H2(T1,727x17x2,_ka_%,_ka_%)w,

rae H,, H, — ramunsronuansl u3 cnrcka Kumypsl-KaBaMmyko. T ypaBHEHUS U SIBISIOTCS aHATOTaMU
BpeMeHHbIX ypaBHeinuii [lIpeaunrepa. ABTOpy yaanoch HOCTPOUTH TONBKO uist ciaydas k = 1. Jlms
ciyuasi k = th He ynanoch. Eciiu Obl yaanock, To 3To yxke ObLIM HE aHAJIOTH, @ HACTOSIIUE YPABHEHHSI
[Ipennnrepa.

Cnucok aureparypsbl

[1] H. Kimura. The degeneration of the two dimensional Garnier system and the polynomial
Hamiltonian structure. / Annali di Matematica pura et applicata IV. Vol. 155. No. 1. Pp. 25 — 74.

[2] H. Kawamuko. On qualitative properties and asymptotic behavior of solutions to higher-order
nonlinear differential equations. WSEAS Transact. on Math. 2017. Vol. 16. Ne 5. Pp. 39 —47.

Method for modeling infectious processes with
chronization using equations randomized delay

Andrey Perevaryukha

St. Petersburg Federal Research Center RAS, St. Petersburg, Russia
madelf@rambler.ru

We are considering the problem of modeling aggressive invasion processes into a
competitive environment that offers resistance, but the development of a reaction
is indefinitely delayed and depends on the level of the initial impact — the initial
dose of infection. In this way, an infectious process develops in the body. The
development of a response is very individual, depends on the algorithm of the
complex interaction of many immune cells and has several variable possibilities.
The immune response is not a stochastic process, but with a random component
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of uncertainty. We call such stage processes “Aleatoric” when, at some of their
transition stages, a non-deterministic choice from possible options is realized. The
paper proposes equations for pulsating invasions with an aleatoric component when
generating a delayed effect.

Keywords: aleatoric component when generating a delayed effect

Metoa MogeaMpoBaHus MHPEKIMOHHBIX MIPOLECCOB ¢ XPOHU3ALM el
YPABHEHUSIMH C PAHAOMHU3HPOBAHHBIM 3ana3bIBAHHEM ™

A. 1O. ITepesaproxa

Cankr-IletepOyprekuit denepanbhblii uccnenoparenbekuii neHTp PAH, Cankr-IletepOypr, Poccus
madelf@rambler.ru

PaccmarpuBaetcst mpoGiiemMa MOIEIMPOBAHUS arpeCCUBHBIX MHBA3HOHHBIX IIPOLECCOB
B KOHKYPEHTHYIO CpeJly, OKa3bIBaIOLIYI0 CONPOTHBICHHE, HO BEIPAOOTKA peakIMy Heolpe-
JIeTIEHHBIM 00Pa30M 3ama3/bIBaeT U 3aBUCUT OT YPOBHS HCXOJHOTO BO3/IEHCTBHUSA — HAYaJIb-
HOW 103bI 3apaxeHus. TakuM oOpa3oM pa3BUBaeTCS MHPEKITMOHHBIN MPOIECC B OpraHu3-
Me. BripaOoTka oTBeTa OUYEHb MHIUBHYaIbHA, 3aBUCUT OT aJIrOPUTMa pabOThl CI0XKHOTO
B3aMMOJCHCTBUS MHOIMX MMMYHHBIX KJIIETOK U MIMEET HECKOJIBKO BAPUATUBHBIX BO3MOXKHO-
creil. IMMyHHBII OTBET 9TO IPOLIECC HE CTOXaCTUYECKHM, HO CO CIIy4aliHO KOMIIOHEHTOMN
HEOIpeNeNeHHOCTU. MBI Ha3bIBaEM TAKUE CTaJAMMHBIE IPOLECCHl «AJEaTOPUIECKUI», KO-
I71a HAa X HEKOTOPBIX MIEPEXOIHBIX CTAIMSX PeaTn3yeTcs HeleTepMIUHUPOBAHHBIH BEIOOD U3
BO3MOYKHBIX BapHaHTOB. B pabore mpeniokeHbl ypaBHEHUs s MyIbCUPYIOIUX UHBA3UI
C aJIeaTOpUUECKON KOMIIOHEHTO! IPU BBIPAOOTKE 3aMa3/ibIBatOILEro BO3ACHCTBHSL.

KuaroueBsble cioBa: MOJenu MHBA3UH, YpaBHEHUS IPOTUBOICUCTBHYS, 3aMa3/[bIBaHIE C aje-
aTOPUYECKON KOMITOHEHTOU

1. OcHoBHBIE pe3yJIbTaThI

Llenp paboTBI — MOJEIb CTaANH HHBA3HOHHOTO MPOLecca Ha OCHOBE yPaBHEHHIA, [/Ie CTOXacThuye-
CKHe (haKTOPbI yUTEHBI C METOZIOM BO3MYILCHHMS 3ama3abiBanus. [IpobiemMa MOIETHpyeMOil CUTYalnK
MHBAa3WH B TOM, YTO PEryIHPYeMOe POTUBOACHCTBIE arpeCCHBHO Pa3sMHOXKAIOIIEMYCsI BHLY B OHOJIO-
THYECKOM COOBIIECTBE BHIPA0ATHIBACTCS C 3ala3/ibiBAHUEM W [PUBOIUT K PE3KOMY Tiepexoiay B (asy
JICTIPECCHH YMCIIEHHOCTH BCEJIEHIa, HO 3TO 3ala3/blBaHne He KOHCTaHTa. HampasieHue nmpookaeM
passuBarh B Mogudukarmn ¢ N = rF (N (t))®:

dN N () (1—N()/(K+9N)®
dt (1=N(@)/K(1=7)
Pemenus monqoOHBIX MOJIETIel OMTUCHIBAIOT YPAaBHOBEIIMBAIOIIHECS TTporiecchl V N (O) > (0. He Bce ypas-

HEHUS UMEET CMBICI JIONOHATH BKIIOUYeHHEM ¢ — 7. OTiimdue Mojiesiell orpaHHueHHOTO POCTa — TOJI0-
KeHHe To4KH nepernda N, # 0 na rpadure N (t). Jlns Mozenn opHaTa TOYKH neperunda N,=K /2,

* Pabora BeinonHena npu noguepxke PH®, npoext Ne 23-21-00339.
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aberucea t, = 7' In(K — N(0))/N(0). Ionoxenne opuHars! ToukH nepernéa N, yCTaHOBHM st

onTHManBHO# dKcruTyatamun ¢ m3bstaem N = 7 f(N (1)) — Q.

CpaBHUM JMHAMHKY MOJIE]IM MHBa3HOHHOTO TIPOIIECCca ISl arpeccuBHOro Beenenna ¢ N (& — 7) u
MOJIENb UHBA3UH B (hOPME YPABHEHHUS C OTKJIOHSIOLIMMCS apryMEHTOM, I7ie BEIMUMHA 3ala3bIBaHUs T
BO3MYIIICHA PABHOMEPHO PacIpe/ielieHHO# cltyuaitHoi BemnuHoii y € [—0.5, 0.5], uto oTpaxkaer Biusie-
HUE CITy4aiHbIX (PAaKTOPOB HA HEOONBIITYIO UCXOIHYIO IPYITy 0coOel-BceneHieB. [ BKIIOUeHUs CTo-
XaCTHYEeCKON KOMITOHEHTHI JIy4Ille BO3MYIAaTh HIMEHHO BEJIMUYHHY 3alla3/bIBaHHs YT, 9YTO KAYECTBEHHO
OTpa3uTCs Ha CIIEHAPUSX 3aBEPIICHONS MHBA3UOHHOTO Tiporiecca [ 1]. DddexTsl 3ama3npiBanus pasaerne-
HBI Ha TPU THIIA 10 OMOJIOrMYEeCKOMY I'€HE3HCY U POJIU B pa3BUTUH NpoLieccoB. FIHBa3MOHHBIE IPOLIECCHI
HPOXOAAT 3Tan KpusucHoi quaamuku N () — 0 + € 1 CONPOBOKIAIOTCS ITTUTEIBHBIMH OCIHILISIIH-
aMu. B pesynsrare 6nocucTeMa MOMy4YUT HECKOIBKO CIIEHApHUEeB AMHAMUKHU KpU3HCa, BKIIIOYas IHOeIb
N(t,)=0.

3aaguM MOPOroBOE pa3sBUTUE MHBA3HOHHOIO MOIYJSIIMOHHOTO IPOLECCa B ypaBHEHUH € (YHK-
weii conporuenenns cpexsl N = F(N(t — 7)) — U(N(t — v)). Tloporossiii shdexT peakin
arpecCHBHOMY POCTY YMCICHHOCTH BCEJICHIIA BEIPA3UM I z-perynsimei B pyHKIHNA TPOTHBOACHCTBYS
U(N(t—v))nopu Q > g,m > 2,N(0) < J < X.3anasgbiBaHue B MOJEIH BO3MYIICHHO
PaBHOMEPHO pacIpe/IeNIeHHON CITydyaifHoi BenmurHOl 1 X v Ha otpeske [0, 0.5v/:

dN x )_ N"(t—vxy) N ). ()

—-=rN(t)In (m (J = N(1)*

Bmecto crabummsanun N(t) — K, N(tg) < K u npesbiiuenus paBHoBecus: K craaust Kpusu-
ca ¢ BospactanueM F'(N?2; J71) npu N — .J u noreHuman pocta He HUBEIMPOBaH In ;-perynsmueii.
Bpems aktuBanmy BapuaTuBHO, HO HE MeHee Tp. IlycTh 7; BapbHpyeTCs Cily4aiiHOW BEJIMYMHOW 7Y B
OTpaHWYEHHOM AHana3oHe. [IpeanokumM Mozenb ¢ BO3MYIIEHHBIM PaBHOMEPHOH CITy4ailHOH BEITHYH-
HOU 3amnasjpiBanueM (t — 747):

AN N x _ Nt —m)
= =Vl (N(t—T’Y>) (] = N(®)*

gN(t),6 > q,~v(w) € [1,2]. (2)

[Mpu npubnmxennn N (t) k moporoBomy 3Hauenuto J, N (0) < J < X peskuii nepexox B mryOoKumit
nonynsiuorHbIii kKpusuc N (t) — 0+ e. Cuenapuii mpeooseHus Kpusuca ¢ 00pa3oBaHueM KoseOaHuii
N(t) — N,(t),max N,(t) < J3aBHCHT OT CTOXaCTHYECKHX BPEMEHHBIX (HakTOpoB. [10MmyIIsiIys morH-
OaeT npH yBEINYCHUH PEIPOTYKTUBHOIO MOTEHIMANA 1. MOXKHO [OKa3aTh, YTO CYIIECTBYET " = T, 4TO
st coobrtust lim,_; N (¢;77) = 0 BepositHocts P > 0 37 > 7,6 < 00 peanusyercs Juist JaHHOTO
cobbitust P = 1. 7" KpUTHYECKHUiT TIOPOT PENPOLYKTUBHOM aKTHBHOCTH.

Pa6ora Beimonnena npu nojaepxxke PH®, npoext Ne 23-21-00339.

Cnucok aureparypsbl

[1] IlepeBaproxa A.FO. XaoTrueckue pexXuMbl B MOJICTISIX T€OpHH (POPMHUPOBAHMS TIOTTOTHEHUS TIOITY-
nsiuit // Hemaneiwtabiin mup. 2009. Ne 12. C. 925-932.
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About solvability and controllability of
differential-algebraic equations with hysteresis
phenomena

Pavel Petrenko:2

1 Matrosov Institute for System Dynamics and Control Theory of the Siberian Branch of the RAS, Irkusk, Russia
2 Irkutsk State University, Irkusk, Russia
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In this note, we single out some promising classes of differential-algebraic
equations (DAE) with non-linearity of hysteresis type modeled by a sweeping process.
The systems under investigation arise in modeling various physical processes, in
particular, in electrical circuits with hysteresis phenomena. For such a DAE, we
design an equivalent structural form (in a sense of solutions). Necessary and
sufficient conditions for the existence and uniqueness of a solution to an initial
value problem and controllability are proved.

Keywords: differential-algebraic equations, descriptor systems, hysteresis, sweeping
process, solvability, controllability

1 The main results

Consider the following system of ordinary differential equations (ODE) paired with a sweeping
process [1,4] of a rate independent hysteresis type (modeled by the play operator [3,4,5])

A(t)a(t) = B(t)x(t) + C()y(t),  x(ty) = o, (1

2

Here A(t), B(t),C(t) € R"™*™ are given matrices, wherein det A(t) =0, t € T = [ty,t,] is a
given time interval; x(t), y(t) € R™ are unknown functions; Q(t) = x(t) — Z is a “moving set”,
where Z is a given closed convex subset of R, and N g (q) denotes the normal cone to a closed
convex set () at a point q.

By a solution of (1), (2) we mean a triple of absolutely continuous (W11) functions
(x(t),y(t), 2(t)) satisfying (1), (2) for almost all (a.e.) ¢t € T with respect to (w.r.t.) the usual
Lebesgue measure.

The analysis is carried out under the assumptions of the existence of a structural form
with separated “differential” and “algebraic” subsystems. This structural form is equivalent to
the initial system in a sense of solutions, and the operator which transformes the DAE into
the structural form possesses the left inverse operator. The finding of the structural form is
constructive and do not use a change of variables. In addition the problem of consistency of
the initial data is solved automatically.
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Let’s consider time-varying ODE system not resolved with respect to the derivative
A(t)z'(t) = B(t)x(t) + U(t)f(t), teT CR, 3)

where A(t), B(t),U(t) € R™*™ are given matrices, wherein det A(t) = 0, f(t) € R" is some
continuous on 7 function; z(¢) € R™ is unknown function of a state. Such systems are called
differential-algebraic equations (DAE).

Lemma 1. [6] Let A(t), B(t) € C"*1(T),U(t) € C"(T), there is a resolving minor in matriz
D, (t) and rank D, (t) = rank D,_,(t) +n Vt € T. Then there exists linear differential

operator
d d\"
R
dt ot () (dt)

with continuous on T coefficients R;(t) (j = 0,7), which reduces system (3) into the form

@y (t) = Jy(t)xy (t) + }[(tﬁ(t%

2y (t) = Jo(t)z (1) + ()?()
i (f(), (1), S

where (x1(t),5(t)) = S71z(t), f(t) (t)), ris unresolvability index for
DAE (3). Matrices D, (t), J,(t), J5(t), H(t),G(t) are determmed by formulas cited in [0].

R = Ry(t) + Ry (t)

The following statements were obtained as the main results.

Theorem 1. Let A(t), B(t) € C3(T); C(t),y(t) € CXH(T), there is a resolving minor in matriz
D, (t) and rank D, (t) = rank Dy(t) +n VteT.
Then problem (1), (2) solvable on T iff

Ty o = Jolto)T1 0+ Goltg)yo + G1(tg)zo- 4)
Here (g, 0) = S~ xy. Moreover, if a solution to problem (1), (2) exists, then it is unique.

Theorem 2. Let all the assumptions of Theorem 1 are satisfied.
Denote as:
1) rank (Gy(t) G{(t)) =d Vt e T;
2)3do € T :rank §(0) =n —d;
3) rank 8(t) = n —d for almost all t € T.
System (1), (2) is R-controllable on T if condition 2) is satisfied.
System (1), (2) is completely controllable on T if conditions 1), 2) are satisfied.
System (1), (2) is differentialy controllable on T if conditions 1), 3) are satisfied.

Here
5(75) = (So(t) Sl(t) Sn—d—l(t)>7
So<t) = _<Ho<t> H1(t))a Si<t> = _J1(t)5i71(t> + 52—1(75)’ i=1ln—d—1
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On a feedback control system described by a fractional
differential inclusion and a sweeping process*

Garik Petrosyan

Voronezh State Pedagogical University, Voronezh, Russia
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For systems described by fractional semilinear differential inclusions with feed-
back in the form of a sweeping process in Hilbert space, controllability conditions
are found.

Keywords: differential inclusion, sweeping process, controllability, fixed point, mul-
tivalued map
1 The main results

Let E be a Banach space and H be a Hilbert space. We consider controllability problem for a
system governed by the following differential inclusion and the sweeping process

“Dax(t) € Ax(t) + F(t,z(t),y(t)) + Bu(t), t € [0,q], (1)
z(0) = o, )

—y'(t) € Now (y(t) + g(t,z(t),y(t)) + ly(t), t €0, al, 3)
y(0) =y € C(0), 4)

z(a) = xy, Q)

where © D is Caputo-Gerasimov fractional derivative of an order a € (0,1), C : [0,a] — P(H)
is a multimap with closed convex values, A : D(A) C E — E is a linear closed operator
generating a uniformly bounded Cy—semigroup {7T'(t),t > 0} in E. A control function wu(-)
belongs to the space L>°([0,al]; U), where U is a Banach space of controls, B : U — E'is a
bounded linear operator, [ is a positive number, Nc(t)(y) denotes a normal cone defined for a
closed convex C'(t) C H as

_J{éeH:(§c—y) <O0forallce C(t)}, ifyeC(t),
New (y) = {@7 iy ¢ O), (6)

* The research is supported by RNF, project No. 22-71-10008.
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F :[0,a] x Ex H— P(F) is a Caratheodory type multimap, ¢ : [0,a] x E x H — H is a
nonlinear single valued map, and z,,z; € E,y, € H.

The controllability problem which we study may be formulated in the following way: for
a given z(,z; we will consider of a solution x € C([0,a]; E),y € C([0,a]; H) of the above
system (1)-(4) and a control u € L>°([0,al]; U) such that condition (5) is satisfied.
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Existence of the longest paths for sub-Lorentzian
problems*

Alexey Podobryaev
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We provide the existence theorem for longest paths in sub-Lorentzian problems,
which generalizes the classical theorem for globally hyperbolic Lorentzian manifolds.
In particular, we prove that longest paths exist for any left-invariant sub-Lorentzian
structures on Carnot groups.

Keywords: sub-Lorentzian geometry, anti-norm, existence theorem, Carnot group

Definition 1. An anti-norm associated with a cone C' in a vector space V is an upper
semicontinuous homogeneous of degree 1 concave function v : V.— R U {—oo} such that

Vg >0, v(V C)=—oc.

Definition 2. Assume that at each point of a smooth manifold M there is given a non-empty
closed convex pointed cone CF C T, M equipped with an anti-norm v, such that the following
two conditions are satisfied.

(1) The set €+ = |J CF CTM is closed.

zeM
(2) The anti-norm v is upper semicontinuous as a function from TM to RU {—oo}.

Then the triple (M,C™",v) is called a regular sub-Lorentzian manifold.

Consider the optimal control problem (the sub-Lorentzian problem) on a regular sub-
Lorentzian manifold (M,C*,v):

z € Lip([0,1], M), u € L>=([0,1],61),

2(0) = zg, 2(1) =2, @(t) =ult) € iy, /Vac(t)<u<t>) dt — max. (M
A classical Lorentzian structure on a manifold M of dimension n + 1 is defined by a

non-degenerate quadratic form ¢ of signature (1,n) smoothly depending on manifold’s point.

The quadratic form g, defines a cone C, = {£ € T, M|q(&) > 0} = CJ UC, . The convex

future cone C can be chosen with the help of 1-form 7 such that Kerr, UC, = 0:

Cr ={¢e ;| (8 =0}

In this case 1-form 7 is called a time orientation.

Problem (1) generalizes the classical Lorentzian problem in two directions. Firstly, the
circular cone Cf is replaced by an arbitrary (not necessarily solid) closed convex cone in T, M.
Secondly, the quadratic form ¢ is replaced by an arbitrary anti-norm on this cone.

Does the solution of problem (1) exists? The classical Filippov theorem is unapplicable in
this case, since the control set is not compact and the integral function v, (t) is concave.

Assume that M is equipped with a Riemannian manifold structure. We denote the
Riemannian distance by distz(z,y) and by | - | the length of tangent vectors in this structure.

* The research was supported by the Russian Science Foundation under grant 22-11-00140 (https://rscf.ru/en/project/22-11-00140/) and
performed in Ailamazyan Program Systems Institute of Russian Academy of Sciences.
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Theorem 1. Let (M,C*,v) be a regular sub-Lorentzian manifold, and M is a complete
Riemannian manifold. Let A € M be any fixed point. Suppose there exists a time orientation
I-form 7 such that Yoz € M V¢ € CF we have 7,(§) > |€]/(1 + dist g (A, x)). Assume that the
form 7 is exact on the reachable set from the point x,. Then there exists a longest path going
from a point xy € M to a point x; € M if and only if there is at least one admissible path
from xy to x;.

Let’s denote by Ay C M the reachable set from the point z(, and by A, C M the set
of points from which the point z; is reachable. There is classical result [1] in Lorentzian
geometry which is generalized to sub-Lorentzian case [2,3] where the sub-Lorentzian structure
is defined by a subbundle A C T'M and a non-degenerate sign changing quadratic form g, on
A, smoothly depending on manifold’s point x € M.

Namely, assume that z; € A:go, the set /l;o N A, is compact, and there are no closed
admissible paths on the manifold M. Then there exists a longest path going from the point
xo to the point z;.

The novelty of the Theorem 1 is in the requirement of the time direction 1-form T,
while the explicit description of reachable sets for systems with control in a cone can be a
computationally challenging task. However, if such a form 7 exists, then the classical theorem
is a direct consequence of Theorem 1.

For invariant sub-Lorentzian structures the inequality in Theorem 1 is satisfied automati-
cally. In particular, the required time orientation 1-form can be constructed for Carnot groups.
Moreover, sub-Lorentzian problem on Carnot group of step 2 have the following interpretation:
the goal is to maximize the intrinsic time of a material point moving from one given point to
another, with given average per-coordinate deviations from uniform rectilinear motion.

Corollary 1. Let G be a Carnot group. Consider a closed convex pointed cone Ct in the
first layer of the corresponding Lie algebra and an antinorm v associated with it. Then for the
left-invariant sub-Lorentzian problem

x € Lip([0, 1], G), we L°([0,1],CH), !
z(0) :pg,;o, v(1) =z, @(t) = z(t),ult), /V(u(t)) dt — max
0

there exists a longest path from x, to x; if and only if there is at least one admissible path
from xy to z;.

This talk is based on the join work with L. V. Lokutsievskiy [4].
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Optimization of the algorithm for creating periodic tasks
in the electronic document management systems
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This paper deals with the process of developing an electronic document man-
agement system. We develop the functionality for parallelizing the workflow and
conduct an evaluation of the effectiveness of the implemented modification.
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Onrumu3anus ajJropurma Co3aHvud NEPUOAUICCKUX HOpyqul/lﬁ B
CHUCTEME IJICKTPOHHOI'O I[OK)’MGHTOOﬁOpOTﬂ

B. B. Tlogpsmuukos, B. C. 3axapueHko

HHcTuTyT MaTeMaTUKi U MHGOPMALIMOHHBIX TEXHOJIOTHI
Hpkyrckuii rocynapcTBeHHblit yHuBepcuteT, MpkyTck, Poccust
vpodryadchikov@bk. ru

B noxmazne paccmarpuBaeTcs mporece pa3paboTKH CHCTEMBI AIEKTPOHHOTO TOKYMEHTO-
obopota Ha pumMepe cucteMbl Tesuc. Pazpaboran GpyHKIIMOHAN IS pacnapauieTuBaHIs
pabouero nporuecca. [IpoBeneHa oneHka 3GpHEeKTHBHOCTH MOCTPOSHHOM MOTU(PHUKAIIH

Kawuesbie ciaoBa: COJI, 10KyMEHTOOOOPOT, MOJICTMPOBAHKE, ONITUMHU3AIINS AJITOPUTMA,
¢ pexTUBHOCTH MOTU(PUKAITAN

1. OcHoBHBIE pe3yJIbTaThI

CymiecTByeT OrpOMHOE KOIWYECTBO MPEAIPUATHA, Ha KOTOPBIX MPOUCXOANUT padboTa ¢ OyMa>KHBIMHU
HOcuTeNsIMU nHpopManun. CrucTemMa IeKTPOHHOTO JOKYMEHTO000pOTa MO3BOJISET YHOPSIOYUTh ITOTO-
KU JJOKYMEHTOB B OpTaHU3allid, 00ECIeYUTh UX XpaHEHUE B €TUHOM MH(POPMALIMOHHOM MPOCTPAHCTBE

Cuctema nokymentoobopota Tesuc [ 1] paspaboTana poccuiickoi kommanreit XoyaMoHT (Haulmont)
u HanucaHa Ha CubaPlatform, BeicokoypoBHEBOII java-mardopme A CO3/1aHUsI KOPIIOPATUBHBIX MH-
(bOopMaIOHHBIX CHCTEM.

B mrarHol Bepcum cucteMbl Te3uc cymiectByeT nousatue «llepuogmdeckoe nopydenuey». Takoe
MOPYYEHHUE CO3/1aeTCsl aBTOMATHUECKHU CITyCTs 331aHHbIi ieproa. Ho y 3Toro (hyHKIIMOHAIa €CTh HEl0-
CTaTOK: €CJIM COTPYIHUKOB MHOTO, TO CO3/1aBaTh MOPYUYEHHUE MPUAETCS Ha KaXKIOTO YEI0BEKa OTACIBHO.
Bbu1 ONTHMU3UPOBAH aNTOPUTM Iy TEM pacrapauienBaHus padodero npouecca. biarogaps nopaborke
«'pynma mepuoandecKux NopydeHHiD» B CHCTEME TIOSBIIIACh BOSMOKHOCTh CO3/IaBaTh MEPHOINIECKIC
MOpPYYEHUE /111 MHOTUX COTPYAHHUKOB Ha OZTHOM 3KpaHe, 4TO 3HAYUTENIbHO 3KOHOMUT BpeMs. Huxe npen-
CTaBJICHO HECKOJILKO 33134, BBIITOJHEHHBIX B XOJI€ IOPAOOTKH:
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U Cosznanne HEOOXOOMMBIX CYIIHOCTEH ¢ moMoIbio nHeTpyMeHTa Designer mardopmer Cuba Ha oc-
HOBaHUM YK€ CyLIECTBYIOIUX B cucTeMe. Co31aHue NPOUCXOAUT Ha OCHOBAHUY, TAK KaK A0padOTKa
BO MHOT'OM IIpe/ICTaBIIsIeT COO0H paciiupeHue MTaTHoro GyHKIMOHANIA paboThl, €ro ONTUMHU3ALMS
3aCY€T YMEHBIICHUS KOJIMYECTBA IEHCTBUM, KOTOPBIE IIPUIETCA AEIaTh II0JIb30BATENIO0 110 X0y pa-
OO0TBI.

U Cosnanue kiaacca, OTBEHAIOLIEro 3a KOPPEKTHOE CBEPTHIBAHUE NOpy4YeHHd B rpynme. Hanucanue
CepBHCA, OTMEHSIONIETO MONOPYYECHUS HA OCHOBAaHUHU MIOPYUYEHUH B POAUTENLCKOH IpymIie.

B X04€ paGOTBI OnL1a IMPOBCACHA OLICHKA 3(1)(1)6KTI/IBHOCTI/I OINITUMH3AlUHU IIpoHecca.

Taéauua 1. Cpennee BpeMs co3JaHus NEPHOIUYECKUX TopydeHHii Ha 200 yenoBek

Cpennee Bpemst 00pabOTKH (MUH)
Onepanys -
Be3 monudukanuu |C monudukanmei
IIpouecc 3anonHeHus MoNeH Ha 3KpaHe 80 20
Pab6ota ¢ BIIOKEHUAMHI 4 3

PacueTrsl mpoBOAUINCH C TOMOIIBIO POPMYIIBI [2]:

£ — 100 (Tl ><N—T2><N>

= X
T1 x N

rae I — sxonomuyeckuii 3¢ ekt B nporeHTax; 1’1 — BpeMs Ha BBIIIOJHEHHUE ONepauy 10 Moauduka-

un; 1'2 — BpeMs Ha BBIIIOJTHEHUE OTIEpaIliy 1mociie Moaudukanuu; N — KOTHYECTBO AETOBBIX ONEepannii.

JlaHHBIC B3ATHI U3 KOPIIOPAaTUBHBIX JOKYMEHTOB (cM. Tabnuiy 1). B pe3ynprare:

E=173%
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On invertibility of the operator for derivative in
a neutral type differential equation

Irina Postanogova

I Perm National Research Polytechnic University, Perm, Russia
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We study the spectrum of the operator for derivative in a neutral type equation
and the location of roots of the characteristic equation on the complex plane. The
general form of the spectrum is found. It is established that there exists an exact
right boundary of the characteristic equation roots. The conditions under which

all the roots lie to the left of the imaginary axis and are separated from it are
identified.

Keywords: functional equations, difference equations, operator spectrum, incom-
mensurable quantities

00 oOpaTMoOCTH OMEPATOPA NMPHU NMPOU3BOTHOM TSI
auddepeHIUaATBLHOT0 YPABHEHHSI HEHTPAJBLHOIO THIIA

H. 1O. ITocTanorosa

! Tlepmckuit HAIMOHANBHBIH HCCIIEIOBATENLCKII TIOMUTEXHIYecKkuil yausepcutet (ITHUTTY), Tepms, Poccus
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ipostangova@psu.ru

Hccnenyeres criekTp oneparopa Ipy IPOU3BOIHON B ypaBHEHUHU HEUTPAIbHOIO TUIIA, &
TaK)K€ pPacIOJI0KHHUE KOPHEH €ro XapaKTepUCTUYECKOIO YPaBHEHHS Ha KOMIUIEKCHOM II10C-
xoctu. Haiinen oOuuii Buj ciekrpa, yCTaHOBJIEHO, UTO CYIIECTBYET TOUHAs MpaBasi paHU-
11a KOPHEHN XapaKTEPUCTUYECKOIO YPaBHEHNS U HAMIEHBI YCIIOBHSI, IIPU KOTOPBIX BCE KOPHU
JIEKAT CIIEBA OT MHMMOM OCH U OTZEIIEHBI OT HEE.

KaroueBble c10Ba: (yHKIMOHAJIbHbBIE YPaBHEHUS, Pa3HOCTHBIE YPaBHEHMSI, CIIEKTp Orepa-
TOpa, HECOM3MEPHUMbIE BEIIMYUHBI

PaccmoTpum aBTOHOMHOE (DyHKIMOHATIBHO-IU(GEpEeHINATbHOE ypaBHEHHE HEHTPAIbHOTO TUIIA,
3amrcaHHoe B oreparopHoM Buje [1]:

(I — S)i(t) = Tx(t) + g(t), t > 0, (1)

e S = aS; +bS,,5;, S, —oneparopsl CIBUra Ha COOTBETCTBYIOIINE YKCIIa, 1 '— TMHEHHBII OrpaHu-
YeHHbII onepaTop, 3aaHHbli nHTerpanoM Pumana — Ctunteeca, pynxuus g : R, — R cymmupyema
Ha KaXJIOM KOHeUHOM oTpe3ke. Kak uzBecTHo [1], B 3THX npeanonoxeHusx ypasuenue (1) ¢ 3agaHHbI-
MU HayaJbHbIMU YCIOBHSAMH OJHO3HAYHO pa3peIinMo B KJ1acce aOCOIIOTHO HEMPEPHIBHBIX HA KAXKIOM
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KOHEYHOM OTpe3ke (yHKIwid. bynem mpeanonarars, uto o > 1 u a ¢ Q; 3ameTuM, 4TO 1O CpaBHe-
HUIO C XOPOIIO U3YYEHHBIM CIy4aeM COU3MEPUMBIX 3alla3/ibIBaHUI HPPALMOHATBHOCTb (¥ CYIIE€CTBEHHO
YCIIOJKHSIET HCCIIEI0OBaHUE.

[Tpy n3yyeHnn aCUMIITOTHYECKUX CBOMCTB pelIeHni ypaBHeHus (1) BaXXKHYIO pojib UTpaeT ooparu-
MocTh orieparopa I — S B 1e0eroBBIX IPOCTPAHCTBAX 33/IaHHBIX Ha oiryocH GyHKIwii [2]. PaccmoTpum
(YHKIMOHATBHOE YPaBHEHHE

(I =S)y(t) = f(t), t =0,

U [TIOCTaBUM €MY B COOTBETCTBHE XAPAKMEPUCMUUECKOE YPAGHEHUE
1—ae™ —be P =0, peC. )

B ciryuae uppanmoHanbHOro (v Ha KOMIUIEKCHOH INIOCKOCTH cymecTByeT npsiMast Re 2 = &), Takas,
YTO BCE KOPHU XapaKTEPUCTHYECKOTO YpaBHEHUS (2) JIeKaT cieBa OT He€ 1, IOMUMO 3TOT0, SBJISIOIIAsCS
TOYHOM IpaHuIeil KOpHEN. DTO 3HAYUT, YTO CYLIECTBYET MOCIENOBATENBHOCTD {p), = &, + 17);, } KOpHEei
ypaBHeHHUs (2), 11 KOTOPOU lem & =¢&p-a klim || = oo. TTokaszano, 4To Ha HTOM MPAMOIT MOKET
JexaTh He 0os1ee OTHOro KOpHS c)><oapa1<Tep14CT1/meg?coro YpaBHEHUS U HallZICHbl YCIOBUS, IPU KOTOPBIX
KOpHEH Ha 9TOU NPSIMOH HET.

Teopema 1. Criektp omeparopa S MpeiCTaBiIseT CO00H KpyT

o (S) ={AeC[|Al <laf +[b]}.

[TpuBenénupie HUKE TEOPEMBI 0000IIAIOT M YTOYHSAIOT PEe3yNbTaThl pador [2, 3].
Teopema 2. Cieayromue yTBEpKICHNUS SKBUBAICHTHBI

jal + 16 < 15

oneparop I — S obparum B L, ipu mobom p > 1;

BCE KOPHH ypaBHEHUsI (2) JIexaT caeBa OT MHUMOH OCH U oTaeneHsl oT Heé (§, < 0)
ypaBHeHue (1) SKCIIOHEHITMATBHO YCTOMYHNBO.

el ol e

Teopema 3. Eciu |a| + |b| > 1, T0

—_—

oneparop I — .S ne obparum B L,, npu moGom p > 1;
2. cmpaBa OT MHEMOI1 OCH CyIIeCTBYeT OECKOHEYHO MHOTO KOpHe# ypaBHenus (2) (§, > 0);
3. ypaBHeHue (1) HeyCcTOMYUBO.

Teopema 4. Ecim |a| + |b] = 1, 10

1. oneparop I — S ne obparum B L, ipu mobom p > 1;
2. BCE KOpHH YpaBHEHHUS (2) JexKar cieBa OT MHUMOM OCH JTMOO Ha HEW, U CyIIeCTBYET BepTHKAJIbHAS
1elb KOpHEeH, 6eCKOHEeUHO NpUOIMKaromascs kK MEHUMoit ocu (§, = 0).
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On one generalized Lyapunov matrix equation*®

Vladislav S. Prokhorov
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We discuss the problem on belonging of the matrix spectrum to a region bounded
by a parabola in terms of solving a generalized Lyapunov matrix equation. Using a
solution to the matrix equation, an estimate for the norm of the matrix exponential
is obtained.

Keywords: generalized Lyapunov matrix equation, Krein’s theorem, matrix expo-
nential

It is well known that the spectrum of the matrix A belongs to the domain
1
P, = {)\ : 2—(Im)\)2 < Re)\}, p >0,
P

if and only if there exists a solution H = H* > 0 to the following generalized Lyapunov matrix
equation (see, for example, [1],[2])

HA+AH - o [A*HA 2(HA? (A*)2H)] _ 1 (1)

We obtain a representation for a solution to this equation that differs from one given by
M.G Krein [2]:

Theorem 1. Let A be a matrix n x n whose eigenvalues are located in P;, then the solution
H to (1) can be represented as follows

_Z( )(/ / (to 41,4 (Zogk (—A*)2h- ?"Ar) (to+ti)A g, dtk).

Theorem 2. Let the spectrum of the matriz A belong to P;. If H = H* > 0 is a solution to
(1), then the following estimate holds:

e tA||<\/,u—< P 1+H)

. w(H)=|H||HE], t>0.
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The star sets and solution of DC problem
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The author considers star sets on the plane and studies their connection with
the formulated problem of representing a Lipschitz function of two variables as a
difference of two convex functions. A geometric interpretation is also given.

Keywords: Lipschitz functions, convex functions, variation of a function, curvature
of a curve, turn of a curve

1 The main results

The solution to this problem is very interesting for the fields of optimization ( for quasidiffer-
ential calculus ) and geometry. In [1] A.D. Aleksandrov began to study surfaces, which are
graphs of functions representing a difference of two convex functions (so-called DC functions),
to construct internal geometry of such surfaces. This problem has been studied by many
authors ( [2]- [8]).

The necessary and sufficient conditions for such a representation of a function of one
variable are well known. These conditions can be written in the following way.

Let x — f(z) : [a,b] — R be a Lipschitz function. Define a set, where the function f(-) is
differentiable, as V. Since the function f(-) is Lipschitz, N, is the set of full measure on [a,b].

In order for the function f(-) : [a,b] — R to be representable as a difference of two convex
functions, it is necessary and sufficient that the following condition be satisfied

supgpgen, Y 1 (@) = f'(@i) |2 V(F/50,b) < oo

where the derivatives are taken where they exist. The sign V means the variation of the
function f” on the segment [a,b].

In [1] A.D. Aleksandrov formulated the problem of representing a function as a difference
of two convex functions if it is DC on any line in the domain of definition. The answer to this
question is negative [3].

According to the Aleksandrov’s terminology we define a many-sided function as a function
whose graph consists of finite number of parts of planes.

In the article [6] the necessary and sufficient conditions for a representation of any one
degree homogeneous Lipschitz function of three variables as a difference of two convex functions
are given. This result can be extended to the m*"* degree homogeneous functions. Now I
ignore the homogeneity condition and will consider any Lipschitz function f(-) : (z,y) — D
with Lipschitz constant L, where D is an open bounded convex set in R? such that its closure
D is compact. I will describe a representation with an algorithm giving a sequence of pairs
of convex functions. These convex functions converge uniformly on D to a pair of convex
functions if the conditions of the theorems formulated below are satisfied.

Let p(D) be a class of curves on the plane XOY such that bound star regions in the region
D. Any curve r € p(D) will be parameterized in natural way i.e. the parameter 7 of a point
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M on the curve r(-) is equal to the length of the curve r(-) between an initial point and the
point M. I will denote such a curve by r(t),t € [0,7,].

Note that the class of curves on the XOY plane that bound closed convex sets in the
domain D belongs to the class p(D). Let us denote such a class of curves by o(D).

With the help of the curves r € (D) the necessary and sufficient conditions for a
representation of the function f(-) as a difference of two convex functions can be written in
the following way.

Theorem 1. In order that a Lipschitz function z — f(z) : D — R was represented as a
difference of two convex functions it is necessary and sufficient that for any curve r(-) € p(D)
and any its subregions the inequality

(Fer(D, f),ca(D, f) > 0)(Vr € p(D)),

v(é/;(]?Tr)<Cl(Daf)+62(D7f>v(r/;ovTr>ﬂ (1)

was correct where ®(t) = f(r(t)) Vtel[0,T,].
Remark 1. The condition of Theorem 1 means the following. Some constants ¢, (D, f),
co(D, f) > 0 exist that for any r € p(D) and any subregions [T;,T;. ] C [0,T,], i € 1 : m,

> V(T Ty) < ey(D, f) +eo(D, )Y V(s T, Ty
1 1

We included the mention on subregions in Theorem 1 for which 1 is correct, since the variation
V(r';0,T,.) can be unlimited.

Remark 2. The similar conditions for the variation of ®(-) on curves r(-) were written the
first time in [6].

2 Geometric interpretation of Theorem 1

I will give another geometrical interpretation of Theorem 1. Let me introduce a turn of the
curve r(-) on the graph T'y = {(z,y,2) € R* | z = f(z,y)}.

Consider on I'; the curve R(t) = (r(t), f(r(t))) where r(-) € p(D). As the function f(-,-)
is Lipschitz, the derivative R’(+) exists almost everywhere on [0, 7], which I will denote by
() = R'().

Definition. The turn of the curve R(-) on the manifold Ty is called the value

7(t;) T(ti 1)
SUP{y yC N, EZ: | ()] HT( i 1)”

Theorem 2. For any Lipschitz function z — f(z) : D — R to be DC function on the
compact set D € R? it is necessary and sufficient that some constants cy(D, f),c5(D, f) >0
existed for all v(-) € p(D) such that the turn of the curve R(-) and any subsets of R(-) on the
L'y were bounded from above

O, <co(D, f) +¢3(D, f) V (50, T,) Vr € p(D). @)

Corollary 1. In order that a Lipschitz function z — f(z) : D — R was represented as a
difference of two convex functions it is necessary that for any curve r(-) € o(D) the inequality

(Fes (D, f) > 0)(Vr € (D)), V(®50,T,) < c5(D, f)
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was correct where ®(t) = f(r(t)) Vtel0,T.].

Corollary 2. For any Lipschitz function z — f(z) : D — R to be DC function on the

compact set D € R? it is necessary that some constant cg(D, f) > 0 existed for all r(-) € o(D)
such that the turn of the curve R(-) on the 'y was bounded from above

O, <c(D, f) ¥Yr € o(D).

The article [7] provides an example confirming the incorrectness of the sufficiency of the

statements of Consequences. In fact, the authors of the article gave an example proving that
the curves of the set o(D) are not enough to check the representability of a function as a
difference of convex functions. The class of curves (D) is much wider than the class of curves

o(D).
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On controllability of semi-linear control delay systems
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This work presents a study on the approximate controllability of abstract
semilinear control delay system in Hilbert spaces by assuming that the semigroup
generated by the linear operator is compact. Sufficient conditions have been
established on the components of corresponding linear delay control system and
the nonlinear term to guarantee the approximate controllability. The main result
is explored by using the reachable set, the quotient space and the degree theory.
The application of the obtained result is demonstrated by an example of partial
differential equation.
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1 The main results

Let X and U be Hilbert spaces of state and control variables. Consider the semi-linear control
delay system.

(M

&(t) = Azx(t) + Lx(t — h) + Bu(t) + Byu(t — h) + f(t, z(t),u(t)), t € [0,T]
z(0) = ¢(0), 0 € [—h,0], h >0,

where A : D(A) C X — X is closed linear operator; L : X — X and B,B; : U — X are
bounded linear operators; ¢ € C'([—h,0]; X) is initial condition; f:[0,7] x X x U — X is a
non-linear map.

Hypothesis 1 Let us suppose that A generates a Cy-semigroup {S(t)},~o on X with ||S(t)]| <

Since L is bounded linear operator on X, therefore A 4+ L generates a Cj-semigroup
{S(t)},=0 on X, which satisfies [|S(¢)[ < MyeMoMeT = M, where My = Me*“T and M, = ||L||.
If {S(t)};>0 is compact, then {S(t)};>, is compact.

Hypothesis 2 The nonlinear operator f is Lipschitz continuous in x, i.e. there exists a constant
K > 0 such that

1820 (1), u(t)) = [t 25(8), u(t)) | x < Klzy — o] x
where x1, Ty € X.

Then, the unique mild solution of (1) is given by

o(t), if t € [~h,0)
(t) = S(H)p(0) + [ S(t — s)La(s — h)ds ©)
+ [ S(t—s)[Bu(s) + Byu(s — h) + f(s,(s), u(s))]ds, t >0,
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Definition 1. The reachable set Rp(L, f) of (1) is defined as the set of all (T, u, f,¢) € X
such that z(-,u, f,¢) € C(|—h,T]; X) is the mild solution of (1) under some control u €
L*([0,T);U).

Consider the linear delay control system associated to (1) is

{a’:(t) = Az(t) + Lz(t — h) + Bu(t) + Byu(t —h), t €[0,T] )

x(0) = ¢(0), 6 € [—h,0].

Definition 2. The reachable set R (L) of (3) is defined as the set of all x(T,u,d) € X such
that z(-,u, §) € C([—h,T]; X) is the solution of (3) for some u € L?([0,T];U).

Definition 3. The linear control delay system is approzimately controllable on [0,T] if

Rp(L) = X and exactly controllable on [0,T] if Rp(L) = X.

Definition 4. The semi-linear control delay system is approxzimately controllable on [0,T] if

Rp(L, f) = X and exactly controllable on [0,T] if Rp(L, f) = X.

Let us define operator JT : L2([0,T]; X) — X by

T
(I7)(p) = / S(T — s)p(s)ds

and the controllability map B : L2([0,T);U) — L*([0,T]; X) by (Bu)(t) = Bu(t)+ Bju(t—h),
where u(t —h) = 0 for t — h < 0. Let ker(JT) be the null space of JT and K(B) be the

range space of B. Then, we have L?([0,T]; X) = ker(JT) + R(B) with a projection operator
P: L2([0,T]; X) — L*([0,T); X) such that R(P) = ker(JT). We also consider hypotheses:

Hypothesis 3 For each p € L*([0,T); X), there exists g € R(B) such that JTp = JTq.
Hypothesis 4 [ is uniformly bounded, i.e. there exists a constant My > 0 such that

|f(t,2z(t),ut)| < My ¥ (t2(t),ult) € [0,T] x X x U.

Theorem 1. Suppose that Hypothesis 1 - Hypothesis 4 hold. Then Rp(L) C Rp(L, f).

The authors acknowledge the IGNTU Amarkantak for providing facilities to carry out this
work.
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In the present paper, we consider a p-adic SOS model on a Cayley tree of order

two. The existence of translation-invariant and Gf)—periodic p-adic quasi Gibbs
measures of this model is investigated. Moreover, the boundedness of such kinds of
measures is established, which yields the occurrence of a phase transition.

Keywords: p-adic numbers, p-adic SOS model, quasi Gibbs measure, phase transi-
tion

1 The main results

Let Q be the field of rational numbers. The completion of Q with respect to the p-adic norm
defines the p-adic field @, (see [1]).
Let T*(V, L) be Cayley tree (see [2]) and ® = {0,1,2,3}. A configuration o on A C V'is
defined by the function x € A — o(x) € ®. The set of all configurations on A is denoted by
A formal p-adic Hamiltonian H : Q@ — Q,, of the p-adic SOS model is defined by

H(o)=J ) l|o(@)=0(y)le o€Qy, (1)

(w,y)eL

where 0 < |J|, < p /=1 for any (x,y) € L and | - | stands for usual absolute value.

We define a function z : © — z,, Vo € V {zy}, z, € Q)" and consider p-adic probability

distribution u;n) on {2y, defined by

(o) = Z Lexp (Ho(0,)} [ % . (2)
zeW,,
Here, 0, : ¥ € V,, — 0, (x) where Z, - is the normalizing constant

Zn,EZ Z epr{Hn(Un)} H ’ga(m),m‘ (3>

UEQVn xEWn

We say that the p-adic probability distributions (2) are compatible if for all n > 1 and
0, 1 €PVn1:

n n—1
> o V) = i (o, ), (4)
$EeQw,

Here 0,,_; V w,, is the concatenation of the configurations.
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Theorem 1.(see [3]) The p-adic probability distributions ,u(n)(an), which are defined by

(1) are compatible if and only if for any x € V\{z"} the followz'j’l,g system of equations holds:
S glicile 5 o
Zi,m = H jiomil em—jj Y N ) (5)
> ziy+1

yeS(z) =0 Js

here 0 = expp(J) and 2; p = Z; o/ Zm e, 1=0,1,...;m — 1.

In this case, by the p-adic analogue of the Kolmogorov theorem there exists a unique p-adic
quasi Gibbs measure p, on the set 2 such that g, ({0’|Vn = O’n}) = u,(zn) (0,,) for all n and
o, € Sy (see [2]).

The set of all p-adic quasi Gibbs measures associated with functions z = z,,z € V'is
denoted by QG (H).

Definition 1. [4] A phase transition is said to occur if there exist at least two different p-
adic quasi Gibbs measures pu, v € QG(H) such that p is bounded and v is unbounded. In other
words, two different functions s and A may be found defined on N, for which corresponding
measures f, and p;, exist; one of these measures is bounded, while the other is unbounded.

In this paper we consider translation-invariant p-adic quasi Gibbs measures for the four
states p-adic SOS model on the Cayley tree of order two and we get the following results:

Theorem 2. If p = 1(mod4), then for the four states p-adic SOS model on the Cayley
tree of order two, there are at least three translation-invariant and two G(QQ) -periodic quasi
Gibbs measures.

Theorem 3. If p = 1(mod4), a phase transition occurs for the four state p-adic SOS
model on a Cayley tree of order two.
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Template-based approach to dynamic bin packing with
placement groups
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We consider an NP-hard temporal bin packing problem that arises in cloud
computing. Each item represents a virtual machine, defined by its creation and
deletion timestamps, as well as a vector of resource allocation requests. Virtual
machines are divided into two categories: large and small. Each container represents
a server consisting of multiple NUMA nodes. A small virtual machine can be fully
placed on one node, while a large virtual machine is split into two identical halves
that are placed on different nodes. Servers are located in fixed-size racks. Some
virtual machines are grouped together, and each group is further divided into
subgroups called partitions. Virtual machines from different partitions within
the same group conflict with each other, meaning they cannot be co-located on
servers from the same rack at the same time. This constraint is crucial for ensuring
system fault tolerance. Our goal is to efficiently pack all virtual machines into
a minimum number of racks. To solve the problem, we use a column generation
method to create packing templates for virtual machines, which are then distributed
across servers. The templates are adapted to take into account conflicts related
to partition existence. The effectiveness of the approach has been tested on an
extensive open benchmark [1], which contains up to 70,000 virtual machines.

Keywords: bin packing, conflicts, column generation, resource allocation, greedy
algorithm
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[Ia0soHu3anus 1jisi ITMHAMUAYECKON 32/1a44 YIIAKOBKH B

KOHTeHHePHI ¢ rPynImaMu pa3MeneHus
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Me1 paccmarpuBaeM NP-TpyaHyo 3aauy THHaAMUYECKON YITAKOBKH B KOHTEHHEPBI, KO-
TOpasi BOHUKJIA B 00JIAYHBIX BRIYUCIICHUAX. KaxXIblil mpeaMeT npeacTaBiseT coOoi BUPTY-
aJbHYI0 MAIIMHY, KOTOPAsl OMPEAeIsieTCsl BPEMEHHBIMA METKaMH €€ CO3/IaHus U yaleHUs,
a TaK)Ke BEKTOPOM 3aIIPOCOB Ha BBIJECIICHUE peCcypcoB. BUpTyanbHble MAlIMHBI ACTATCSA HA
JIBE KaTeropuu: Oojblne U ManeHbkue. Kaxaplii KoHTeiiHep npencTaBiseT coboii ceprep,
cocrosmuit u3 HeckobkuX NUMA -y310B. Masnenbkas BUpTyaibHasi MallliHA MOXKET OBbITh
TOJTHOCTBIO pa3MelleHa Ha OJHOM Y3Jie, B TO BpeMs Kak OoJbllas BUPTyalbHasl MallldHa
paszensieTcss Ha JBE€ WJICHTUYHBIE MOJIOBUHBI, KOTOPBIE Pa3MEIIAIOTCs Ha pa3HbIX y3iax.
CepBepsl pacnonararorcs B CTOMKax (pUKCHPOBaHHOTO pa3Mepa. Hekotopsie BUpTyanbHbIE
MAaIIMHbI 00BEIMHEHBI B IPYMIIbI, KaX/1as U3 KOTOPBIX Jlajee pa3aenseTcs Ha MOATrPYIIIbL,
Ha3bIBacMbl€ MapTULUSAMU. BupTyanbHble MalllMHbI U3 Pa3HbIX MApTUIMHA B paMKax OAHON
rpynnbl KOHQIMKTYIOT APYT C IPYTOM, T.€. OHU HE MOTYT COBMECTHO pa3MellaThCcs Ha cep-
BEpax M3 OJIHOM CTOMKH B OJJUH M TOT K€ MOMEHT BPEMEHU. JTO OTPAaHUYEHUE UMEET pe-
HIarolee 3HaueHue 15 00ecreueH s 0TKa30yCTOHUMBOCTH cucTeMbl. Haima nens coctout
B TOM, YTOOBI 2(PEKTUBHO Pa3MECTUTh BCE BUPTYyaIbHbIC MAIIWHBI B MUHUMAIBHOE KO-
JMYECTBO cTOCK. [[st pemienus 3aga4u Mbl UCIIOJB3YEM METOJ T'€Hepally CTOJIOLOB s
CO3/1aHus 1a0JIOHOB YITAaKOBKU BUPTYaJIbHBIX MAIIUH, KOTOPBIE 3aTE€M PaCIpeIeIIIioTCs MO0
cepBepaM. [11a0GnoHb! aanTHpPOBaHbI TAKUM 00pa3oM, YTOOBI YUUTHIBATH KOH(IUKTHI, CBS-
3aHHBIE C CYNECTBOBAHUEM MapTUIHA. D(P(HEeKTUBHOCTH MOIX0a MTPOTECTHPOBaHA Ha 00-
HIMPHOM OTKPBITOM Habope mpumMepoB [ 1], kotopsie copepskar 10 70 THICSY BUPTYaIbHBIX
MaIlIMH.

KiroueBrbie cjioBa: ymakoBKa B KOHTEHHEPHI, KOH(GIUKTHI, TEHEpaIHs CTOJI0II0B, pacipe-
JIETICHUE PECYPCOB, XKATHBIN aJTOPUTM

Cnucok aureparypsl

[1] Temporal Bin Packing Problem with Placement Groups. http://old.math.nsc.ru/AP/
benchmarks/Temporal%$20Bin%20Packing/binpack.html

* McenenoBaHue BBINOIHEHO B pamMkax rocyaapersennoro 3aganus UM CO PAH (npoexr FWNF-2022-0019).
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Numerical-symbolic estimates of geometric
characteristics of reachable sets and functional
differential equations

A.N. Rogalev
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Controlled systems described by ordinary differential equations with initial or
boundary conditions are considered. In the report the inclusion of the reachability
domain of control systems using a guaranteed method of estimating the sets of
solutions of systems of ordinary differential equations on the basis of symbolic
formulas for approximating the shift operator along the trajectory are building.

Keywords: Uncertain dynamic systems, Reachability, Symbolic formulas

Yuc/IeHHO-CUMBOJIbHBIE OLIEHKH reOMEeTPUYECKUX XaPAKTEePUCTHK
MHOKECTB JOCTUKUMOCTH U (PYHKIMOHAJIBbHO-TUPepeHrAIbHbIE
YPaBHEHUS

A. H. Poranes

HBM CO PAH, Kpacnosipck, Poccust
rogalyov@icm.krasn.ru

B nokinaze onuchIBaeTCs anrOpUTM MOCTPOCHUS BKITIOUEHHUS 00JIaCTe JOCTHKUMOCTH
YIPaBIISIEMON CUCTEMBI, HCTIONB3YIOIUH OIIEHKHA TEOMETPUIECKUX XapaKTEPUCTHK MHOKECTB
JOCTH)KUMOCTH YTIPABIISIEMBIX CUCTEM, a TAKXKE CBOMCTBA PyHKIIMOHAIBHO- AU (D HepeHITnaIbHBIX
ypaBHeHUH. OLIEHUBAIOTCS BBIYMCIUTENbHbIE 3aTPaThl IPEUIOKEHHOTO aJrOpuTMa B CpaB-
HEHUH C 3aTpaTaMU HEKOTOPBIX U3BECTHBIX aJITOPUTMOB OLIEHKH MHOKECTB JIOCTHKUMOCTH.
[TpuBoAsITCS MPUMEPHI OLIEHKA MHOXKECTB JI0CTHKUMOCTH.

KiroueBble cjioBa: Z[I/IHaMI/I‘IQCKI/Ie CHUCTEMBI C BOBMYIICHUAMMU, obmactu JOCTHXKHUMOCTH,
CHMBOJIBHBIC (I)OpMy.TIBI, I'paHUYHbIC U BHYTPCHHHUC TOYKH

[Ipu perieHun MHOTHX 3aa4 JBMKCHHE YIPABISEMON CHCTEMbI OIMCHIBAETCS cUCTeMOM nudde-
pEHIMATBHBIX YPAaBHEHUMN:
% = f(t,y,u), (1)
C 33JITaHHBIM KJIACCOM JIOMYCTUMBIX yIpaBieHuii u € U, ¢ NU3BECTHBIMU HAYAJIbHBIM U KOHEUHBIM COCTO-
STHHEM YITPaBISIEMOUM CUCTEMBI, TP BBHIIIOJIHEHHUH Psijia YCIOBHM, HATTOKEHHBIX Ha MPaBYI0 YaCTh CUCTe-
MBI I[I/I(b(bCpCHHI/IaJ'ILHBIX ypaBHeHuﬁ. MHO)KCCTBOM JOCTUXKHUMOCTHU B MOMCHT BpeMCHI/I t Ha3bIBACTCsI
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MHOKECTBO BCEX TOYEK M3 (Pa30BOTr0O MPOCTPAHCTBA, B KOTOPHIC MOXHO TEPEHTH Ha OTPE3KE BPEMECHHU
[ty, 1] M3 BCceX BO3MOXHBIX TOUEK HAYaIbHOTO MHOXECTBA (ha30BBIX COCTOSHHM MO PEIICHHSIM CHCTE-
MBI (1) ¢ HaYaJIBHBIM YCJIOBHEM M C JIOMYCTUMBIM ympasieHHeM. [loHsTHe 00nacTu JOCTUKUMOCTU
MO3BOJISIET PelIaTh Pa3InIHbIC KOHKPETHBIC 3a7a9 TEOPUH YIIpaBIeHUs. B Te3nucax ciI0KHO PUBECTH
MOJTHOE OITMCaHUe padoT IO 3TOM TeMaTHKe, OIyOIIMKOBAaHHBIX YdeHBIMU U3 ExaTtepunOypra, MOCKBHI,
Upkytcka u np. [IpuBonarcst CChUIKM K HECKOIBKUM cTaThsM [1]- [5], monHbIA 0030p Beex paboT, mo-
CBAIIEHHBIX OIICHUBAHUIO MHOXKECTB JJOCTHKUMOCTH — 3TO 33/1a4a, TPeOyoIas CymecTBEHHO OOBIINX
PECYPCOB U BBIXOJAIIAS 32 PAMKH JaHHBIX TE3UCOB.

Mogenn, o0CHOBaHHBIC Ha CHUMBOJIBHBIX (hOpMYyJIax PEIICHUA 1 HE UCTTONIB3YIOIINE CUMBOJIbHBIE (hop-
MyJIbl Bapualluy MOCTOSHHBIX, U3JI0KEHBI B padortax [6], [7], [8], [9]. B nanHoii cTarbe onuckiBaeTcs
MIPUMEHEHNE CUMBOJILHOW HETMHEHHON (HhOpMYJIbl BapHaIlMK MTPOU3BOIBHBIX TTOCTOSTHHBIX TSI OLEHKU
MHOKECTB JOCTHKMUMOCTH HEJTMHEHHBIX yTIpaBisieMbIX cucteM. CUMBOIIbHAS (hopMyrna (aHATUTHIECKOE
BBIPQKCHHE )— 3alMCh UMEH KOHCTAHT, TIEPEMEHHBIX U JEUCTBUH, KOTOPHIE HYKHO TIPOENiaTh B OTpe-
JICJICHHOM TIOPSIIKE HaJl 3HAYCHUSIMH dTHX TIepeMeHHbBIX. [1py 3armucu CMMBOJIBHBIX (hOPMYIT, alllPOKCH-
MHPYIOITUX ONIEPATOp CABUTA BAOIL TPACKTOPHUH, IOMYyCKASTCS BKIFOUCHHUE B HUX YHCIIOBBIX KOHCTAHT,
C OTJIO)KCHHBIM BBITIOTHEHUEM JIEUCTBUM C HUMU.

ANTOPUTM HaXOX/IEHUSI CHMBOJILHOU (OPMYIIBI PEIICHUS 3a1aun

dy
i A(t)y + F(t,y) + u(t), 2)
COCTOMUT U3 HECKOJIBKHUX DTAIIOB.

Brimonnsiercs nmonHas coopka GpopmyInbi

y(t) = @(OD(ty) g+ 0(0) [ B(r) [Flry(r)) + u(r)]ar. G)

to

B (3) chopmupoBaHa crucTema HEIMHEMHBIX HHTETPaIbHbIX YpaBHeHUH Dpenronbma BToporo poaa. Ko-
3¢ GULIHEHTH! ypaBHEHUH 3a/1aHbl KaK CUMBOJIbHbIE BEJIMYMHBL. PellieHne cucTeMsl onpeiesseTcs: MeTo-
JIOM TIOCJIEZI0OBATEIbHBIX MPUOIMKEHNN KaK QyHKITHSL.
IToxa3zaHo, pU BBINOJHEHUU KaKUX YCIOBUH METOJ MOCIIEI0BATEIIbHBIX PUOJIMKEHUHN CXOIUTCS.
Merton npuMeHsIeTCs Ul OLEHKU MHOXECTBA JJOCTHKUMOCTHU YIPaBIISEMOH CHCTEMBI

dy 1

d_tl = 591(1 — Yo) +uyg,

dy 1

d_tQ: 53!2(1_341)"‘“27 4)

0 < 9,(0) <10,0 < y,(0) < 10,
lu| < 1, |ug| < 1.

ITpu ¢ = 0.5 nonyueHa oneHka MHOXecTBa foctmkumocty —0.26445443 < y; < 9.40980746,
—0.01 <y, <8.2.

Ilpu ¢ = 1.5 Bbiuucnena ouenka —0.3284561 < y; < 18.9746654, —0.237211 < y, <
16.4834202.

ITpu GonpIMX 3HAYEHUSX T Y pelIeHui MOSBISIOTCS TOUKH CHHTYISIPHOCTH, ITI03TOMY OLIEHKH MHO-
KECTB PEIICHUH yBETNYNBAIOTCS SKCIIOHEHIIMAIBHO U HE HeCyT HUKakoi nHpopmauu. [IpuBoants nux
HET CMBbICIIA.

I[J'IS[ HEITMHEHHBIX YHOpaBJIA€MbIX CUCTEM Ka4Y€CTBO U TOYHOCTD ITOCTPOCHUSA MHOXKECTB TOCTHIKUMO-
CTH 3aBHCHUT OT CIIOKHOTO XapakTepa MHOXecTBa pemennit OJIY — mis pemeHnit MoryT MOSIBISITHCS
JMXOTOMHS CTIEKTpa COOCTBEHHBIX 3HAYCHUH Tu(epeHInanbHOro oneparopa, Oudypramnun pemeHui,
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TOYKHU BO3BpaTa U MHOTUE APYTUE XapAKTEPUCTUKU MHOXKECTB PELICHUM, HA KOTOPBIE BIMSET yIIPaBc-
HUe, SBISIONICeCs HETJIAIKON (PyHKITUEH.

dopMysia HEIMHEWHON BapHalliy MOCTOSTHHBIX 33JJa€T COOTHOLIEHUE, KOTOPOMY YIOBJIETBOPSET pe-
menue HenuHelHou cuctemsl O/Y ¢ ynpasnenusmu. [ TMHEHHBIX cUCTEM 3Ta GopMysa BapHaluu
MIOCTOSIHHBIX Ha3bIBaeTcs (popmyrnoit Komm. J{ns HemuHEeHHBIX crcTeM (popMyiia BapHUaIiy MOCTOSTHHBIX
ABIIAETCS 110 CYyTH CUCTEMOU MHTETPAJIBHBIX YPAaBHEHUH, B IIPABYIO YaCTh KOTOPOU BXOAUT YIIPABICHUE.
Janee npennaraercs pemarb CUCTEMY MHTEIPAJIbHBIX YPABHEHUI Tak, YTOOBI NOITY4YUTh 3aBUCUMOCTh
JUIsl TOYHOTO PELIEHUS HEJIMHEMHON CUCTEMBI C YIIPABIEHUEM U OLICHUTh MAaKCUMAaJIbHbIE 1 MUHUMAJIb-
HbIE 3HAYECHMSI TaHHOM 3aBUCUMOCTH IPU MU3MEHEHUH YIIPABJICHUS B 33JaHHBIX MIpe/ieiax yIpaBICHHUS.
3aBucuMoOcCTh OyneT moiydyeHa kKak ¢opmyna pemeHus. B atom cyts noaxona. [Toatomy MoxHO orre-
HUTH 001aCTh BO3MOXKHBIX 3HAYCHUH (POPMYJIBI, 3TO 00IaCTh €CTh OI[EHKa MHOXECTBA JOCTHKUMOCTH.
[Tony4eHHbIe pe3yabTaThl HOATBEPKAAIOT IPPEKTUBHOCTh MOJEIIN OLIEHKU MHOXKECTB JOCTHKUMOCTU
C IPUMEHEHHEM CUMBOJIBHBIX (POPMYJT BapHalluH TOCTOSIHHBIX.
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Hysteresis loop in neural networks with simplices of
different orders
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The study focuses on the behavior of neural networks with various types of
simplex connections, specifically the search for hysteresis effects. One of the most
widely used models for this purpose is the Kuramoto equation, which allows us
to analyze the behavior of large numbers of interconnected oscillators. A variant
considered in this study is a network of oscillators in which each node is connected
to all other nodes, also known as a network of globally coupled oscillators. The
change in a key parameter has been examined numerically, and when a clear jump
is observed in the resulting graph, hysteresis can be identified. When the system is
integrated backwards in time, the resulting pattern resembles a classic loop

Keywords: hysteresis effect, Kuramoto equation, neural networks

SABJieHNne rucTepe3rca B HEMPOHHBIX CETAX ¢ CUMILJIEKCAMM
Pa3JIM4YHbIX MOPSIAKOB

K. C. Pa6oB

Beicmas mkona sxoHoMukH, Huxunii Hosropon, Poccust
ksriabov@edu.hse.ru

VccnenoBanre MOCBAIICHO MOBEIEHUIO HEHPOHHBIX CETeH ¢ CHUMILIEKC CBSA3SIMU Pa3-
JUYHBIX TTOPSAIKOB, @ UMEHHO OTBICKAaHHIO 3(hekTa ructepesnca. OHa U3 caMbIX MOMYIIsp-
HBIX Mojelsel s 3Toro — ypaBaenue Kypamoro. Ilpu ee momoum MOXXKHO paccMOTpPETh
NOBEJICHHE OOJIBIIOTO YUCIIA CBS3aHHBIX MEXKIY CO00H ocimuiaTopoB.PaccMoTpeH Bapu-
aHT, I7le CBA3b Cpeiu HEHPOHHBIX Y3JI0B — BCE CO BCEMH, KOTOPBIiI €llle Ha3bIBAIOT CEThIO
100aJIBbHBIX OCHMIIIATOPOB. UHCIEHHO PACMOTPEHO U3MEHEHHUE NTapaMeTpa MopsaKa U pu
HaOTIOZICHNH SIBHOTO CKa4yKa Ha 3TOM TpaduKe MOKHO AETEKTUPOBATh rucrepesuc. [Ipu un-
TErPUPOBAHUH CHCTEMBI B 0OPaTHOM BPEMEHH KapTHHA COOTBETCBYET KIIACCHUYECKOH METIIe.

KiroueBble ci1oBa: sBiIeHUE rucTepesnca, ypaBHeHue KypamMoro, HeHpOHHBIE ceTH

1. OcHoOBHBIE pe3y/IbTaThI
3anuiemMm YPaBHCHUC, KOTOPOC 3a4aCT JUHAMUKY U3MCHCHU: y3JI0B B HeﬁPOHHOM CJIO€ C TCUCHUEM
BPEMEHU :
K1 N N
0, = w, —|——Zsm9 —0,) Zzsm@ej—ek—ei). (1)
7j=1 k=1
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B nannoit dpopmyne 0; — paza u w,; — 4acToTa i-r0 OCHMILIATOPA, K — CHIIa CBA3M MEXKY SIEMEHTaMU.
Bynet ncnonb3oBaTh CUMITIEKCHI 10 210 TIOPSJIKa BKIFOUUTEILHO, TaK BKJIA]] BKJIaJ CUMIICKCOB Ooliee
BBICOKHX CBSI3€H HE BHOCUT 3HAYUTEIILHBIN BKJIAJ.

Cumruiekcamu OyZieM HasbIBaTh N-MepHOE 0000IIeHHE TPEeyroibHUKA. Takum 00pa3oM, CUMILICK-
COM TEPBOTo MOpsAKa Oy/IeT Ha3bIBaTh OTPE30K, & CUMIUIEKCOM BTOPOTO MOPSAIKA-TPEYTOIbHHUK.

JIJ1s OTBICKaHUS TIETIIM THCTEPEe3nca HEOOXOAMMO PAaCCMOTPETh sBJICHHE (Pa30BOH CUHXPOHU3AIINH.
E€ xputepuem sBisieTcs napameTp nopsaka. [Ipusenem ero hopmyiy:

r== Z e, )

€CJIM MbI IoJTy4yruid, 7 = (0, 3HauuT HEeT (Pa30BO CHHXPOHU3AIINH, a ClIydail 7 = 1 COOTBETCBYET CIydaro
(a3oBoit cHHXpOHM3AIMH OCHMILIATOPOB. HO IpUMIUMaTh 3HaUeHHMsI OH MOXeT JF00bIe U3 otpeska [0; 1].

J1i1st mpoBeieHHst YUCIICHHBIX UCCIIEIOBAaHUN HEOOXOIMMO 3a/1aTh HaYalIbHbIE pacpeieeHus B hop-
myse (1). Bynem ucnonb3oBath ucneayromme ¢gassl :w OynyT pacnpenenens! no Komm ¢ mapamerpamu
(0, 0.5), a wactotsl 6, B CBOIO Ouepe/ib, OyAyT pachpenesieHbl paBHOMEPHO B mpezeax ot 0 10 2.

3adukcupyeM KOJHMUECTBO OCHWILIATOPOB Ha 3HaueHnH N = 25, TO ecTh KOJMYECTBO y3J0B 625.
s TOoro, 4To0bI HAWTH yCIIOBHE BOZHUKHOBEHHSI CHHXPOHHOTO PEeKMMa Hallle MOJIeNin MPOBEIEM YK C-
JICHHOE MHTETPUPOBAHUE CHUCTEMBI MeToIoM PyHre-KyTThl 4-r0 mopsiaka: mar no Bpemenu dt = (.01
Ha Bpemenu 1" = 1000.
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Puc. 1. M3mMeHenue napamerpa nopsiaka npu N=25 ot napamerpa K B CBA3X ¢ CHMIUIEKCAMH EPBOTO MOPSIIKA.

Kak MBI BUAMM, OCHMILIATOPHI MOKHO SIBHBIM 00pa3oM pasfeNuTh Ha 2 KiacTepa: Te, TJe CUHXPO-
HU3aIMs TPOM30IILIA, U T1Ie ee HeT. [lepexox mpoucXoauT J0CTaTOYHO TIABHO, HO €CTh HEKOTOPBIN pa3-
Opoc Touek. He mpousonuio pe3koro nepexosa moao3puTeNbsHOrO Ha siBJIeHUE rucrepesuca. [loatomy
pPacCMOTPHM CHUMIIEKCHI BTOPOTO Mopsifka. [Ipy MHTErpupOBaHUM MPH TEX XKE MapaMeTpax MOIyduM
CJIEYIOILYIO KPTHUHY.

Buaym, 9TO B OTIIMYMH OT CUMIUIEKCOM IIEPBOTO MOPSAKA, TYT HEPEX0 IPOUCXOIHUT HE TaK IIIaBHO
(cxaukom). Pe3ko Bo3HHMKaeT OacceilH mo0anbHO CHHXPOHU30BAaHHBIX OCLUIUIATOPOB.

[Tpu urerpupoBaHuy B 0OpaTHOM BPEMEHH MbI BUJMM SIBHYIO METIIIO THCTEpE3unca.

KpuByto nomyueHHy0 Npu MHTETPUPOBAHUM W300pa3sUM CHHHUM I[BETOM, IPU MHTEIPUPOBAHUU B
o0paTHOM I[BeTe 0003HAYUM KpacHBIM. MBI BUIUM, YTO 3HAYCHHUE mapameTpa [, Ipu KOTOPOM Ipo-
HCXOIUT CKadyKOBBIM IMepexof], oriandaercd. Ha kpacHOU mpsMON OH HaXOAUTCS JIEBEE OTHOCHTEIBHO
CHHEH.
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Puc. 2. U3menenue napamMeTpa 1nopsaka 1npu N=25 or TapamMeTpa Kl B CBA34X C CUMIUICKCAMU BTOPOI'O IOpsaKa.
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Puc. 3. SIBnenue rucrepesuca B CETSIX C CUMIIJIEKCAMHU BTOPOTO MOPSAKA.
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Variational formulation for one-dimensional systems of
conservation laws

Yuri Rykov

Keldysh Institute of Applied Mathematics RAS, Moscow, Russia
yu-rykov@yandex.ru

The report provides alternative formulations of the concept of a generalized
solution for systems of quasi-linear conservation laws. The system of equations is
associated with some nonlinear functional on trajectories in the space of independent
variables and the concept of a generalized solution is defined through the extreme
properties of this functional. It is also possible to give a formulation with functional
minimization in a certain function space. The latter formulation makes it possible
to interpret solutions for Keyfitz-Kranzer type systems with delta singularity.

Keywords: conservation laws, generalized solutions, quasi-linear systems, shock
waves, delta singularities, variational formulation

Bapuanuonnasi popmMyIupoBKa JJI51 OHOMEPHBIX CHCTEM 3aKOHOB
COXpPaHEHUA

IO. T PrixoB

UIIM um. M.B. Kenasima PAH, Mocksa, Poccust
yu-rykov@yandex.ru

B noknaze npuBeeHbBI abTepHATUBHBIC (POPMYITHPOBKH MOHATHS 0000IIICHHOTO pellie-
HUS JUISI CACTEM KBa3WJIMHEHHBIX 3aKOHOB coxpaHeHus. CucTeMa ypaBHEHUH acCOLMUPYET-
Csl C HEKOTOPHIM HEJIHMHEHHBIM (DPyHKIIMOHAJIOM Ha TPAEKTOPHSIX B MPOCTPAHCTBE HE3aBU-
CHUMBIX TICPEMECHHBIX U TIOHATHE 0000IIEHHOTO PEIICHHS ONPEICIIAETCS Yepe3 IKCTPEMaIib-
HBIE CBOICTBa 3TOr0 (hyHKIMOHANIA. TakkKe BO3MOKHO HMPUBECTH (HOPMYIUPOBKY C MUHH-
Mu3anue (QyHKIMOHAIa B HEKOTOPOM npocTpancTBe GyHKIwmi. [Tocnenusas GopMyaupos-
Ka TI03BOJISICT MHTEPIIPETHPOBATH pelieHus i cucteM tuna Keriduri-Kpansepa ¢ nenbra
0COOCHHOCTBIO.

KawueBble ci0Ba: 3aKOHBI COXpaHEHUs, 0000IICHHBIC PEIICHUS, KBa3WJIMHEHHBIC CHCTE-
MBI, YJIapHBIE BOJIHBI, JCJIETa 0COOCHHOCTH, BapUaIlMOHHAS (POPMYTUPOBKA

Bynem paccmarpuBarh 3aaaqy Komu s ciieayromieii CHCTeMbl KBa3UJITMHEHHBIX YPAaBHEHUM, KOTO-
past IPEeIoIaraeTcsi CTPOro runepooInIecKoi,

U, + F(U>m =0, U(O,IE) = U0<x> ) (1)
speeh (t,x) € [, = {(t,z) = (t,z) € [0,T] x R}, U(t,2) = (uy(t,2),...,u,(t, 7)), a F =

(fi .-, f,,) — mocrarouno mankas (o kpaiineit mepe, F € C!(R™)) BekTop-byHKIMS TepeMeHHbIX

231



(U, ..., U, ). 30eCh U Haee KUPHBIM WpHPTOM B hopMynax OyayT 0603HAYATHCSI BEKTOPHbIE BEINUH-
Hbl. Penienus cucreMsl 1, IMPUHUMAIOINEC 3aJaHHBIC HAYaJIbHBIC 3HAYCHU A, KaK IIPpaBUJIO, IOHUMAIOTCA
B 0000IIIEHHOM CMBICJIE, T.€. B CMBICJIC BBIIIOJIHEHUS] COOTBETCTBYIOILIETO HHTEIPAIbHOTO TOXK/IECTBA.

Cucremsbl ypaBHeHHMI Tuna (1) u3ydannch O4eHb MHTCHCUBHO, BKJIFOYAasi 1 MHOTOMEPHBIA CITyJaid,
o01iee mpeIcTaBIIeHUE O TTPEeIMETe IPUBEICHO, HaITpuMep, B [ 1]. OgHako MHOTHE BONIPOCHI, CBSI3aHHBIC
C CYIIECTBOBaHUEM OOOOIIEHHOTO pelIeHHst (KPaTko: 0.p.), BCE )K€ OCTAIOTCsl OTKPBITHIMU. Hike mpu-
BEJICH aJIbTEPHATUBHBIN B3IVISA HA MOHATHE O.p. AJs cucteM Tuna (1), oOCHOBaHHBIN HAa BapUAIllHOHHOM
noaxoae. OTMETHM, 4TO MOHSATUE SHTPOIMIUHOTO O.p. U BONPOC €AMHCTBEHHOCTH 3/1€Ch HE pacCMaTpH-
BAIOTCHL.

Paccmorpum dyrkmmonan J taxoit, uto J : x(7) € C! — R”,

= / L(x,U)dr; L(x.U) = U(r, x(r)) X(r) — F o U(r, (1)) . @
0

[MPEJJIOXEHME 1. ITycts U(t, z) sBasieTcst KYCOYHO HEMpPepbIBHO-AU((PEPEHIIMPYEMON, U MyCTh
CYIIECTBYET TPAEKTOPHS Y TaKasi, uTo jist 310l Tpaekropun 6J = 0. Torna B Tex Toukax X, rae U(t, x)
ABIIIETCS [VIAJIKOM, BhIMONHAETCS (1) B KIIACCHYECKOM CMBICIIE, @ B TOUKAX MEPECEUEHHs X W JIMHUM
paspoiBa pyukuun U(t, z) Boimonsstorcs cootHomenus Perkuna-Troronno s (1).

Ha ocHoBe manHOTO (paKTa MOKHO MPEUIOKUTH CIEAYIOUIee ONpeesieHIe, CM. TaKxke [2].

OINPEJEJIEHME 1. ITycts J onpeneneno coorHomennem (2). Hazosem pynxuuto U (¢, z) u3 noa-
XoJsIero Knacca GpyHkuui o.p. cucremsl (1), ecau must mo6oro mytu x (7) Bapuamus dJ = 0, Te.
m00ast Touka pyHKIMOHaNA J SBISIETCS KPUTHYECKOM.

U3 Tpennoxenus: 1 BO3MOXKHO MONYYUTh U IPYTo€ OIpeeNieHne, cM. Takxe [3].

OINPEJEJIEHME 2. Paccmorpum dyskimio V (¢, x) € Wl’OO(HT) = DB v HauanpHOE YCJIOBHE
Vo(z) € WHe(R), Vj(z) = Uy(x). O603nauum yepes V noamuoxectso B, Takoe uto V (40, 1) =
V(z). Taxxe Ha npocTpancTBe B paccMoTpuM QyHKIHOHAT

& v, oV
L(V) = esssu Var( ! (—)) ,
(V) = ess sup ; ar (5o (5,
e V = (vy,...,v,,), a Var 0603HauaeT Bapualyio BRIPaKEHUs 110 repeMenHoi . Torna GpyHKIuo
xT

U = 0V /0x naszosem o.p. (1), eciu Gpyukimst V peannsyer MuHUMYM GyHKIHOHATA £ HA MHOKECTBE
V.

[MPEJIJIOXEHMUE 2. [Tycte MmunumyM m ¢yHkuunonana £ nocruraercs. Torga, ecnmu m = 0, To
U = 0V /Ox susiercst 0.p. (1) B cMbICIIe HHTErPAIBHOTO TOKIECTBA.

Ecmu e m # 0, To Onpenenerne 2 MOKHO UCIIONB30BATh /ISl HHTEPIPETALNH PEIICHHI CHCTEM
tuna Keitpuru-Kpanzepa, cm. [4].
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On estimates of solutions for systems of linear
autonomous differential equations with aftereffect

Tatyana Sabatulina

Perm National Research Polytechnic University, Perm, Russia
tlsabatulina@list.ru

Estimates of the rate at which solutions tend to zero are found for systems of
linear autonomous functional differential equations with aftereffect. The study is
based on the idea of constructing a so-called “comparison system”, which, on the
one hand, has a simpler structure, and on the other hand, the same asymptotic
properties as the original system. The effectiveness of the results obtained is
illustrated by a number of examples in which FDE with different types of aftereffects
are selected as comparison systems.

Keywords: systems of functional differential equations, exponential stability, fun-
damental matrix, estimation of the rate of decreasing for solution, monotone
operators

O0 oneHKax pelieHu CUCTEeM JJMHEHHbIX ABTOHOMHBIX
muddepeHIMATBHBIX YPAaBHEHHI ¢ MOcJIeneiicTBHeM

T. JI. CabGatynuna

Ilepmckuit HaMOHANBHBIN HccenoBaTeNbcKuil nonuTexuuueckuil yausepeuret (ITHUITY), Ilepms, Poccust
tlsabatulina@list.ru

Jliist cucteM TMHEHHBIX aBTOHOMHBIX (PYHKIIMOHAJIbHO-AU(epeHIInaIbHbBIX ypaBHEHUH
C TOCTEAEHCTBUEM HAWIEHBI OLICHKH CKOPOCTH CTPEMIIEHHS pelIeHn K Hymto. Mccnenona-
HUe 0a3upyeTcs Ha ujee MOCTPOSHHS TaK Ha3bIBAEMOW «CUCTEMBI CPABHEHUS», KOTOpas, C
OJTHOM CTOPOHBI, UMEET 00JIee MPOCTYIO CTPYKTYPY, & C APYTroil CTOPOHBI — T€ e aCUMITO-
TUYECKHUE CBOMCTBA, UTO M HCXOAHAs cucTeMa. ()(PEKTUBHOCTD MOYUSCHHBIX PE3yILTaTOB
WJUTIOCTPUPYIOTCS PSAOM MPUMEPOB, B KOTOPHIX B KAYECTBE CUCTEM CPaBHEHHS BHIOMPAIOT-
ca OIIY ¢ pa3nmuYHBIMU BUIAMU MTOCIEAEHCTBUSL.

KiroueBsble ciioBa: cructeMbl QyHKIIMOHATBHO-AU(PPEpEHINATbHBIX YPABHEHUA, SKCTIOHEH-
uanbHas yCTOMYMBOCTD, GyHIaMEHTAIbHAS MaTPHUIlA, OIIEHKA CKOPOCTH YOBIBaHUS peliie-
HUSI, MOHOTOHHBIE OTIePATOPHI

PaccmoTpuM nHHEIHYI0 aBTOHOMHYIO CUCTeMY (yHKIIMOHAIBbHO-AH((epeHnanbHbIX ypaBHEHNH

(@) )
i(t) + / dQ(s)x(t —s) = f(t), tER,, )
0

* Pabora BbIIONHEHA ITpHU TOAIepKKe MUHICTEpCTBA HAyKH U BBICIIETo 00pa3zoBanus Poccuiickoit @eneparyn, mpoekt Ne FSNM-2023-
0003.
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rme T € R,, Q: [0,7] = R® — marpuua-dyskuus orpanndeHHoil Bapuauuu, (Q(0) = ©, uHTerpans
TIOHMMAIOTCs B cMbIcie Pumana — Ctunteeca, Bektop-¢ynkius f: R, — R™ nokansHo cymmupyema.
Hauanpayto ¢pynkumio, He Hapymas odurHocTtH [1, ¢. 9-10], cunTaem 4acThiO BHEIIHETO BO3MYIICHUS
f. 3amuce cucrembr @Y B Buze (1) ¢ ucnons3oBanuem uHTerpana Pumana — CTHIThECA BKIIIOYACT B
ce0s1 ypaBHEHUS C pa3HBIMH BHJIaMHU TIOCIIEICHCTBU.

Caenys [1, c. 9—10], Ha3oBéM pewternuem cuctemsl (1) 10KanbHO aOCOTIOTHO HEMTPEPHIBHYIO BEKTOP-
¢byHK1MIO, yIoBIeTBOpstouyto (1) moutu Bcioay. B yka3aHHBIX BbIIIE MpeAnonokeHusx cucrema (1) ¢
3aJ]aHHBIM HauaJbHBIM yeroBreM (0) € R™ 0HO3HAYHO pa3pelinMa U ee pPelieHne MpeaCTaBuMoO B
Buze [1, c. 84]:

x(t) = X (t)x(0) + / X(t—s)f(s)ds. (2)
0

Marpuna-pynkuus X : R — R™*"™, HassiBaetcs hynoamenmanvrou mampuyeti cuctemsi (1). Ona
OJHO3HAYHO OIPEIEIACTCS KaK PEICHUE MATPUIHOTO YPaBHEHHS

X(t) —|—/TdQ(S)X(t—s) =0, telR,,

pononHeHHoro HadansHeiMu yenoBusmu X (0) = I, X(§) = O mpu & < 0. U3 (2) cnenyert, uto
MOBE/IEHUE JIIOOOTO PELIEHHS MOJHOCTBIO ONPEENAETCS CBOUCTBAMM (PyHIAMEHTAIBHON MaTPHIIbL.
Brienum B Marpuiie () 9acTh 2JIEMEHTOB TIIABHOM JIMaroHay u rnepenuuem cucremy (1):

z(t) + Ax(t) + /W dR(s)x(t —s) = /U dP(s)x(t—s)+ f(t), teR,. (3)

0 0

3necs A = diag{ay, aq,...,a,}, a, € R; R(s) = diag{r,(s),r5(s),...,7,(s)}, r(s) — MOHOTOH-
Hple pyHKIMM; w, 0 € R, . O6paTumM BHUMaHHUE, YTO B OTIMYHUE OT [2] 21eMeHThI MaTpULIbI-QyHKIH P
He 00s3aTesbHO HeyObIBatoniue. Kak u B [2], cucTeMy, KOTopasi Oonpe/essieTcs JeBoi yacThio (3) Ha3o-
BEM cucmemoti cpasnenusi. Tak kak Marpuisl A u R(S) quaroHaibHbIE, TO CHCTEMY CPAaBHEHHS MOKHO
paccMmarpuBaTh Kak COBOKYMMHOCTh HE3aBUCUMBIX CKAJISIPHBIX ypaBHEHUH, 1 pyHIaMEHTAIbHBIX pe-
[IeHW KOTOPBIX B pabote [3] ObLIM MOydeHbl TOYHBIE TBYCTOPOHHHME OLIEHKH, JAIOIIUE OLEHKY IS

(byHIaMEeHTaTbHON MaTPHUIIBI CHCTEMBI CPAaBHEHHS:

O < Xo(t) < Nemeo!, )
rae ¢, = min{¢y, oy, (1 N = diag{—m, ,—m, 1,...,1}, g,, — xapakrepucruue-
CKkUe (QYHKI[MH YIOMSIHYTBIX CKaJISPHBIX YPaBHCHHIA.

B cuny [4, c. 205, Teopema 6] marpuna-¢pyHkuuio P npeacraBuMa B BUAE Pa3HOCTH JABYX MaTpHIL,
BCE KOMIIOHEHTBI KOTOPBIX SIBISIIOTCS Bo3pactarommmu yakiusamu: P(s) = Pj(s) — Py(s). Ilox
|dP(s)| 6ynem nonnmarb d( P (s) + Py (s)). BBeném BcroMorareinbHyro CHCTEMY

w g
#(t) + Az(t) + / AR (s)a(t — s) = / dP(s)|e(t — s) + (1), tER,,
0 0
u 0003HaunM uepe3 Y e€ pyHmameHTanbHy0 Matpully. B pabdote [2] Obuta mosyueHa TOYHAs IBYCTO-
POHHSAA SKCIIOHCHIIMAJIbHAA OLICHKA HAa MaTpUuIly Y
Jlemma Cnpageonuso cnedyiowee nepagencmeo: | X (t)| < Y (t).
Myers H(y) = I=G5 (7) (Go(v) = [ €™[dP(s)]),Go(v) = diag{g:(7), 92(7); - g, (1)}
Teopema. I1ycmo 015t hyHOAMEHMATBHOU MAMPUYBL CUCTNEMbI CDABHEHUSL BLINOAHEHbI OYeHKuU (4),
mampuya H(0) nonoscumensrno obpamuma, a ~, — nepevlil NOIOHCUMENbHBII HYb YPABHEHUs

det H(y) = 0. Tozoa onsn ¢pynoamenmanvroti mampuyst cucmemst (3) npu écex vy € [0,7,) cnpa-
séeonusa oyenxa | X (t)| < H ' (y)Ne ", t € R,.
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Flat sub-Lorentzian problems on the Martinet
distribution

Yuri Sachkov

PSI RAS, Pereslavl-Zalessky, Russia
yusachkov@gmail.com

Two flat (nilpotent) problems of sub-Lorentzian geometry on Martinet distribu-
tion in 3-dimensional space are considered. For the first problem, the reachable
set has non-trivial intersection with the Martinet plane, but not for the second
one. Reachable sets, optimal trajectories, sub-Lorentzian distances and spheres
are described. For the first problem, the sub-Lorentzian sphere is a topological
manifold with boundary, and for the second problem it is an analytic manifold.

Keywords: sub-Lorentzian geometry, geometric control theory, optimal control

Ilnockue cy0JIOpeHIIeBBI 32124 HA pacnpeaejeHun MapTuHe®

1O. JI. CaukoB

UIIC PAH, IlepecnaBnb-3anecckuii, Poccust
yusachkov@gmail.com

Hccnenyrores ABe TIOCKUE (HUJIBIOTEHTHBIC) 3a1a4l CyOJIOPEHIIEBOM TeOMETPpUN Ha
pacnpezneneHur Maptuse B 3-MepHOM IpocTpaHcTBe. [l nepBoii 3a1aun MHOXKECTBO J10-
CTH)KMMOCTH UMEET HETPUBUAIBHOE MEPECEUEHHUE C TNIOCKOCThI0 MapTHHe, a i BTOpOit
HeT. OnrcaHbl MHOXKECTBA I0CTHKUMOCTH, OTITUMAJIbHBIE TPAEKTOPUH, CYyOIOPEHIIEBHI pac-
ctostHuA U cepsl. [ nepBoii 3agaun cyonopeHiieBa chepa ecTb TOIMOIOTHYECKOe MHOTO-
oOpasue ¢ Kpaem, a st BTOPOH 3a/1a4 3TO aHATUTHYECKOE MHOT00Opasue.

KiroueBble cjioBa: cy6nopeHueBa reoMCTpuA, rcOMCTpHUICCKas TCOPUs YIIPABIICHHA, OII-
THUMAJIbBHOC YIIPABJICHUC

* Pabora BeinonHena npu noguepxke PH®, npoexr Ne 22-11-00140.
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1. IlepBas 3apaua

2
[lycte M = [ng’z, X, = 59_:1:’ Xy = (% + %%. Pacnipenenenne A = span(X;, X,) C
T M nasbiBaercs pacupenenenneM Maprune [1,3,2,4]. Tlnockocts IT = {x = 0} C M uassiBaercs
MOBEPXHOCTHIO MapTuHe.

[lepBas cybnopeH1eBa 3a1a4a Ha pacipeieleHnd MapTHHe CTaBUTCS Kak Cleayrolas 3ajada omnTu-
MaJIbHOTO yTipaBieHus [5,6]:

q = uy Xy + ug Xy, qe M, (1)
u = (uy,uy) € Up = {ug > |uyl}, ()
Q(O) - QO - (05050>7 Q<t1) - Q1a (3)

ty
l:/ \/u3 — uidt — max. 4)
0

2. Bropas 3apaua

Bropast cybopeHiieBa 3agada Ha pacrnpenesieHnd MapTHHEe CTaBUTCS Kak 3a/ada ONTUMAaJIbHOTO
YIIpaBICHUS

g =uy X| +uy Xy, qe M, (5)
u = (uy,uy) € Uy ={u; > |uyl}, (6)
Q(O) = qo = (07070>7 Q(tl) = Q1a (7)

tl
l:/ \/u? —u3dt — max. (8)
0

3. [ony4eHHbIE pPe3yabTATHI

Jlnst oOenx 3a7a4 MOMyYEHBI CIETYIONTUE PE3YIbTATHI:

U OnmcaHbl MHOKECTBA TOCTHKUMOCTH,

U ITomyyena mapameTpu3anus SKCTPEMATBHBIX TPASKTOPHH UTUINITHYECKUMH QYHKIHAME SKOOH,
U JlokaszaHO CyIECTBOBaHUE ONTUMAIBHBIX TPACKTOPHIA,

U Onwmcanbl onTUMAaIbHBIE TPACKTOPUH,

U Onwucanbl cyOnoOpeHIIEBbI PACCTOSHUSI U MX CBOMCTBA,

Q' Omnmucansl cybnopeHeBs! cepbl U HX CBOWCTBA.

4. 3akjaouyenue

[TepBas 3agada NPUHIUIHAIBEHO OTIAMYAETCS OT BTOPOU CIEAYIOUIMMU OCOOCHHOCTSMHU ONTUMAITb-
HOT'O CUHTE3a:

HEKOTOPBIC ONTUMAJIbHBIC TPACKTOPUU MCHSIOT Kay3aIbHBIN THII,

IKCTPEMAJIbHBIE TPACKTOPUHM UMEIOT TOUYKH pa3pesa Ha nmoBepxHoctu Maptune 11,

ONTUMAJIbHBIN CUHTE3 JBY3HAQUCH Ha H,

CyOJIOpPEHIIEBO paccTosiHKe Hernaako Ha 1 u Tepmut pa3phiB mepBOro pojaa B HEKOTOPHIX TOYKAX
IPaHUIBI MHOKECTBA TOCTHKUMOCTH OA 1,

cybnopentieBa cepa ecTb MHOTO0Opasue ¢ KpaeM.

U O00U0

OTH 0COOEHHOCTH CBSA3aHbI C HETPUBHAIBHBIM [IEPECEUCHUEM MHOXKECTBA JOCTIKUMOCTH A | (Kay3aib-
HOTO OyIyIIero Ha4aJabHOH TOUKH () U nmoBepxHoctH Maptune I1.

OnTuManbHBIA CHHTE3 BO BTOPOH 33/1a4€ Ka4€CTBEHHO HE OTIIMYAETCS OT CUHTE3a B CyOJIOpEHIIeBOIT
3ajaue Ha rpynne [eiizenOepra [7].
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On singularities of caustics in spaces of low dimension

Vyacheslav D. Sedykh

Gubkin University, Moscow, Russia
sedykh@mccme.ru

Caustic is the set of critical values of a Lagrangian map. A germ of a Lagrangian
map is a germ of a sweep of a gradient mapping. By Arnold’s theorem on Lagrangian
singularities, simple stable Lagrangian germs are defined by versal deformations of
germs of smooth functions at critical points of types A, D, E. Multisingularity of a
Lagrangian map at a point of the target space is the unordered set of singularities
of the mapping at the preimages of this point. We will talk about the adjacencies
of multisingularities of a generic Lagrangian map into a space of dimension n < 5.

Keywords: Lagrangian map, caustic, ADFE singularities, multisingularities, adja-
cency index

00 0co00eHHOCTAX KAYCTHK B IPOCTPAHCTBAX HEOOJIbILIOH
Pa3MepHOCTH

B. 1. Cenpix

I'yoxunckuil yHuBepcuteT, Mocksa, Poccus
sedykh@mccme. ru

KaycTtukoii Ha3pIBaeTCsl MHOXKECTBO KPUTHUYCSCKIX 3HAYCHHIA JTarpPaHKeBa OTOOPAKEHHUSL.
Poctok narpanxeBa 0TOOpakeHUs SIBISETCS POCTKOM Pa3BEPTKH IPAAMEHTHOTO OTOOpaKe-
Hus. [To Teopeme ApHoub/ia O JIarpaHKeBbIX 0COOEHHOCTAX MPOCThIE YCTOWYUBBIC JIarpaH-
KEBBI POCTKH ONPEIEISIIOTCS BepCaIbHBIMU Je(OpPMALUIMHI POCTKOB IVIaIKUX (PyHKIMH B
KpuTHYeCKUX To4ukax TUIoB A, D, E. MyasTHOCOOEHHOCTBIO JIarpankeBa 0TOOpaKeHHS B
TOYKE MPOCTPAHCTBAa-00pa3a Ha3bIBACTCS HEYIIOPSIOYCHHBIN HaOOp 0cOOEHHOCTEH 0TOOpa-
KEHUS B IPOo0oOpa3ax 3TOH TOUKUA. MBI pacCKakeM O MPUMBIKAaHUSIX MYJIBTHOCOOCHHOCTEH
JarpaHkeBa 0TOOpakeHHsI 0OIIETO TOJOKEHHS B IPOCTPAHCTBO pa3MepHOCTH N < 5.

KuiroueBble c10Ba: JarpamkeBo oToOpakeHue, KaycTuka, ocodenrnoctn A D F, mynbrno-
COOCHHOCTH, MHJICKC IPUMBIKAHUS
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Time series of percolation sensor currents under
conditions of potentiostatic chronoamperometry of
liquid media

E. R. Shaihiev!, M. D. Bitkulov!, N. E. Murtazin?

1 UUST, Ufa, Russia
erik08082002@mail.ru
bitkulovmarat@gmail.com
2 USPTU, Ufa, Russia
people.ufa@gmail.com

Restoring the state of the system from the temporal realization of an observed
value on a limited time interval using the theorems of F. Takens for dynamic
systems with one observation.

Keywords: time series, dynamic system, diffeomorphism

BpeMeHHBI€ pPsi/ibl TOKOB MEPKOJIAINMOHHOIO CEHCOPA B YCJIOBHSIX
NMOTEHIUOCTATUYECKOI XPOHOAMIIEPOMETPHU KHIKHX CPe/l

9. P. Illaiixues’, M. JI. Butkynos!, H. . Myprasun?

L YVHuT, Yoa, Poccus
erik08082002@mail.ru
bitkulovmarat@gmail.com
2 VIHTY, Yda, Poccus
people.ufal@gmail.com

BoccranoBneHue COCTOSTHIS CHCTEMBI TT0 BPEMEHHOH pealin3ainy HaOllioaaeMoi BeJH-
YUHBI Ha OIPaHUYEHHOM MHTEpBajie BpEMEHHU UCHOb3ys TeopeMbl ®. TakeHca A 1uHa-
MUYECKUX CUCTEM C OTHUM HAOITIOJCHUEM.

Ki1roueBble cjIoBa: BpPEMEHHOM psill, IMHAMHUYECKas cucTeMa, Tuddeomoppusm

Paccmorpum cucremy

y(t +to) = &4 (y(to)),

n(t) = h(y(t)),
I7ie Y — BEKTOP COCTOSAHMUS, ¢, — ONIEPaTOp IBOIIOLUH, /i — n3MepuTenbHas (yHKIHS.
Bekrop 17 € R B ciiyuae m = 1 sistercst psimom 1)(t,), i = 1... N.

ITycTh JABHKEHHE CHCTEMBI IIPOMCXONT HAa KOMIIAKTHOM MHOr000pasun M KOHeUHO# pa3MepHOCTH
d. Kaxzoit dazosoii Tpackropun y(t) Ha MHOrooOpasun M cOOTBETCTBYET BpeMEHHAsH peasn3aliis Ha-
Gromaemoii BemuauHbl 1) = h(y(t)), 0 < t < oo. Bekrop y(t,) 0AHO3HAYHO ONpeeNsIeT MOBEACHHE

CHCTEMBI, B YaCTHOCTH peanu3anuo 1(t) mpu t > t,.

B paGore o BpeMeHHOI peaim3arun 7)(t) B OKPECTHOCTH MOMEHTA BPEMEHH t(, OXHO3HAYHO OIIpe-
JIeTIEHO TIOJIOXKEHNE CHCTEMbI Ha MHOT00Opa3uu N B MOMEHT BpeMEHH t,. AHaIN3UpyeM BPEMEHHOI

pAA € TOCTOSAHHBIM ITAaroM XUMHYECKON PEAKIUHA UCITIOJIB3YS Pa3JINYHBIC aJITOPUTMBL: METO BPEMEHHBIX

3aACPIKCK, MCTO JIOKHBIX COCCI[Cfl, MCTO/ I'TaBHBIX KOMITIOHCHT.
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Invariants of dynamical systems with dissipation

Maxim V. Shamolin

Lomonosov Moscow State University, Moscow, Russia
shamolin@rambler.ru, shamolin.maxim@yandex.ru

New cases of integrable homogeneous dynamical systems of the fifth, seventh,
ninth and any odd-order are presented, in which a system on a tangent bundle
to a two-dimensional, three-dimensional, four-dimensional and even-dimensional
manifold can be distinguished. In this case, the force field is divided into an internal
(conservative) and an external one, which has a dissipation of different signs. The
external field is introduced using some unimodular transformation and generalizes
the previously considered fields. Complete sets of both the first integrals and
invariant differential forms are given.

Keywords: dynamical system, integrability, dissipation, first integral with essen-
tially singular points, invariant differential form

I/IHBapI/IaHTI)I AUHAMHYECKHX CHCTEM C JUCCHIIAUEN

M. B. lIlamonnu

MI'Y umenu M. B. JlomonocoBa, Mocksa, Poccus
shamolin@rambler.ru, shamolin.maxim@yandex.ru

[IpencraBieHbl HOBBIE Cllydad WHTETPUPYEMBIX OJHOPOIHBIX MO YACTH MEPEMEHHBIX
JTUHAMHYECKUX CHCTEM IISATOTO, CEIBMOTO, JIEBITOTO U JIIOOOTO HEYETHOTO MOPSIKA, B KO-
TOPBIX MOXET OBITH BBIJIEJIEHA CUCTEMA Ha KacaTeIbHOM PACCIOCHUHU K IByMEPHOMY, TPEX-
MEPHOMY, YETBIPEXMEPHOMY M YETHOMEpHOMY MHorooOpaszuto. [Ipu 3Tom cunoBoe nosne
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pasaensercs Ha BHyTpeHHee (KOHCepBaTHBHOE) M BHEIIHee, KOTopoe 00iagaeT Juccuma-
el pasHoro 3Haka. BHeniHee nosne BBOIUTCS ¢ MOMOIIbIO HEKOTOPOTO YHUMOIYJISPHOTO
npeoOpazoBaHus U 0000IIaeT paHee paccMOTpeHHbIe mosisi. [IpuBeneHb! mosHbie HAOOPbI
KaK MEepPBbIX MHTETPAJIOB, TAK M HHBAPUAHTHBIX U PEepeHINATBHBIX (OPM.

KioueBble cjioBa: JUHAMHYECKas CUCTEMa, HHTETPUPYEMOCTb, JUCCUIIALIUS, IEPBbIA NH-
Terpaj ¢ CylecTBEHHO 0COOBIMH TOYKaMH, UHBapHaHTHas Auddepeniuanbaas Gpopma

HaxoxneHue 10cTaTouHOr0 KOJIMYECTBA TEH30PHBIX MHBAPHAHTOB (HE TOJIHKO aBTOHOMHBIX IEPBBIX
WHTETPAJIOB), KaK U3BECTHO [ 1, 2, 3], obneryaer uccienoBaHue, a HHOTAA MIO3BOJISIET TOYHO POMHTETPH-
poBath cuctemy auddepeHmanbHbIX ypaBHeHNH. Hanpumep, Hanmndre nHBapuanTHoU nuddepentm-
anbHOM (opMBI (ha30BOro 00bEMa MO3BOJSET YMEHBIIUTH KOIUYECTBO TPEOYEMBIX IEPBBIX HHTEIPATIOB.
Jlns koHCepBaTUBHBIX (B YaCTHOCTH, TAMUJIBTOHOBBIX) CHCTEM 3TOT (DaKT €CTECTBEH, Koraa (ha3oBblIii
MMOTOK COXpaHseT 00beM C TaJKOH (MIIU MTOCTOSTHHON) TIIOTHOCTBIO.

CrnoxHee (B CMBICTIE TJIaIKOCTH MHBAPUAHTOB) JIEJI0 OOCTOUT JJISi CUCTEM, OOJIaaIONINX IPUTSTH-
BAIOIIMMH MM OTTAJKUBAIOMIMMU TIPEIEIbHBIMA MHOXKeCTBaMH. [l TaKMX CHCTEM KOA(PPHUIINEHTHI
MCKOMBIX HHBApUAHTOB JIOJDKHBI, BOOOIIE TOBOPS, BKIIOYATh ()YHKIIMH, 001 Jar0IIKe CYIIECTBEHHO 0CO-
ObIMU TOUKaMH (cM. Takxke [4, 5, 6]).

Ham monxon cocTouT B TOM, YTO AJIsi TOYHOTO MHTETPUPOBAHUSI aBTOHOMHOM CHCTEMBI MOPSIKA 177
HAaJ10 3HaTh M — 1 He3aBUCUMBII TeH30pHbII HHBapuaHT. [Ipu 3TOM U1 JOCTHKEHHS TOUHONW MHTErpH-
PYEMOCTH MPUXOIUTCS COOMIONATH TAKXKe Psi/l JOIOTHUTENFHBIX YCIOBUN HA 9TH WHBAPUAHTHI.

Baxxaple ciryuan HHTETPUPYEMBIX CUCTEM C MaJbIM YHCJIOM CTENeHeH cBOOOIBI B HEKOHCEPBATHB-
HOM I10JI€ CHJI 7K€ paccMaTpUBAIIUCh B paboTax aBropa [ 5, 7]. HacTtosiee nucciaenoBanue pacupocTpaHs-
€T pe3yNbTaThl 3TUX paboT Ha OoJiee UPOKUH Ki1ace TMHaMU4eckux cucteM. [Ipu 3ToM B 3THX paboTax
yIOp JAeNajics Ha HaXOKJIEHHE JOCTATOYHOTO KOJIMYECTBAa MMEHHO NMEPBBIX MHTErpanoB. Ho, kak u3-
BECTHO, MHOT/IA ITOJIHOTO HAOOpa MEPBBIX HHTETPAIIOB JIJISl CHCTEM MOXKET U He OBITh, 3aTO JJOCTATOYHOE
KOJIMYECTBO MHBAPUAHTHBIX (POPM MOXKET OBITh 00ECIICUCHO.

Jlnst cucteM KIacCU4ecKOor MEXaHHMKH MOHATHS “‘KOHCEPBATUBHOCTH , “‘CHUIIOBOE MoJe”, “auccumna-
s U Ap. BIOJHE €CTeCTBEHHBI. [10CKONBKY B JaHHOM paboTe U3y4aroTcs JUHAMUYECKHE CUCTEMbI Ha
KacaTeJIbHOM PacCIOEHUH K IIAJKOMY MHOT000pa3uio (POCTPAHCTBY MOJIOKEHUH ), YTOUHUM JTaHHBIE
TIOHSITHS JUTA TAKUX CHCTEM.

AHanuz “B 11eJ10M” HaYMHAETCS C UCCIIEI0BAHUS MPUBEJICHHBIX YPABHEHUHN T'€0J€3UUECKUX, JIEBbIE
YaCTH KOTOPBIX MTPU MPABHIBHON TapaMeTPHU3aIMU TPECTABIISIOT COO0H 3amicu KOOPAUHAT YCKOPEHUS
JBUKCHHS MaT€pHaIbHOM YaCTHUIbl, a MPaBble YaCTH MPHUPABHEHBI K HYI0. COOTBETCTBEHHO, BEJINYH-
HBI, KOTOPBIE CTAaBATCS B JaJbHEUIIEM B MPaBYIO 4acThb, MO)KHO pacCMaTpHUBaTh KaK HEKOTOpbIe 0000-
IICHHBIE CHIIBI. Tako# moaXo TPaaIuIIMOHEH IS KIIACCHYECKON MEXaHUKH, a Teleph OH €CTECTBEHHO
pacripocTpanseTcs Ha 6osee oOMii Cirydail KacaTeIbHOTO PacCIOSHHs K TIIaAKOMy MHOTrooopasuto. [1o-
clieIHEee MO3BOJISIET, B HEKOTOPOM CMBICIIE, KOHCTPYHPOBATh “CUiloBbIe 1o . Tak, Hanpumep, BBels B
cuctemy Ko3((GULUEHTHI, IMHEHHbIE IO OHOW U3 KOOpAUHAT (M0 OJHON M3 KBa3HUCKOPOCTEH CHCTEMBI)
KacaTeJIbHOTO MPOCTPAHCTBA, MOJIYYUM CHIJIOBOE TOJIE€ C IMCCUTIAIME pa3HOTo 3HaKa (B 3aBUCUMOCTH
OT 3HaKa caMoro K03 pHIreHTa).

U xoTs1 cnoBocouyeTanue “muccumanys pa3Horo 3Haka” HECKOJIBKO MPOTUBOPEYHMBO, TEM HE MEHEe,
Oyzem ero ynoTpeomsTh. Y YUTHIBas IPU 3TOM, YTO B MaTeMaTHYECKON (pr3KKe TUCCHUTIAIMS “CO 3HAKOM
“IUII0C” — 3TO paccestHhe MOJHOW YHEPruH B OOBIYHOM CMBICIE, a JUCCUMNALMS “CO 3HAKOM “MUHYC”
— 3TO cBoeoOpazHas “‘nojkavka’ 3HEpruu (TP 3TOM B MEXaHUKE CUIIBI, 00ECTICUNBAIOIINE PACCESTHHE
SHEPTUH Ha3bIBAIOTCS AMCCUIIATHBHBIMU, & CHUJIbI, 0OECIICUMBAIONINE MOIKAYKY YHEPTHH Ha3bIBAIOTCS
Pa3TOHSIONIIMH).

KoHcepBaTMBHOCTB U1 CUCTEM Ha KacaTeJIbHBIX PACCIOEHUSIX MOKHO TOHUMATh B TPAAUIIMOHHOM
CMBICJIE, HO MBI I00AaBUM K 9TOMY ciiefytoniee. bynem roBoputs, 4To cucTemMa KOHCEpBaTUBHA, €CITH OHA
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obnaaeT MoJHbBIM HAOOPOM INIaJKUX MEPBBIX MHTErPAJIOB, YTO TOBOPUT O TOM, YTO OHA He o0Jajaer
OPUTATUBAIOIIMUMU UJIW OTTAJIKMBAIOIUMU NPEACIbHBIMU MHOKCCTBAMMU. Ecnu xe ona IOCJICAHNMHU
obnazaer, To OyZeM roBOpUTh, YTO CUCTEMA B TOM MIIM MHOM 00s1acTH (pa30BOro MPOCTPAHCTBA 00J1a1aeT
Jiccunanyei Kakoro-To 3Haka. Kak ciencrtue 3Toro — o6i1a1aHie CUCTEMBI XOTs ObI OTHUM TTE€PBBIM
MHTETpajioM (€CIIM OHU BOOOILE €CTh) C CYIIECTBEHHO OCOOBIMU TOUKAMHU.

B nanHoli pabote cuioBoe moje paszenseTcs Ha Tak Ha3bIBaeMble BHYTPCHHEE U BHeIIHee. BHyT-
pEHHEE T0JIe XapaKTEpPHO TE€M, UTO OHO HE MEHSET KOHCEPBAaTUBHOCTHU CHUCTEMBI. A BHEIIHEE MOXKET
BHOCUTH B CUCTEMY JUCCHUIIALIO PA3HOI'O 3HAKA. 3amMeTuM TAKXXE, 4YTO BUJ BHYTPCHHUX CHUJIOBBIX I10-
JIei 3aMMCTBOBAH U3 KJIACCHUECKOW TUHAMHKH TBEPAOTO Tema (cM. Takxke [S]).
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On the elliptic umbilical singularity of solutions to
nonlinear geometrical optics system”*

Azamat Shavlukov

Institute of Mathematics with Computing Centre, Ufa, Russia
aza3727@yandex.ru

The local behaviour of solutions to the nonlinear geometrical optics system

{ut +uu, — a(p>px =0,

Pt + (pu>m = 07

where a(p) > 0 is the analytical function is studied. It is shown that in the

neigbourhood of the gradient catastrophe point (the finite point at which the first

derivatives of solutions tend to infinity), the solutions are determined by the critical
points of the function

3
y
G =yly, — 32 — ksys — koyy — kyys +

which is the section of canonical form of the elliptic umbilical singularity also known
as D,_ catastrophe according to Arnold’s ADFE—classification theorem.

Keywords: nonlinear geometrical optics, singularity theory, elliptic umbilic
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Controllability of time-varying discrete descriptor
systems

Alla Shcheglova

Matrosov Institute for System Dynamics and Control Theory SB RAS, Irkutsk, Russia
shchegl@icc.ru

We consider nonstationary linear and nonlinear descriptor systems with discrete
time. In the linear case, the state and output controllability criteria at the finite
horizon are obtained, and the robust controllability conditions are found as well.
Using the properties of a linear approximation, we prove the theorem on local state
controllability for a nonlinear system. The approach has sufficient generality and
automatically solves the problem of initial data consistency.

Keywords: descriptor systems, discrete systems, nonstationary, nonlinear, control-
lability

1 Statements of the Problems
Consider the descriptor systems with discrete time
g<k7x[k_1]7$[k]7u[k]) :Oa keN= {1727"'}7 (1)

where z!¥/ € R™ are the desired vectors, ul¥! € R! are the controlled inputs, n-dimensional

vector function g(k,a, B,u) with a € R", 8 € R", u € R! is defined on N x V(0) x W(0),

where V' (0) and W(0) are some neighborhoods of points («, ) = 0 and u = 0 respectively.
It is assumed that

ag<k7 a? 57 u)
op

Moreover, we analyze the linear systems

det =0, (ka,B,u) € N xV(0)x W(0).

A(k)z™ + B(k)z*Y + U (k)ul® =0, (2)

y¥ = C(k)zlF, keN,

where A(k) and B(k) are known (n x n)-matrices, det A(k) = 0 Vk € N, yl¥l € R™ are
the observed outputs, U(k) and C(k) are given matrices of the dimentions n x [ and m x n
respectively.

2 Main Results

For linear system (2), we formulate the conditions for the existence of the structural form,
which is equivalent to the original system in the sense of solutions. This circumstance made
it possible to obtain the form of the general solution for system (2). Under the assumptions
of the theorem on the existence of solutions, the criteria of state controllability and output
controllability are proved.
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We obtain the conditions of robust state and robust output controllability for the linear
systems under vector uncertainty

A(k,v)2™ + Bk, y)z*=Y + Uk, y)ul" = 0,

where v = col(vy,...,7,) is the uncertainty parameter belonging to the admissible set
I'={yeR*: |y|rs <70}

det A(k,v) =0 V(k,v) e N xT.

To study the controllability of nonlinear system (1), we construct the structural form,
every solution of which starting in a sufficiently small neighborhood of the origin is a solution
to system (1) with controls small in norm, and conversely. This structural form amounts to a
non-singular system and is a part of the components of the implicit function satisfying system
(1) on some finite horizon.

One of the advantages of the approach used is that it is unnecessary to find the mentioned
implicit function to check the controllability conditions for system (1). We are able to draw a
conclusion about the local state controllability for system (1) by looking at the properties of
its linear approximation.

The proposed approach can be used to study other qualitative properties of linear and
nonlinear discrete descriptor systems, as well as degenerate systems with continuous and
discrete time.
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Boundary value problems for a class of pseudohyperbolic
equations®

V.V. Shemetova

Novosibirsk State University, Novosibirsk, Russia
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In this paper is considered one class of equations that are unresolved with
respect to the highest order derivative. Initial boundary value problems in the
quarter plane are researched. The study of unique solvability is carried out in an
anisotropic Sobolev space with exponential weight.

Keywords: pseudohyperbolic equation, anisotropic Sobolev space, initial boundary
value problem

This work is dedicated to the investigation of the initial boundary value problem

(I — D?)D?u+ Diu—a?D3u= f(t,x), x>0, t>0,

(byu + by Dyu + bys D2u + b14D§u)|$:0: 0,

(boyt + bog Dyt + bys D3+ b24D§u)|w:0: 0, (1)
u‘t:oz 0, Dt“’t:(): 0,

where I is the identity operator, @ € R and b, ; € R, i, j = 1,2. The differential equation in (1)
is unresolved with respect to the highest order derivative. Such equations are usually called
Sobolev-type equations after Sobolev’s pioneering works [1]. In the monograph [2], a classifica-
tion of such equations is introduced. This equation belongs to the class of pseudohyperbolic
equations. Equation in (1) arises in modeling torsional [3] or longitudinal [4] vibrations of
elastic rods.

Let us introduce the notation

A1 = b11b22 - b12b217 A2 = b11b23 - b13b21,
A3 - b12b23 - b13b22, A4 = b11b24 - b14b21, (2>
A5 = b12524 - b14bzz7 AG = b13524 - b14523-

We present a result on the unique solvability of the given problem in Sobolev spaces with
an exponential weight. It should be noted that a class of initial and boundary value problems
has been identified, for which the conditions for the right-hand side are the same as those of
the Cauchy problem [5].

Theorem 1. Let the Lopatinskii condition hold for boundary value problem (1) and

Ay — A5+ Ag #0,
then there exists a positive constant -y, > 0 such that, for every

flt,z) e W (RL,), f(to)|,_ =0, 7>,

* The work is supported by the Mathematical Center in Akademgorodok under agreement No. 075-15-2022-282 with the Ministry of
Science and Higher Education of the Russian Federation.
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boundary value problem (1) admits a unique solution in the space sz’;l(ﬂ?i +), Y > Yo, such
that D7 D3u(t,z) € Ly (R ,) and the estimate

|D?D3ut, ), Ly o(RE )] + llult, ), Woly (RE) < e(vo)IF(E @), Waly (RE,)],

is valid where the constant ¢(7,) does not depend on the function f(t, ).

Moreover, it was possible to denote a class of initial boundary value problems that require
stricter requirements for the existence of derivatives of a function f(¢,x) than the Cauchy
problem.

Theorem 2. Let the Lopatinskii condition hold for boundary value problem (1) and

then there exists a positive constant 7, > 0 such that, for every

f(t,2) €W (RE,), v >0, f(tw)| _ = Duf(t,o)| _ =0,

boundary value problem (1) admits a unique solution in the space ij(ﬂ?i +)s Y > Yo, such
that D7 DZu(t,z) € Ly (R ) and the estimate

’4 ?
||D%D§u<t7 I)v LQ,'y([R?I»Jr)” + ||U(t, LL‘), W22,'y ([R%r+)|| S C(’YO)”f(tu l‘), W22’,S(R3+)||7

is valid where the constant ¢(7y,) does not depend on the function f(t,z).
Theorem 3. Let the Lopatinskii condition hold for boundary value problem (1) and

then there exists a positive constant 7, > 0 such that, for every

f(tw) € Wl (RE,), v >, ft.o)]_ =D f(t,2)|_ = Dif(t.a)]_ =0,
boundary value problem (1) admits a unique solution in the space WQQ,‘:(IR_QF +)s Y > Yo, such
that D7 DZu(t,z) € Ly (R ) and the estimate

74 )
|D?D2ult, ), Ly o (R ) + llult, @), Wo (R < e(y)IF(E ), Wy (R3],

is valid where the constant ¢(vy,) does not depend on the function f(t,x).
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Algorithms for processing remote sensing data in
problems of variational data assimilation

B.S. Shevchenko!, N.B. Zakharova?
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Continuous high-quality satellite observations are essential for improving our
understanding of the ocean and its interactions with the atmosphere and the
Earth’s overall system. One important tool for studying these interactions is the
creation of accurate four-dimensional reconstructions of various oceanic parameters,
such as temperature, salinity, and currents. Mathematical methods from data
assimilation allow us to distribute information from these observations over time
and space, filling in gaps in data where direct observations are not available.
These methods use dynamic and physical constraints from numerical models to
ensure that the reconstructed data is consistent with known physical laws.The
present work focuses on algorithms for processing remote sensing data from the
ICI-Monitoring Center. These data are used in the variational data assimilation
process [1] for a numerical model of the Black, Azov, and Marmara seas. Earth
remote sensing (ERS) data from the ICI-Data Center contains abnormal values for
sea surface temperature (TPM), which can significantly impact the accuracy of the
numerical model. Therefore, the main objectives of this research are to verify the
data, filter out such anomalies, and interpolate the data onto a grid suitable for
the numerical model. The work is supported by the Russian Science Foundation
(project Ne19-71-20035).

Keywords: sea surface temperature, data verification, data processing, satellite
data

AJropuTMbI 00pPa0dOTKM JAHHBIX IMCTAHIIMOHHOIO 30HAUPOBAHUS B
3a/1a4aX BAPUAIMOHHON aCCHMMJISIIMU TaHHBIX

B. C. IlleBuenko’, H.B. 3axaposa?

1 Mockoscknii Tocynapctsennslit Yaupepcuter uM. M.B. Jlomonocosa, Mocksa, Poccust
bilalsevcenko@gmail.com
2 WHCTHTYT BHMMCTHTENbHOM MaTematuku um. V. Mapuyxa Poccuiickoit akanemun Hayk, Mocksa, Poccus

HenpepriBHbBIE BEICOKOKaY€CTBEHHbIE HAOMIOACHHS CO CITy THUKOB HEOOXOMMBI 151 yITyd-
[ICHHSI HAIlIero MOHUMaHHUs OKeaHa M €ro B3aUMOJICHCTBUS ¢ aTMOCc(epoil U Bcell 3eMHOM
cucTeMol. BaXKHBIM HHCTPYMEHTOM IS U3yUEHHSI 36MHOM CHCTEMBI SIBIISIETCSI CO3/1aHUE HC-
TOPHUYECKU TOUYHBIX YETBIPEXMEPHBIX PEKOHCTPYKLUH BEIMYHH, XapaKTEPU3YIOIIUX COCTOSI-
HUE OKeaHa (TaKHUX KaK TeMIIepaTypa, COJIEHOCTb U TeueHus1). MareMaTnueckiue MeTobl U3

* Pabora BeInonHeHa npu noanepxxke Poccuiickoro HayuHoro ouna., mpoekt Ne 19-71-20035.
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00JIaCTH aCCUMIJISIIIH JTAHHBIX MTO3BOJISIOT PAaCIPOCTPAHATh HH(POPMALIUIO, TIOITYYECHHYIO
13 HaOMIOICHNH, BO BPEMEHH M TIPOCTPAHCTBE B HEHAOI0MaeMbIe 00JIaCTH, UCTIONB3YS -
HAMUYECKHUE U (pU3MUecKre orpaHuyYeHHs, HaJllaraeMble YUCIEHHBIMU MojensiMu. HacTos-
miast paboTa MOCBSIICHA AITOPUTMaM 00paOOTKH JaHHBIX JUCTAHIIMOHHOTO 30HIUPOBAHUS
HKIT « MKN-MoHUTOPUHTY, UCIIOIB3YIOIIMXCS B MPOIEAypax BapUallMOHHON acCUMUJIS-
MY JaHHbIX [ 1] B uncnennoi moaenu YepHoro, A3oBckoro u MpamopHoro Mopeit. JlanHbie
nucranonHoro 3ouaupoBanus 3emun ([[33) LIKIT « MIKM-MoauTopuHT» 0 TeMiepaTrype
noBepxHoctu Mopst (TIIM) coxeprxar aHomMallbHbIE 3HAUEHUS, KOTOPBIE OKa3bIBAIOT CyIIle-
CTBEHHOE BIIMSIHUE HAa TOYHOCTh YHCJICHHOW Mojenu. OCHOBHBIMU 3aJladaMH HAcCTOSIEeH
paboTHI ABISUTNCH: BepU(PHUKAIHS TaHHBIX, QUIBTpAIUS TAKUX aHOMAJIHH U HHTEPITOJISAIINS
JIAHHBIX Ha CETKY YMCJICHHOW MOJICTIH.

Kawuessble cjioBa: Temreparypa MOBEpXHOCTH MOps, BepuuUKalus JaHHBIX, 00paboTKa
JAHHBIX, TAaHHBIC HAOIIONECHUI CO CITyTHUKOB, TUCTAHIIMOHHOE 30HINPOBAHUE

1. OcHoBHBIE pe3yJIbTaThI

PaccmoTpum anroputM 06paboTKH TaHHBIX O TeMIeparype. B MaccuBe JaHHBIX ONpeeNseTcs: Mak-
CHMAaJIbHOE 3HA4YCHUE M ero MHJEKCHI, nanee Oepércs obmacth pasmepa [N X [N BOKpYT 2JIeMEHTa C
MaKCUMaJIbHBIM 3HadeHHeM (u3HadanbHo N = 21). A3oBckoe u UepHoe MOps OTIIMYAIOTCS CpeHen
TEMIIEPATYPOl N3-3a Pa3HBIX TIIYOMHBI M COJICHOCTH, IIOATOMY TOYKH (9JIEMEHTHI MacCHBa C TAHHBIMH),
NpUHA/AJIeKAIINE Pa3HBIM MOPSIM, HEIb3s BKJIIOYATh B OIHY BBIOOPKY. Eciin Touka HaxonuTcst B UepHOM
MOp€, TO TOYKH A30BCKOTO MOPSI HCKITIOUAIOTCS, €CIIM B A30BCKOM, TO MCKIIIOUAIOTCS TOUkH YepHOro
Mopsi. [TomyueHHbIl MacCUB BEIOpaHHBIX 3JIEMEHTOB IIpeoOpasyeTcs B ogHOMepHbIi. Eciu pazmep BbI-
6opku MeHbie 100, To yucno /N yBenMIrBaeTcs 10 TEX MOp, MOKa pa3Mep BEIOOPKU HE CTaHET OOJIbIle
i paBeH 100 wim N 6oibiie 40. Eciu pasmep utoroBoit Beioopku 6osbiie uiu paBer 100, To k Hel
npuMeHsieTcs ctaTuctTuaeckuid metos Pocuepa [2]. Haiinennble aHOMaTbHbIE 3HAYEHUS 3aMEHSIOTCS Ha
cpeanee apupmeTrueckoe BbiOopku. Eciu pasmep Be16opku MensbIe 100, To K Hell MPUMEHSETCsI METO
TpEX curM [3] mo BceMy Moo JaHHBIX. 3HAYEHUs1, HE BXOIALINE B MHTEPBAJ TPEX CUTM, UCKIIFOYAIOTCS.

B paGote Taxke ObLTIO MPOBEACHO UCCIIEAOBAHNE PA3IMUYHBIX METOJJOB UHTEPIOJSIUN: OMKyOude-
cKkasi mHTepnossus [4]; momanaHas [5]; metox Ommxkaiiiiero cocena [6].

Kak moka3zan aHaim3 pe3y/nbTaroB, JaHHBIE ITOCIE TPUMEHEHUS TIOMAHON WHTEPIIONSAINN TTOTY-
qaroTcs 0oJiee «IIIaIKUMI», YeM Tociie Onkyondeckon. Takke mocie mpuMeHeHUsT OMKyOUdecKoro
TUTOIIATHOTO METO/IOB JaHHBIE 3aHUMAIOT MEHBIIYIO TUIONIA b, YeM W3HAYaIIbHbIE (MCKIIIOYAETCsI MHO-
ro 3Ha4eHMii), a B MeToze ONmxKaiiux cocenei Miouaab MOKPBHITUS JaHHBIMU HE MeHseTcs. B pe-
3yJbTaTe MPOBEJACHHOTO CPABHUTEIBHOTO aHaln3a ObIIO MPEAIOKEHO 0OBEIUHUTD TUIOIIATHON METO
(W3-3a «TIAIKOCTHY TIOTYYUBIIMXCS TAHHBIX) U METOJ ONMKalImuxX cocenei (M3-3a COXpaHEHUS TUIO-
a1, 3aHUMaeMoi naHHbIMK). Tak ecnu P — o6nacTe ¢ JaHHBIMM MOCIE TPUMEHEHUS IIJIOIIaTHOTO
MeTona U S — 00JIaCTh C JAHHBIMU ITOCJIE IIPUMEHEHHS METO/1a ONMKalIINX COCe/ei, HTOroBasi 001acTh
D=PuU(S P).

B pabore peann3oBan MeTOA MHTEPIOIAINH JAHHBIX HAOMIOICHUHN, TO3BOJISIOLINI MOTYYUTh «IJIa/1-
KO€» T10J1€ 3HAYEHUH ¢ MUHUMYMOM IOTEPb.

Pabora BeimonHeHa npu nogaepkke Poccuiickoro HaygHoro ¢onma., mpoekt Ne 19-71-20035.
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Solving boundary value problems for wave PDE
with quasi-classical variational formulation and
neural network*

Sergey Shorokhov
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We obtain a quasi-classical variational formulation of boundary value problem
for wave PDE and demonstrate that obtained variational functional may be used
as a loss functional to train a neural network, approximating the solution to the
boundary value problem.

Keywords: boundary value problem, variational formulation, neural network

1 Variational formulation of boundary value problem

It is well known that neural networks can successfully approximate the solutions of boundary
value problems for partial differential equations (PDE) by forcing the neural network output to
satisfy the PDE, boundary conditions and known physical laws, if any, using the correspondent
residual functional when training the neural network [1].

We study the problem of constructing a loss functional based on a quasi-classical variational
formulation [2] to train a neural network for the following boundary value problem for wave

PDE

utt _uwx = 07 (1‘, t) S Q C [R2 (1)

in the rectangular area © = [0, ] x [0, 7] with boundary conditions

ulig = X1 (2),0< 2 <,
Uy [y = 2 (), 0T,
Up ey = Yo (1), 0 LT,
<u:c|t:T:§03(x)70§x§l7 (2)
Uy e = Y3 (2), 0 <2 <,
u:c'm:O_gpél(t)? 0§t§T7
(U gm0 = ¢4 (1), 0SS T

* The research is supported by the RUDN University named after Patrice Lumumba, project Ne002092-0-000.
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We assume that functions on the right sides of (2) are smooth L,-functions and the boundary
conditions (2) are consistent.

We prove the following statement for the boundary value problem (1)-(2) using the
symmetrizing operator approach by V.M. Shalov [3].

Theorem 1. The variational functional for the boundary value problem (1)-(2) can be written
in the form

l
Du] = / (w2 +ui —u, (v+p) —uy (v—p)) dedt + / (u? —2x1u) |,—g dz,  (3)
Q 0
where the functions u, v are defined in area ) according to the following formulas:

N 05(p (—x+t+1)—thy (—z+t+1),z—t>1-T,
M) =905 (g (@ —t 1) — by (z—t+1), z—t<i—T,
_ J0.5¢

0.5(

2 (
3 (
v(z, 1) —{ | ('Oigx—i_t_T)—i_djii(x‘i‘t_T)),x-i-t>T,

T+t)+ 1, (v +1)), r+t<T.
Functional (3) contains first-order derivatives of the function v and can be estimated using
the Monte Carlo integration method.

4)
¢

2  Training neural network with variational functional

When training a deep neural network for a boundary value problem, the residual functional is
generally used as a loss functional [1]. When using the residual functional for the problem
(1)—(2), it is necessary to evaluate five integrals (over area {2 and over four parts of its boundary
09Q) and calculate partial derivatives of u up to the second order, inclusive. When using the
quasi-classical functional (3), one has to evaluate two integrals (over 2 and a part of 92) and
calculate first order derivatives of u.

Computational experiments on training neural networks for the boundary value problem
(1)—~(2) using the residual functional and the constructed quasi-classical functional (3) as a
loss functional demonstrate that when using the quasi-classical functional, the neural network
training occurs approximately three times faster with the achievement of significantly higher
quality metrics.

Thus, the quasi-classical variational functional can have a number of advantages over the
residual functional when training a neural network for a boundary value problem.
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Bin-by-bin strategy for the two-dimensional irregular
bin packing problem
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We are study the two-dimensional bin packing problem for irregular items and

rectangular bins. A finite set of irregular items and unlimited number of identical
rectangular bins with a predefined length and width are given. Items presented
as two-dimensional, possibly non-convex polygons. The rotations of items by 0,
90, 180, and 270 angles are allowed. Our goal is to pack all items into the bins to
minimise the number of used bins and maximize the utilization of them.
In the packing algorithm, we apply a fitness function based on the gravity center
of the packing area and the idea of the well-known sky-line approach to build
intermediate packing. For the result packing construction, we developed special
bin-by-bin strategy. When some packing was received, we select the bin with
the smallest value of the residuals and add to the result packing. We repeat the
algorithm until all items are placed. So the result packing consisted of the best
bins received for intermediate packing. To improve the result, we developed an
algorithm to fill the corner (or corners) of the bin. We evaluate all corners of all
polygons to find items and their rotation angle, which are better fits in corners.
The computational results with filling of one, two, three, and four corners of some
bins before packing are presented. Experiments were carried out on the real test
instances from Novosibirsk company with up to 50 items.

Keywords: 2D bin packing problem, irregular items, fitness function based algo-
rithm

1 The main results

In this research, we apply the following objective function proposed by Osogami and Okano [2]
and Lopez-Camacho et al. [1]

N 2
x 2 U7 (1)
N b

where U, is utilisation ratio of bin 4, N is a number of the used bins. The U, is defined

™S ; . . ip e . .
as U, = ZzlL—V(‘W, where Sqr(p,) is the area of the item p, if it is packed in the bin 4, 0

otherwise, L and W are the length and width of the bin.

The most common evaluation of the bin packing is the number of used bins. Though, this
strategy does not distinguish solutions with the same number of bins, but with the different
percent of the residuals at the last bin. For a more accurate comparison, we need to apply (1).
In this work, we apply a fitness function based algorithm for the packing phase. Our fitness
function is defined as a ratio of the polygon area and the coordinates of the gravity center of
the partial packing [3].

ma
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Mixed strategy at every step of the packing construction algorithm gets the best bin
by fitness function based algorithm with packing construction with 0, 1, 2, 3 or 4 field
corners. Mixed algorithm chooses the bin with the smallest value of the residuals obtained
of these algorithms. Comparison of the mean values of the objective function (1) for fitness
function based algorithm (FitFunc), fitness function based algorithm with packing construction
(FitFunc+PC) and fitness function based algorithm with packing construction and corners
filling (FitFunc+PC+CF) and mixed strategy are presented at the Table 1.

Table 1. Obtained results

Data set |FitFunc|FitFunc+PC FitFunc+PC+CF mixed
1 corner 2 corner 3 corner 4 corner

car_mats_1 | 0.398 0.402  ]0.404 0.408 0.417 0.401 0.421
car_mats 2 | 0.383 0.405 0.415 0.409 0.404 0.402 0.417
car_mats 3 | 0.401 0.412 [0.403 0.407 0.399 0.400 0.414
car_mats 4 | 0.392 0.401  |0.409 0.403 0.408 0.407 0.416
car_mats 5| 0.341 0.395 |0.416 0415 0.403 0.409 0.419
car_mats 6 | 0.403 0421  [0.422 0.418 0.413 0.413 0.427
car_mats 7 | 0.387 0.396  ]0.402 0.403 0.396 0.401 0.412
car_mats 8 | 0.332 0.391  ]0.397 0.405 0.399 0.391 0.410
car mats 9 | 0.398 0.402 |0.401 0.400 0.403 0.407 0.415
car_mats_10| 0.386 0417 (0414 0.416 0.413 0.412 0.425

As we can see at the Table 1 the packing construction algorithm significantly improves the
results. For the corner filling strategy, we can not choose the best number of prefilled corners
for every test instance. For all data sets, we obtained the best results using the mixed strategy.
This happens because we have the opportunity to select the best bin at each step from a larger
number of options. At each step, it may choose the best packing strategy for the next bin.

All experiments were carried out on PC AMD Ryzen 5 3500U with Radeon Vega Mobile Gfx,
2.10 GHz, RAM 16 Gb under Windows 11 operating system. The program was implemented
in Python language applying CPython. Average implementation time is 4.30 min, except
mixed algorithm - 5.40 min.
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Well-posedness and controllability of semilinear
impulsive stochastic functional evolution equations*
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Abstract: This paper is concerned with the well-posedness and controllability
of semilinear impulsive stochastic functional evolution equations in Hilbert spaces.
The existence and uniqueness of mild solutions are proved under suitable assump-
tions. We establish sufficient conditions for the finite-approximate controllability of
such systems with non-Lipschitz drift and diffusion coefficients using Picard-type
iterations. An application involving the impulse effect associated with the delay is
presented to verify our claimed results.

Keywords: finite-approximate controllability, stochastic evolution equations, im-
pulse, functional differential equations, semigroup, fixed point theorem

1 The main results

Firstly, we prove the existence and uniqueness of mild solutions for semilinear impulsive
stochastic functional evolution equations with the help of the fixed point theorem. Then, We
present sufficient conditions for the finite-approximate controllability of semilinear impulsive
stochastic functional evolution systems in Hilbert spaces under non-Lipschitz conditions
satisfied by the nonlinear drift and diffusion coefficients depending on the control using the
Picard approximation method and semigroup property, under the assumption of approximate
controllability of the associated linear stochastic system via stochastic resolvent-like operators
(e(I —mE(+)) + IIE)~1. Our results have improved and extended some relevant results in this
area.

The research is carried on with the support of the Prime Minister’s Research Fellowship
(PMRF) under PMRF Grant Code: PM-31-22-702-414, Ministry of Education.
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We present an approach to the numerical solution of nonlinear stochastic control
problems involving generalized moments of the law of the state distribution as
cost functionals. The approach is based on non-local representations of the cost
increment formula and finds application in management of power microgrids.
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00 ogHOM MOAX0AE K YMCJICHHOMY PEHICHHUIO 32124 ONITUMAJIBLHOIO
ynpagsJjennst Tuna MakkuHa-Bnacosa*
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OO6cy>xnaercst HOAXOM K YACIEHHOMY PEIIEHUI0 HEJIMHEHHBIX 33/1a4 CTOXaCTUYECKOTO
yIpaBJIEHUs C IIETIEBBIM (PYHKIIMOHAJIOM, COJIEpKaIUM 0000I1IeHHbIE MOMEHTHI 3aKOHA pac-
npenenenus (azoBoro cocrosHus. Ilogxon ommpaercs Ha HENOKaJIbHBIEC MPEICTABICHUS
NPUPALICHHUS LIEIEBOTO (PYHKIMOHANIA U HAXOAUT MPUMEHEHHE B 33/1a49aX YIIPABICHHUS JJICK-
TPUUYECKUMHU MUKPOCETSIMH.

KiroueBblie ¢JI0Ba: CTOXaCTHUYECKHE YpaBHCHUS, ONITUMAJIbHOC YIIPABJICHUEC, YHUCIICHHLIC
METOABI OIITUMH3ALIMH

1. OcHoBHBIE pe3yJIbTaThI

Peusb B moKi1a1€ MOWAET O YaCTHOM (M JOBOJIBHO HECTAHIAPTHOM) KJIacce 3a/1a4 ONTHMAIbHOTO CTO-
XaCTHYECKOTO YIIpaBJICHUs BUA

(P) Ifu] = ((E$(Xy)) + / (s,ER(s, X,), u,)ds — min,

t
X, =X, + /st U ds—i—/a(s,Xs)dWS, tel=10,T];
0

ue L (L;U).

* Pabora BeInonHeHa npu nojuepxke MunoopHayku Poccun, npoext Ne FZZS-2024-0003.
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3nech W, — MHOroMepHbIii BUHEPOBCKHUI MpoIiecC Ha HEKOTOPOM BEPOSTHOCTHOM IPOCTPAHCTBE C
€CTECTBEHHOM (pHIIBTpaLeli; BEKTOpHAs U MaTpuuHasi GYHKUUH f ¥ 0 YIOBIETBOPSIOT CTaHIAPTHBIM
MIPETIOJIOKEHUSAM PEryIIPHOCTH, 00ECIIEYUBAIOIIMM CYIIECTBOBAHUE CHIILHOTO PEIIEHUs CTOXacTHYe-
CKOTO ypaBHEHHSI, 1ienieBbie GpyHkiwn ¢, 1, r u R, MomeHT Bpemenu 1, a Takke MHOKecTBO U 3a/1aHbI;
ciydaiiHas BennunHa X () He3aBHCHUMa OT BUHEPOBCKOTO IPOLIECCa U UMEET U3BECTHOE PACIIPE/IENICHHUE.

[TocranoBka (P) mpencrasisier co0oii CrienualbHbIiA CiTy4ail T.H. 3a1auu Tua MakkuHa-Biacosa
WIN 3a/1a4 yIPaBIEHUs B CPEIHEM I0JIe — Kjlacca 3a/lad CTOXaCTHYECKOro ONTUMAJIBHOIO yIpaBile-
HUSI, B KOTOPOM JIMHAMMKA W/WJIM 1eJIeBOH (PyHKIIMOHAI 3aBHCAT (B 00ILEM Cilydae, HeJIMHEHHBIM 00-
pa3oM) OT 3aKOHA pacmpeneneHus ciydaitHoi BenuunHbl X, [1]. HectanmapTHBIM siBisieTcst BBIOOD
KJIacca YIPAaBJICHUH: Mbl IPOBOAMUM ONTHMHU3ALMIO B KJIACCE MPOrPAMMHBIX (3aBUCSILUX TOJIBKO OT
HepeMeHHOIl BpeMeHH) cTpaTeruii — u3MepuMblx ¢ynkuuit w: [ — U. IIpu 3TOM MOXKHO CUMTATh,
4TO KOMIIOHCHTBI U; YNPABICHUS U €CTh “HacTpanBaeMble” KOO((HUUMCHTl MAPKOBCKOW CTpaTeruy
w(t,x) = Ej u,;(t)$;(x) npeanucaHHO CTPYKTYpEI.

Hamr unrepec k mogo0HOro pojia mocTaHoBKaM 00yCIOBIEH MOTPEOHOCTSIMH PEIICHUSI HEKOTOPBIX
3a]a4 yHpaBJICHUS 3JIEKTPHUECKUMU MHUKPOCETSMH, UMEIOIIMMHU B CBOEM COCTaBE PEe3epBHBIE MCTOU-
HUKH TTUTaHUSA [2] (XOTS Kpyr BO3MOXKHBIX MPWJIOKEHUH 3HAYUTEILHO ITUPE); TEIEBON (PyHKIIMOHAI
I MoxeT MonenupoBaTh, K IPUMEpy, KOMIPOMHCC MEXIY 0XKHMIaeMbIM OTKIOHEHHEM 3apsia 6atapeu
ot pepepenTHOro 3HaUeHUs (3PPEKT cTapeHus ) U BapuadeTbHOCTHIO (JUCTIIEPCUEii) HAarpy3Ku Ha BHEIlI-
HIOIO JJIEKTPUYECKYIO CETh.

Crenpanbhblii Bua 3a1aun (P) mo3Bonser 06001MTh HA Hee Moaxo [3], OCHOBaHHBIN HA TOYHBIX
bopMynax npHupaneHus HeneBoro GyHKIMOHaNa. DTOT HOAXO0 ONEpUpPYeT CIEUAIBHOM “OKCTpeMatb-
HOI” KOHCTPYKLUEH 00paTHOMH CBSI3M 10 3aKOHY paclipeneieHus BeKTopa X, U IPUBOIUT K HENOKaJIb-
HBIM MeToJaM cliycka. B cooOmennu OyneT mpeacTaBieHa peaau3anus OJHOIO U3 TaKUX METO/OB, a
TaKXe MPUBEIEHBI PE3yJIbTaThl IPUMEHEHUS ITOH pean3aliy K YUCICHHOMY UCCIIE0BaHUIO IIPUKIIAI-
HBIX MOJIeJIeH YKa3aHHOTO COJIEpKaHMUS.
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About one method of decision-making with inaccurate
information about the importance of criteria

Pavel Simakov, Konstantin Kudryavtsev
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The paper considers a multi-criteria decision-making problem in which the
importance of criteria is given in the form of intervals and the set of alternatives is
a convex compact. A modification of the EDAS method is proposed. A modelling
example is considered.

Keywords: multicriteria problem, uncertainty, decision-making

00 oxHOM MeTOIe NPUHATHSA PEelIeHUN ¢ UCIIO0JIb30BAHNEM HETOYHOU
nH(oOpMaIU 0 BA)KHOCTH KPUTEPHEB™

I1. K. Cumaxos, K. H. Kynpssues

OVYpI'Y (HY), Yensbunck, Poccus
pavelsimakov35707@gmail.com kudrkn@gmail.com

B noknane paccMarpuBaeTcs MHOTOKpUTEpHUANIbHAS 3a/ladya IPUHSITHS PEIIeHUH, B KO-
TOPOW BaXKHOCTh KPUTEPHEB 3aJ]aHA B BUJE MHTEPBAIOB, a MHOXECTBO aJbTePHATHB — BbI-
nykIeiid komnakT. [Ipennaraercs mogudukamus metoga EDAS. Paccmorpen MonenbHBII
pUMep.

KiroueBble cjioBa: MHOT'OKpHUTCpUAJIbHAA 3a4a4a, HCOMPCACIICHHOCTD, IPUHATUC pemeHHﬁ

PaccmarpuBaetcss N—kpurtepuanbHas 3a/1a4a IPUHITUS PEIICHUI, KOTOpast 3a1aeTCs KOPTEKEM

I'= (X, {fz(x)}z:1N>

B 3amaue [’ mmmo npuanMaromee perienne (JIIIP) Beioupaer anprepnaruBy © € X C R"™, koropas
OJIHOBPEMEHHO MAaKCUMU3UPYET (I MUHUMH3HPYET) K&k Ibli u3 /N KpUTeprueB BEKTOP-QYHKIHN

fl@) = (f(@), .. fn(2)) : X = RY.

ITpu 5ToM, He UMes TOUHOH HHDOPMAIIMU O BAKHOCTH KpuTepues, JITTP oreHHBaeT BaXKHOCTH W ; KPH-
Tepus f;(x) Hepes MPUHAIIEKHOCTH K HEKOTOPOMY MPOMEKYTKY [a; B;], (j = 1,..., N). A umenHo,
CUMTACTCsI, YTO W ; MPEJCTABISET COOON HHTEPBAIBHYIO HEONPECICHHOCTb, 0 KoTopoii JITIP He nmeer
HUKAKOW CTOXACTUYECKOU HH(POPMALIMH, & 3HAET TOJIHKO MHOYKECTBO €€ BO3MOJKHBIX 3HAUECHHIA.

* MicenenoBaHue BBINOIHEHO 3a cueT rpaHTa Poccuiickoro Hay4yHoro ¢onaa, mpoekt Ne 23-21-00539.
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s 3amaun [ npemyiaraercs momudukanus merona EDAS [1] ¢ uHTepBaJbHBIME BeCaMH KpPUTE-
pueB. Ha ocHoBe Takoit Mmoaudukanuu, u ciaenys moaxony u3 [2], onpeaensercs MOHATHE HEYETKOTO
EDAS-pemenus 3amaun [’ ¢ UHTepBaJIbHBIMU BECaMH KPHTEPHUEB.

Jis BapuanTa N—KpUTepUAIbHOW 3a71a4u [’ C TUHCWHBIMU KPUTEPUIMHU

fj(w) = Cj1 Ty + Cjoly + .o + €, Ty, (j=1,..,N), (1)
1 MHO)KecTBOM anbrepHatuB X C R", 3aaHHBIM JIMHEHHBIMH CBSA3SIMH THIIA PAaBCHCTB
q;(T) = a;my + apry + ot ar, —b=0 (i=1,..k) (2)

¥ YCIOBHSIMA HEOTPHULATEIHOCTH
;>0 (I=1,..,n),

PE/IAraeTCsi KOHCTPYKTHBHBIN alITOPUTM MOCTpoeHust HedeTkoro EDAS-peuienust 3agaun [ ¢ uHTEp-
BAJIbHBIMU BECAMU KPUTCPUCB.

3ametnm, uto ¢ yduetom (1), (2) u Buja Becos kputepues w; € [ay; 3], (j = 1,..., N), 3anaua
I MOXeT TPaKTOBaThCs KaK MHOTOKPUTEpPUAJIbHAS 3a]1a4a JIMHEWHOTO MPOrPaMMUPOBAHUS ¢ HETOYHO
3aJIaHHOM 11eIeBON (DYHKITHEH.

B KadecTBe MOJIEILHOTO MPUMEpA, CTpoutcst HeueTkoe EDAS-penienue st 3a1a4u OpeIeeHus

OINTHUMAJIbHON MO MHUKPOIJIEMCHTAM U BUTaAMUHAM PCUCIITYPbl HAYHMHKHU (I)pYKTOBOFO mnmupora.
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Asymptotic solutions of the nonlocal kinetic equation of
ionization of an active medium with cubic nonlinearity

S.A. Siniukov

TSU, Tomsk, Russia
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An original semiclassical approach is used to solve a two-dimensional kinetic
equation with nonlocal cubic nonlinearity, which is a model of ionization of an
active medium. The considered asymptotic solutions are constructed analytically in
the class of trajectory concentrated functions in the weak diffusion approximation.
Analytical and numerical methods were used to study the dependence of the
discrepancy of the asymptotic solution on time and on the asymptotic small
parameter. The consistency of asymptotic and numerical solutions in the selected
range of model parameters is shown.

Keywords: active media, nonlocal kinetic equation, asymptotic solutions, semiclas-
sical asymptotics, WKB-Maslov method, discrepancy

ACHMIITOTHYECKHE PEIICHUS HEJOKAJIbHOI0 KHHETHYeCKOI0
YPaBHEHUSI HOHU3ALMHU AKTUBHOM Cpelbl ¢ KyOM4YHOM
HEJIUHEHHOCTHIO

C. A. CuHrokoB

HU TT'Y, Tomck, Poccus
ssaykmh@yandex.ru

[TpuMmeHseTcs OpUrHHAJIBHBIN KBa3UKJIACCUYECKUI TIOAXOA ISl PELIEHHS IByMEPHOTO
KWHETHYECKOTO YPAaBHEHHS C HEJIOKAIbHOW KyOMYHOM HENMMHEHHOCTBIO, SBISIONIETOCS MO-
JIeNIbI0 MOHU3ALUU aKTUBHOM cpenbl. PaccMarprBaeMble aCUMIITOTUYECKHE PELIEHUS I10-
CTPOEHbI aHAJIUTUYECKU B KJIACCe TPAEKTOPHO-COCPEIOTOYEHHBIX (DyHKIMH B MpUOIMAKe-
HUM c1aboi 1uddy3un. AHAINTHYECKUMH U YUCIIEHHBIMU METO/IaMH ITPOBE/IEHO HCCIIe0-
BaHUE 3aBUCUMOCTH HEBSI3KM ACUMIITOTHYECKOTO PEIIEHUS OT BPEMEHHU U OT aCUMITOTHYE-
CKOTO MaJIOTo TIapaMeTpa. B BeIOpaHHO# 00J1acTH 3HAYCHHUI ITapaMEeTPOB MOJICITH ITOKa3aHa
COMIaCOBAHHOCTh ACUMIITOTUYECKUX U YUCIIEHHBIX PELICHUH.

KiroueBble cioBa: akTUBHAs Cpeaa, HEJIOKAJIbHOC KUHETUYCCKOC YPAaBHCHNUE, ACUMIITOTH-
YCCKHUC pCHICHHUA, KBA3UKIIACCUICCKUC ACUMIITOTUKHU, METO BKB—M&CJ’IOB&, HCBA3Ka

Merton KBa3nKIaCCUYECKH COCPETOTOUYECHHBIX COCTOSHHM, OCHOBaHHBIN HA TEOPUHU pocTKa Maciiosa
SIBJISIETCS] MOIHBIM HHCTPYMEHTOM IOCTPOEHHUS aCUMIITOTHYECKUX PEIICHUN HEJIOKAJIbHBIX HEJIMHEN-
HBIX YPaBHEHUM.
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B nanno# paboTe ucciaenyroTces CBOMCTBa aCUMIITOTUYECKUX PELIEHUH HEJIOKAJIbHON MOJIEIIN HOHU-
3alMy aKTUBHOM cpelbl Ha mapax meTtaioB (ACIIM) [1], moCTpOeHHBIX METOAOM KBa3HKIACCUYECKU
COCpeNOTOUYEHHBIX cocTosiHMM [2]. YpaBHeHne ACIIM onuchIBaeT 1ByMEpHOE paclpeieIeHe KOHIICH-
Tpamuyu MOHOB B aKTUBHOM CpeJie B TIOTIEPEYHOM cedeHHH Trazopaspsanoit Tpyoku (I'PT) B mpenmoro-
JKeHUU ero omHopoaHoctu Baonb ocu ['PT [3]. [IpoBeneHn cpaBHUTENBHBIA aHATN3 aCUMIITOTHYECKUX
U yuCleHHbIX pemieHuid ypaBHeHUs: ACIIM npu oauHaKOBBIX HaYaJIbHOM YCJIOBHH U IapameTpax Mo-
nenu. CpaBHEHHE YHCIIEHHBIX U aCUMIITOTHUECKUX peleHui (puc.l) mokasano, 4To Npu yMEHbIIEHUN
aCHMIITOTHUYECKOT0 napamerpa 1uddy3un aCUMITOTHUECKUE PELICHUs IPUOIKAIOTCS K YHCIEHHBIM,
YTO TOBOPUT O CIPABEIMBOCTH ACUMIITOTUYECKOTO METO/1a, IPUMEHEHHOTO B [2] B BEIOpaHHOI 001acTi
3HAYCHHUU TTapaMeTpoB Mojiend. MccnenoBanue HEBS3KHU MPOJEMOHCTPHPOBAIIO, YTO B HEKOTOPO# 001a-
CTH TOCTAaTOYHO MAaJbIX 3HAUCHHH IapamMeTpa aCUMITOTHYECKOE PELICHUE UMEET TOUHOCTh O(D3/ 2),
YTO COITIACYETCS C OLICHKAMH aCUMITOTUYECKUX PELICHUM.

u(x.f) u(x,f)

— t=0
— t=0.6
t=1
t=2

— t=0

— t=0.6
t=1
t=

0.1 0.2

(b)

Puc. 1. Acumnrorindeckue (CIUIONIHBIC JIMHIN) U YUCIIEHHBIE (ITyHKTHPHBIE JTHHNK) penteHus ypaBHenus ACIIM npu (a) - D = 0.01,

(b)-D =0.001uz = (x,0).

[TprMeHeHne KBa3HKJIACCHYECKOTO METOa JJIS MTOMYUYeHHsI aCHMITOTUYECKUX PEeIICHUN TUCCHTIa-
TUBHBIX 337124 JIaeT Pl npeumyniecTB. KBasukinaccuueckue aCUMIITOTUKY UMEIOT PacTyIIyIO BO Bpe-
MeHH omHOKy [4]. OgHaKo sl OTKPBITBIX CHCTEM C 3aTyXalOIIMMH MpOoIleccaMu OImuoOKa OyneT orpa-
HUYEHA CBEPXY, TaK KaK HEBsA3Ka yObIBACT, HAUMHAsI C HEKOTOPOrO MOMEHTa BPEMEHHU.
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Application of graph theory to modeling
the semantic text structure
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The report addresses an approach to constructing models in mathematical
linguistics based on the stochastic graphs tool. We present the results obtained
from the analysis of the semantic scheme of the in-depth interview.

Keywords: graph theory, mathematical modeling, mathematical linguistics

IIpumenenune reopuu rpagoB AJis MOJAETMPOBAHUA CEMAHTHYECKOU
CTPYKTYPbI TEKCTA

M. A. Ckypsirunal, II. FO. Conoxyma?

! MHCTUTYT MaTeMaTHKH ¥ HHQOPMAIHOHHBIX TEXHOIOTHI
Hpxyrckuii rocynapcTBeHHslil yHuBepcureT, Upkyrck, Poccus
skurygina-maria@yandex.zru
2 MHCTHTYT QHIONOTHH, HHOCTPAHHBIX A3BIKOB M MEITHAKOMMYHHUKAIIHH
Wpxyrckuil rocynapctBeHHslil yHuBepcuret, Upkyrck, Poccus
peter.solodusha@mail.ru

B noxnane paccmarpuBaercs MOAX0/1 K IOCTPOEHUIO MOJIENIEN B MATEMaTHYEeCKOM JIMHT -
BHCTHKE Ha OCHOBE amnmapara croxactuueckux rpados. [IpuBeneHs! pe3ynbTarsl, MoTydeH-
HBIE TIPU aHAIN3€ CEMAHTUYECKOM CXEeMBbI INTyOMHHOTO HHTEPBBIO.

KiaoueBble ciioBa: Fpa(l)BI, MAaTeMaTnu4cCKOC MOACIUPOBAHUC, MATEMATUICCKAA JIMHIBHU-
CTHKa

Ha COBPEMCHHOM 3Tall€ pa3BUTHUA MaTeMaTUYECKOHN JIMHIBUCTUKHA Inpu pa3pa60TKe SI3BIKOBBIX KOH-
eI UCTIONIb3YeTCsI IOHATHIHBIN ammapar u3 Teopur MHOkecCTB [ 1], reopun urp (J. Hintikka, L. Henkin),
TEOPHH HEIMHEHHBIX TMHAMUYECKUX cucTeM [S]. JIng aHamu3a CTpyKTYphI TEKCTa UCCIIEA0BATENH PH-
BJIEKAIOT TEOPHIO BEPOSITHOCTEN M ONTUMHU3ALUIO (IUCTPHOYTHBHYIO CEMAHTHKY ), @ TAK)KE TEOPHIO Tpa-
dos [3, 4].

B nokinazie paccMarpuBaeTcsi I(pUMEHEHUE TEOPUU CTOXACTUYECKHUX IpadoOB JIsi TOCTPOCHUS CEMaH-
TUYECKON MOJIETH TeKcTa (CM., Harpumep, [3]). s peanuzanuu Oblia BBIOpaHa CEMaHTHYECKask CXemMa
u3 [4, c. 115]. OHa conepxuT mecTh HanboJIee 4aCcTO BCTPEUAOIINXCS MUKPOTEM B TEKCTE TITyOMHHOTO
MHTEPBBIO [2] ¥ MPOMUTIOCTPUPOBAHA B BUJIE OPUEHTUPOBAHHOTO Tpada, mpuBeneHHoro Ha puc. 1. Ero
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Puc. 1. I'pad, cooTBeTCTBYIONINIT H3y4aeMOl CEMAaHTHYECKON cXxeMe

BEPIIUHBI — MUKpOTeMBI (1 — «SI», 2 — «/leticTBuey, 3 — «Mectoy, 4 — «KomndectBoy, 5 — «CeMbs», 6
— «YenoBek»), a pédpa — nmepexo/i OT OTHOH MUKPOTEMBI K JIPYTOH.

AHanu3 nmokasall, 4yTo JIaHHBIHA Tpad SIBIIETCS B3BEIICHHBIM, T. €. BCE BEPIIMHBI U pEOpa UMEIOT BeC.
Bec BepmmHbI onpeIesieTCs: KOIMYESCTBOM CJIOB U3 BRIOPAHHBIX MUKPOTEM, a BEC peOpa COOTBETCTBYET
YHCITy IEPEXOIOB MEXTy MUKpoTeMaMu. BepimHel rpada ynopso4eHsl o yObIBaHHIO 3HAUEHUH Beca.
B paccmarpuBaemom cirydae rpad sBiseTcs HachIeHHBIM. [Ipy yBenmmueHNN BEIOOPKH MUKPOTEM 0
JIeCATH HANMEHOBaHUH (JIOTTOIHUTENLHO BHECEHBI: « IMOIMOHAIILHOE COCTOSTHHEY, «JBIkeHHe», «Bo3-
pact», «OTOXIeCTBICHHE» ) Tpad) CTAHOBUTCS Pa3pEIKSHHBIM 110 TEPMUHOJIOTHH [3]. OCHOBHBIC pe3yJib-
TaThl CBSA3aHBI C UCCIICIOBAHUEM CBOMCTB JaHHOTO Tpada, 3aBUCAIINX OT pazMepa BHIOOPKH.
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Estimates for solutions to neutral Type differential
equations: applications to the hopfield neural networks
model*

Maria A. Skvortsova

Novosibirsk State University, Novosibirsk, Russia
sm-18-nsu@yandex.ru

We consider Hopfield neural networks model described by a system of differ-
ential equations of neutral type with several delays. Using Lyapunov—Krasovskii
functionals we obtain estimates for solutions characterizing the stabilization rate
at infinity.

Keywords: neutral type differential equations, Hopfield neural networks model,
Lyapunov—Krasovskii functionals, estimates for solutions, exponential stability

Consider the following system of differential equations of neutral type
T;(t) = —c;x;(t) + Z a;;fi(z;(t) + Z b9 (x;(t —7;;(1))) + Z e ;(t —&;(t)) +u,,
j=1 j=1 j=1

1=1,....n, t>0,

where 7;,(t), &;(t) € CY(R,), f;(z), g;(x) € C(R), and the following conditions hold

0<E,) <E 0< 7,1 <, fzj(t) <& 7

7,

;) <7,

[fi(@) = ;)] < Gle =yl g;(x) —g;(y)| <myle —yl, x,yeR
This system was considered in [1] as a model of Hopfield neural networks. The authors
of this work studied the exponential stability of stationary solutions to the system using
a quasi-linear Lyapunov—Krasovskii functional. They obtained sufficient conditions for the
coefficients of the system, delay parameters and nonlinear functions, under which the stationary
solution is exponentially stable. The question of obtaining constructive estimates for solutions
characterizing the stabilization rate at infinity is also of great interest for this model.

Note that in the present time there exist the results about obtaining constructive estimates
for solutions to wide classes of neutral type differential equations (see, for example, [2-6]). In
these works the authors proposed several quadratic Lyapunov—Krasovskii functionals, which
allow to obtain estimates for solutions characterizing the stabilization rate at infinity.

In this paper we discuss how the ideas [2-6] of constructing Lyapunov—Krasovskii functionals
can be applied to the Hopfield neural networks model.
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Iterative approach to solving polynomial Volterra
integral equations of the first kind

S. V. Solodusha

ESI SB RAS, ISDCT SB RAS, Irkutsk, Russia
solodusha@isem.irk.ru

Volterra integral equations of the first kind with polynomial nonlinearity are
considered. They arise in the problem of identifying the input signal of a dynamic
system.

Keywords: identification, nonstationary dynamical system, polynomial Volterra
equation of the first kind

HNrepaumoHHBINA MOAX0X K PELICHHUIO MOJHHOMHAJIbHBIX
WHTErpaJibHbIX YpaBHeHuii Bosbreppa I pona*

C. B. Cononymia

HNC3M CO PAH, UICTY CO PAH, Upkytck, Poccust
solodusha@isem.irk.ru

PaccmoTpensl unTerpansHeie ypaBHeHUs Bonsreppa [ poga ¢ nonuHOMuanbHOW HENH-
HEHHOCTHIO, BO3HUKAIONINE B 33/1a4€ MJICHTH(UKAIIMN BXOTHOTO CUTHAJA JMHAMUYECKON
CHUCTEMBI.

KroueBble cjioBa: uieHTUUKALNA, HECTA[MOHApHAs JUHAMUYECKas CHCTeMa, TOJINHO-
MHAJIBHBIE MHTETpaIbHbIe YpaBHEHNA Bonbreppa I pona

B noknane npenctaBieHbl pe3yabTaThl 10 YUCICHHOMY PEIICHUIO TOJIMHOMHAIBHBIX HHTETPAJIbHBIX
ypaBHeHuit Bonsreppa I pona [1,2]. [laHo neranbHOE onucaHue UTEPALMOHHOMY IOJIXOY U Pa3HOCT-
HbIM MeTofaM. Ctathu [3,4] MOCBAIIEHBI TPUKIIATHBIM 33a4aM.
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Hybrid non-local optimization algorithms based on

biogeography, grey wolf, flower pollination and
L-BFGS methods

Pavel Sorokovikov
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The approach proposed in the paper to solving problems of finding the global
extremum of multimodal objective functions combines globalized methods of bio-
geography, grey wolf, flower pollination and the local optimization method L-BFGS.
Algorithms inspired by nature are used to scan the search space globally. The
L-BFGS method is used to locally refine the found approximations. Based on
these methods, hybrid non-local optimization algorithms have been proposed and
implemented in unified software standards. A numerical study of the effectiveness
of the developed algorithms was carried out in comparison with modifications
of genetic optimization, differential evolution and harmony search methods on a
variety of test problems. The results of the testing confirm the performance of the
implemented algorithms.

Keywords: global optimum, biogeography method, grey wolf method, flower polli-
nation method

I'uOpuaHbie AJrOPUTMBbI HEJIOKAJIBLHOM ONTUMHM3AIMUA HA OCHOBE

MeTOI0B Ouoreorpadgum, cepbix BOJKOB, ONBIJICHUS IBETKOB U
L-BFGS*

I1. C. CopokoBHKOB

MHcTUTYT TMHAMMKH CUCTEM U TeopuH yrnpasieHus umenu B.M. Marpocosa CO PAH, Upkyrck, Poccus
pavel@sorokovikov.ru

[TpennokeHHbIi B paboTe MOAXO/ K PEIIEHHIO 3a/1a4 MTOUCKa INI00AIbHOTO 3KCTpeMyMa
MYJIBTUMOJIANIBHBIX LIEJIEBBIX (yHKIUI 00beqUHACT ITI00aIU3UPOBaHHBIE METOBI OHOreo-
rpaduu, cepbiX BOJIKOB, ONBIJICHHS LIBETKOB M METO[ JIOKanbHOM ontumuzauuu L-BFGS.
ANTOpUTMBI, HHCIIMPUPOBAHHBIE KUBOW NMPHUPOJIOHN, UCTIONIB3YIOTCA ISl INI00AIbHOTO CKa-
HUpPOBaHUs NpocTpaHcTBa noucka. Merox L-BFGS npuMeHnsieTcs 11 T0OKaJIbHOTO yTOUHE-
HUSI HallIeHHBIX puOmkeHuil. Ha ocHOBE yka3aHHBIX METOJIOB ITPEATIOKEHbI U PeaIn30Ba-
HBI B €JUHBIX IPOTPaMMHBIX CTaHJApTaX TMOPUIHBIE AITOPUTMBI HEJOKAIBHOM ONTUMM3a-
nun. [IpoBeneHo ynciaeHHoe uccnenoBaHue YPPEKTUBHOCTH Pa3pabOTaHHBIX AJITOPUTMOB

* Pabota BeInonHeHa 3a cyet cyocuanu Munoopuayku Poccun B pamkax npoekra Ne 121041300060-4.
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B CPaBHEHUH C MOTU(PUKAIMIMU METOIOB T€HETUYECKOM ONTUMU3AINH, TU(QepeHIInaTb-
HOM 3BOJIIOIIMM U TAPMOHHMYECKOTO MOKCKA Ha pa3HOOOPA3HBIX TECTOBBIX 3aayax. Pe3ynb-
TaThl IPOBEACHHOTO TECTUPOBAHUS MOATBEPKAAIOT PabOTOCIIOCOOHOCTh PEaTM30BaHHBIX
aJITOPUTMOB.

KnroueBble cjioBa: TII00AIBHBIN OIITUMYM, MCTO 61/10reorpaq)1/m, MCTOJ CCPbIX BOJIKOB,
METO, OIIbIIICHHUA LIBETKOB

3amaua MoMCKa TI00ATIBHOTO SKCTpeMyMa MYJIbTHMOAAIBHON 1EeNeBON (DYHKIIMU SBISETCS OIHOMN
M3 CaMbIX CIIOKHBIX M aKTyaJbHBIX MPOOJIEM B BRIYMCIUTEIHHON onTUMH3AINH. D(H(HEeKTUBHBIE METO-
JIbl HEJIOKAJIBHOTO MTOMCKA YacTO OCHOBAHBI Ha OanaHce MEXIy I0OaIbHBIM CKaHUPOBAHHUEM MOUCKO-
BOT'0 ITPOCTPAHCTBA U JIOKAJIbHBIM YTOYHEHHEM HalIEHHBIX MPUOMMKEHNH («IKCIUTyaranuei»). Takum
00pa3oM, MpH KOHCTPYUPOBAHUH AJITOPUTMOB HEJIOKAJILHOM ONTUMHU3ALUY CIEIYET Ha KaXKA0W uTepa-
[IUU BBIMOJHATH KaK IMI00aTbHOE UCCIIEOBAHKUE B JIOMYCTUMOM MHOXKECTBE, TaK M «IKCILTyaTaIlIo» C
MTOMOIIBIO TPAJUEHTHBIX METOOB JIOKAJIBLHOTO IMOUCKA.

B nannoit paboTre mpeanioxKeH Moaxo, KOTOPsId 00beTUHSET MPEUMYIIECTBA alTOPUTMOB, HHCIIU-
PHPOBAHHBIX )KUBOM MPUPOJIOi, U TPATUSHTHBIX METOJOB JIJIS I00ATIBHOTO U JIOKAIBHOTO ITOMCKA COOT-
BETCTBEHHO. YKa3aHHbBIN MOJXO/I MO3BOJIIET pa3pabaThiBaTh BHIYMCIUTENBHBIE CXEMBI, JIEKAIUE B OC-
HOBE A(P(PEKTUBHBIX METOJIOB PELICHHSI MHOTOIKCTPEMAJIbHBIX 3a/1a4 ONITUMHU3ALIMH, U ONTUPACTCS Ha HC-
MOJIb30BaHME aNropuTMoB Onoreorpaduu [1], cepsix BonkoB [2], onbutenus 1iBeTkoB [3] u L-BFGS [4].
Pa3paboTraHbl 1 peann30BaHbl ¢ IPUMEHEHNEM €IUHBIX IPOTPAMMHBIX CTAH/IapPTOB JIBYXMETOIHbIE BbI-
YHUCIIUTENBHBIE CXEMBI IIOMCKA ONITUMYMOB MHOTOAKCTPEMAITBHBIX HENIEBBIX (PYHKITHA.

Peann3oBaHHbIE BBIUMCIUTENBHBIE CXEMbI OBUTH MPOTECTUPOBAHBI HA PENpPE3CHTATUBHOW KOJIIEK-
MM HEBBIMYKJIBIX TECTOBBIX 3aJla4 C Pa3JIMYHbIMU 3KCTPEMAJbHBIMU XapakTepucTukamu. CpaBHUBA-
JIUCh pe3yJIbTaThl YNCIEHHBIX SKCIIEPUMEHTOB, MOJIyYeHHbIE C TIOMOUIBIO MPEUIOKEHHBIX aJTOPUTMOB
U MOAU(DUKAIMA METO0B TeHETUYECKOM ONTHMHU3ALUH, TU(PPepeHINATbHON SBOIIOIUN U FApMOHH-
YEeCKOTO MoucKa [5]. ANTOPUTMBI, KOTOpbIe OBLIM CKOMOMHHPOBAHBI C METOJIOM JIOKAJILHOTO MOWCKA
L-BFGS, npoaeMoHCTpUpOBaIN 3HAYUTENIbHbBIE YIYULIEHHS [0 CPABHEHHIO ¢ 0a30BBIMU AJITOPUTMaMHU,
WHCIIMPUPOBAHHBIMU Mpuponoi. [IpencraBiensl pe3ynbsTaTbl BEIYUCIUTENBHBIX SKCIEPUMEHTOB, MOJI-
TBEprKAaroLe 3pPEKTUBHOCTD Pa3pabOTaHHBIX AJITOPUTMOB.
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[1] Ma H., Simon D., Siarry P., Yang Z., Fei M. Biogeography-based optimization: a 10-year
review. IEEE Transactions on Emerging Topics in Computational Intelligence. 2017. Vol. 1, No 5.
P. 391-407.

[2] Gupta S., Deep K. Anovel random walk grey wolf optimizer. Swarm and Evolutionary Computation.
2019. Vol. 44. P. 101-112.

[3] Abdel-Basset M., Shawky L.A. Flower pollination algorithm: a comprehensive review.
Artificial Intelligence Review. 2019. Vol. 52. P. 2533-2557.

[4] Mokhtari A., Ribeiro A. Global convergence of online limited memory BFGS.
Journal of Machine Learning Research. 2015. Vol. 16. P. 3151-318]1.

[5] Jaksi¢ Z., Devi S., Jaksi¢ O., Guha K. A comprehensive review of bio-inspired optimization
algorithms including applications in microelectronics and nanophotonics. Biomimetics. 2023. Vol. 8,
No 3. P. 278.

267



Parametric regularization of the functional in a
linear-quadratic optimal control problem

Vladimir Srochko, Alexander Arguchintsev

Irkutsk State University, Irkutsk, Russia
arguch@math.isu.ru

A linear-quadratic optimal control problem with weight coefficients and arbitrary
matrices in the quadratic cost functional is considered on the set of stepwise control
functions. As a result, parameter optimization problems are constructed which
provide a strong convexity of the objective function on control variables together
with relatively good conditionality of the corresponding quadratic programming
problem.

Keywords: linear-quadratic optimal control problem, cost functional with weight
coefficients, parameter optimization

IMapamerpuueckast peryasipu3anus (pyHKIHUOHAIA B
JHHEHHO-KBAAPATHYHOM 3a]a4e ONTHMAJbLHOIO YIpaBJIeHus ™

B. A. Cpouxo, A.B. ApryunHiies

Mpxyrckuii rocynapcTBeHHbIH yHUBepeuret, Mpkyrck, Poccus
arguch@math.isu.ru

Ha MHOXecTBe CTyneH4aTsIX ynpaBisionmx QyHKIUN UccieayeTcs TMHEeHHO-KBaapa-
TUYHAs 3a/1a4ya ONTUMAJIBHOTO YIIPABJICHUS C BECOBBIMU KO3(PUIIMEHTaMU U IPOU3BOIIb-
HBIMU MaTPHUIIAMHU B KBa/IPaTUYHOM IieleBOM (yHKIMoHane. [TocTpoens! 3a1aun onTumMu-
3allU¥ TApaMeTPOB, KOTOPbIE 00ECIEUNBAIOT CHIIBHYIO BBITYKIJIOCTD 11€JIeBOM (DYHKIIUU 1O
YHPABJISIOUIMM IEPEMEHHBIM BMECTE C OTHOCUTEIBHO XOpoIlel 00yCI0BIEHHOCThIO COOT-
BETCTBYIOILEH 3a7]a4l KBaJAPATUYHOTO TPOrpaMMUPOBAHUSI.

KiroueBble ci10Ba: JTUHEIHO-KBapaTUUHAs 3a/1auya ONTUMAJIbHOIO YIIPaBJICHUs, LEIEBON
(YHKIIOHAJ ¢ BECOBBIMH KO3 PHUIIMEHTaMHU, OITUMHU3ALIMS TAPaMETPOB
Jnst nuHeiHoN ynpaBisieMon CUCTEMBbI
= At)x + b(t)u, z(ty) = 2V
C IByCTOPOHHUMH OT'PAaHUYEHHUSIMHU Ha YIIPABICHUE
u(t) € fu_,us], t € [to, T

* Uccnenosanne A.B. AprydumHieBa BBIIONHEHO 3a cdueT rpaHTa Poccumiickoro HaywHoro ¢onma, mpoekt Ne 23-21-00296,
https://rscf.ru/project/23-21-00296/

268



pacCMaTpuBacCTCs 3ala4a HAa MUHUMYM KBaApaTUIHOIO (bYHKLII/IOHaHa

T

O(u, z) = 1/2 alx(T), Pe(T)) + 1/2/ [B(x(t), Q()x(t)) + yu?(t)]dt

to

Bnech t € [ty,T], u(t) € R, z(t) € R™, a uncna «, 5 U y ABIAOTCS BECOBBIMH KOIDPUIIHCHTAMH-
napameTpamMi. MHOKECTBO [OIYCTUMBIX yIPABJICHHH ONMPEAEIAETCs CeayrommM oopasom. Beenem

Ha otpeske [ty, T] cetky y3noB {to,t, ..., tp_1,t, =T} c yenosusamu t; = t, 4 + hj, h; > 0,
j = 1,2,...,m. Bemnenum mpomescytku Ty = [tg,t1], T; = (t;_1,t;], j = 2,...,m, Bmecte ¢
COOTBETCTBYIOIIMMH XapaKTepucTHIeCKuMu Qyrkimsmu x4 (1), x;(t), t € [ty, T]. s Bextopa y =
(Y1, Yay +- s Yy, ) BBEIEM MHOXKECTBO JOIYCTUMBIX 3HAYCHUIH

1 c)OPMUPYEM YIIPaBJICHHE
m
ult,y) = >y (t), t € [tg, T],y €Y.
=1

DTO KyCOYHO-TIOCTOSHHAS (DYHKIMS CO 3HAUCHUAMH Y ; HA 3alaHHBIX IPOMEKYTKaX 1';, YAOBIETBOPSIIO-
11asi BBEICHHBIM OTPaHUYEHUSIM.

Hcxonnast 3ajaua ONTUMAIIBHOTO YIIPABJICHUS B PE3YJIBTaTe CBOAUTCS K 3a1a4€ KBaJPaTUIHOTO IIPO-
TPaMMHPOBAHUS C IIEeJICBOM (DYHKIIHEH, 3aBUCAIICH OT TapaMeTpoB. B kauecTBe KpuTepus KadyecTBa J10-
MyCTUMOT0 Habopa MmapaMeTpoB MpeaiaraeTcsi BHIOpaTh YMCI0 00yCIOBIEHHOCTH UTOTOBOI MaTpPHUIIBI,
KOTOPOE BBIpAXKAETCs 4epe3 rpaHullbl ee cruekTpa. COOTBETCTBYIOIUE CIIEKTPAIbHbBIE MOAXOABI K I10-
HCKY MapameTpoB «, 3, 7y 00eCIeurBaIOT CHIIbHYIO BBITYKJIOCTh 1[€JIeBON (DYHKIIMH BMECTE C OTHOCH-
TEJIBHO XOpoIIeil 00yCIOBICHHOCTBIO 3a/jaui. B 3THUX yCIOBHSX MOJyueHHas 3ajada KBaJpaTHYHOTO
IPOTPaMMHUPOBAHMS C MPOCTEHIINMHU OTPAaHUYEHUSMH JIOITycKaeT 3(h(EeKTUBHOE YHCICHHOE PEIICHUE
32 KOHEYHOE YHCII0 UTEpALMid METOAaMH 0COOBIX TOUEK, CONPSKEHHBIX I'PaJIMEHTOB UM OMOPHBIM Me-
TOJOM.

[Ipenyaraemslii OAXOM MPONODKAET HAMIPABICHUE UCCIIEIOBAHUH, IPEICTABICHHOE B IIyOIMKaLU-
ax [1,2], 1 TMKBUIUPYET CYLIECTBOBABIIYIO PaHEe HEONPEAEICHHOCTh B BEIOOpE MapaMeTpoB peryls-
pu3anuy.
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On the control reconstruction for trajectories of
differential inclusions in problems of control theory

Nina Subbotina, Evgenii Krupennikov

IMM UrB RAS, Yekaterinburg, Russia

subb@Quran.ru

In the talk, the control reconstruction problem for dynamic systems with dynam-
ics described by differential inclusions, based on discrete inaccurate measurements
of the observed trajectory, is studied. We consider the case of an observed trajectory
generated by a sliding regime under non-convex geometric restrictions on controls.
A correct formulation of the control reconstruction problem is introduced. An
approach to constructing approximations of the solution in the weak topology of
the space L2 is suggested.

Keywords: control reconstruction, differential inclusions, sliding controls, weak
convergence, non-convex constraints

O peKOHCTPYKIHUM YIIPABJICHHUH VISl TPACKTOPUI
aud¢epeHNATBHBIX BKIKYEHUH B 3a1a4aX TEOPUH YIIPaBJIeHUsT

H. H. Cy606otuna, E. A. KpyneHHukos,

MM V¥pO PAH, Poccus, ExarepunOypr
subb@uran.ru

B noxnane paccmarpuBaeTcs 3a7ja4a peKOHCTPYKIMU YIPABICHHS 110 AUCKPETHBIM HETOY-
HBIM 3aMepaM HaOIIoaeMOl TPAeKTOPUH YIIPABISEMOM CUCTEMBI, ONUchIBaeMoil tudde-
pEeHIMAIBHBIM BKITIOUeHHEM. PaccmarpuBaeTcs citydaii HabmogaeMon TpaeKTOPHUH, TOPOK-
JICHHOM CKOJB3SIIIUM PEKUMOM IPU HEBBITYKIIBIX TEOMETPHUECKUX OTPAHUICHUAX HA YIIPAB-
JeHus. BBomuTcst KOppeKkTHas MOCTaHOBKA 3a7[a4y pEKOHCTPYKIMU yrpaBneHus. [Ipemnara-
€TCsl METOJl IOCTPOCHUS allIPOKCUMAIINI pellieHus 3TOH 3a/1aun B c1aboii TOMOIIOTUU TPO-
crpanctBa L2.

KiroueBble ci10Ba: peKOHCTPYKIMS yIpaBieHU, TuddepeHIanbHbIe BKIIOYEHHS, CKOJb-
3sIIIIME YTIPaBJICHUS, Clladasi CXOIUMOCTh, HEBBIYKIIbIE OTPaHUYCHUS

PaccmarpuBatoTcst oOpaTHble 3a1a4l TMHAMUKH U1 ahGUHHO-YIIPABIISIEMbIX J€TEPMUHUPOBAHHBIX
CHCTEM C JUHAMMKOH, ONMUCBhIBAEMON AnbhepeHINaTbHBIMU BKJIIOUEHUSAMH BUA

#(t) € F(t,z(t)) = {G(t, z(t))u + f(t,2(t)) - u € U,

1
reR", weR™ tel0,T], z(0)=ux. M

* PaboTa BEIIIOJTHEHA B paMKaX HCCIIEIOBAaHUH, IPOBOJUMBIX B YPaIbCKOM MAaTeMaTHYECKOM LIEHTpe MpH GHHAHCOBOH mopnepxke Mu-
HHUCTEpPCTBA HAYKU U BbIcIIero oOpaszoBanus Poccuiickoit @enepanuu (Homep cornamenus 075-02-2024-1377).
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rne U C R™ — HeBBIMYKIbIA KOMIIAKT. A HMEHHO, PACCMAaTPUBAETCA 3a/1a4a PEKOHCTPYKIIMH YIIPaBJIE-
HUSI 110 HETOYHBIM JIMCKPETHBIM 3aMepaM MopoxaaeMoit um Tpaekropun x*(-) : [0,7] — R".

B cucTemMax ¢ HEBBITYKJIBIMU OTPAHMYEHUSMH Ha YIIPABJIEHUS MOTYT BO3HUKATh CKOJIB3AIINE yIIPAB-
nennst. Tpaekropust 2* (), MOPOKIaeMasi TAKMUM YIIPABIEHUEM, ONIUCHIBAETCS TU(D(GePEHITMATEHBIM BKITHO-
YEHHEM

#*(t) € coF (t,x*(t)) = {G(t,x*(t))u+ f(t,z*(t)) : we€ coU}, te€[0,T], x*(0)=zy. (2)
Kax usBectHo [1], uist paekropuu () HallIETCs MHOXKECTBO U3MEPUMBIX CEIIEKTOPOB
{u(t) : [0,T] — coU}

— YIpaBJIeHUH, NOPOXKIAOIINX 3Ty TPAEKTOPUIO. BBOIUTCS MOHATHE HOPMAIBHOIO yNpaBIEHUs. JTO
u3Mepumas (GyHKIHUs co 3HadeHusamu u3 coU, nopoxkaaromtas x*(+) 1 uMeromas MUHMManbHyto L2-
HOpMy. 3a/1a4ua peKOHCTPYKIUH YIPaBICHUS 1JIs AMHAMUKU (1) moHMMaeTcs Kak 3a7a4a peKOHCTPYKLIUU
HOPMAaJIBHOT'O YIIPABIICHUS.

[To n3BeCTHBIM HETOYHBIM 3amMepaM HaOJIFOaeMON TPAEKTOPUU HYXHO HOCTPOUTH KyCOYHO-TIOC-
TOSIHHBIE YTIPABIICHHS, alllIPOKCUMUPYIOIINE HOPMAIbHOE IIPU CTPEMIICHUH IIapaMeTPOB TOYHOCTH 3a-
MepoB K Hyito0. [Ipy 3TOM 3HaYeHNUs aIPOKCUMAINH JOJIKHBI COAEPKATHCS B HEBBIITYKIOM MHOXKECTBE
U, a nopokaaemMple UMH TPACKTOPHH AOHKHBI CXOTUTHCS PABHOMEPHO K HaOII0AaeMO.

U3sBectHO [2], uto mist m060# Tpackropuu x*(+) BKIOYeHus (2) CylIECTBYET MOCIIEN0BATENBHOCTh
TpaekTropuil BkiroueHus (1), cxopsamuxcst K Heil paBHOMepHO. O/1HaKo, BCTA€T BONPOC KaK OHUMATh
CXOAMMOCTb K HOPMaJIbHOMY YIIPABJICHUIO allPOKCUMALMH, NOPOKAAIOIINX TaKHe TpaeKTopuu. B pa-
60Te [0Ka3aHo, YTO MOXKHO CTPOUTH KYCOUHO-TIOCTOSHHBIE allIPOKCUMALINH, YAOBIETBOPSIOIIUE 3a/1aH-
HBIM HEBBIYKJIBIM orpanndeHusaM U, cxopasiiuecss K HOpMaJbHOMY YIPaBJICHUIO B CMBICIE Claboi
TOMOJIOTHH HpocTpancTBa L2, Takue, 4T0 MOPOXKIaeMble MMH TPAEKTOPHH CXOIATCS PABHOMEPHO K Ha-
6momaemoil. [IpuBenen mpumMep, B KOTOPOM HEBO3MOXKHA CXOAMMOCTb K HOPMAJIbHOMY YIPaBJICHUIO
TaKUX KyCOIHO-TIOCTOSTHHBIX aIMPOKCHUMAIIHiT B CHITBHOM TOTIONOTHH MpocTpaHcTsa L2,

[Ipenioxken METON MOCTPOSHUs UCKOMBIX amnpokcumanuid. OH ONUpaeTcsl Ha ONUCAHHBIA paHee
METOJ IOCTPOEHUS KyCOYHO-TIOCTOSHHBIX alllIPOKCUMALMi HOPMAaJIbHOTO YIIPABICHUS B 3a1a4aX C BbI-
MyKJIBIMU OFpaHUYECHUSIMH [3].
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The Avalos—Triggiani problem for the linear Oskolkov
system of non-zero order and a system of wave equations
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The Avalos—Triggiani problem for a system of wave equations and a linear
Oskolkov system of nonzero order is investigated. The mathematical model contains
a linear Oskolkov system describing the flow of an incompressible viscoelastic Kelvin—
Voigt fluid of nonzero order, and a wave vector equation corresponding to some
structure immersed in the specified fluid. Based on the method proposed by the
authors of this problem, the theorem of the existence of the unique solution to the
Avalos—Triggiani problem for the indicated systems is proved.

Keywords: Avalos—Triggiani problem, incompressible viscoelastic fluid; linear Os-
kolkov’s systems

Let  be a bounded domain in R™,n = 2,3, with sufficiently smooth boundary 0f). Let
u = col(uy, Uy, ..., u, ) be a n—dimensional velocity vector n = 2,3, the scalar function p be a
pressure, and the vector w = col(w;.w,, ..., w,,) be a vector of displacement of a body, which
occupies the domain €, and is immersed in a fluid occupying the domain (2. Therefore,
Q=Q,U Qf,ﬁs ﬂﬁf = 0Q, =Ty is the common boundary of €2, and €. Let us denote the
outer boundary of 0, by I'; . Our goal is to investigate the Avalos-Triggiani problem [1], [2]
for the case when the fluid in {24 is an incompressible viscoelastic Kelvin—Voigt fluid of the
nonzero-order [3]. The considered mathematical model is determined by the system

K
(1 —rV?)u, —MVQu—ZBlvzwl +Vp=0 V(t,x) € (0,T] x Qp = Qqpy, (1)
=1

ow N
6—tlzu+alwl, qy€eER., B eR, I=1 K Ytz e Qp, )
V-u=0, V(t,z) € Qry, 3)
wy — Viw+w=0 V(tz) e (0,T] xQ, =Qp, 4)

with the boundary value conditions

u|Ff =0, V(t,z) € (0,T] x 'y =Tqpy, (5)
Wl'l"f = 07 V(t,CC) < FTf? (6)
u = wy, V(t,x) € (0,T] x 'y =Tpy, (7)
ou Ow
— = v r
v O pv (t,l’) €lrs (8)



and the initial value condition

(w<07 ')7 wt(oa '>7 Wl(oa ')7 7WK<07 ')7 U(O, )) = (wm W1, Wi0s -+ s WEKO> UO) € H, )
where H = (H'(Q,))" x (L*(Q,))" x Hy x ... x Hg x Hp and H; = (L2(Q,))",1 =1, K,
H;={f¢€ (LQ(Qf))n : V- f=0in Q; and [f-l/”Ff = 0}.

In system (1), the parameters x and p characterize the elastic and viscous properties of
the fluid, respectively, the parameters 3,, [ = 1, K determine the time of pressure retardation
(delay), v is a unit normal vector. In the case of K = 0,k = 0, problem (1)—(9) was investigated
in [1], [2], and for K = 0,k # 0 in [4], [5]. The case of K # 0,k # 0 was investigated for the
first time in [6].

We reduce the problem (1)-(9) to the singular abstract Cauchy problem:

Ly = Mv, v(0)=v,. (10)
Then the problem (10) is transformed to the regular abstract Cauchy problem.

Lemma 1. Let & € R, p € R, the operators L and M be linear continuous operators
from G to H (LM € £(G,H)), then there exists L~' € £(H). Here is the space G =
(H%(2,))" x (H?(Q,))" x Gy x ... x G x Gy, where Gy = (H*(Q,))",1 = 1, K, G, is
closure according to the norm of the space (H?(Q,))" spaces of infinitely differentiable solenoid
functions such that (15)-(17) in [6] are fulfilled.

Theorem 1. [6] For any k € R, € R, and vy € G, there is the unique solution to the
problem (10) v € C*((0,T], G)

Based on the method proposed by the authors [1], [2], the theorem of the existence of the
unique solution to the Avalos—Triggiani problem for the indicated systems is proved.

The work was carried out within the framework of solving problems for the development
of the laboratory of Differential Equations and Mathematical Physics of Yaroslav-the-Wise
Novgorod State University. The authors express their gratitude to Professor G. A. Sviridyuk
for his attention to the work and discussion of the results.
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On the dynamical reconstruction problem of a
continuous disturbance in a fractional order system
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The dynamical reconstruction problem of an unknown disturbance in a fractional
order system is considered. To solve it, the dynamical inversion method was
used. As a result of the application of which, a finite-step online algorithm for
constructing approximations of an unknown external disturbance was proposed,
and its convergence was established.

Keywords: online identification, external disturbance, Caputo fractional derivative

O 3agaye TMHAMUYECKOT0 BOCCTAHOBJICHHUSI HENPEPHIBHOTO
BO3MYIIIEHHSI B CHCTeMe JIPOOHOro mopsaKa™

I1. T. Cypkos!+?
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spg@imm.uran.ru

PaccMoTpena 3agaua JUHAMUYECKOTO BOCCTAHOBJIEHUS HEM3BECTHOTO BO3MYIIEHUS B
cucreMe IpoOHOTro mopsijika. JJis ee pereHns UCIob30BaJICS METO JMHAMUYIECKOTO 00pa-
nieHus. B pesynbrare npuMeHeHHs KOTOPOro ObUT MPEAIOKEH KOHEYHO IIarOBbIi alrOpUT™
MOCTPOEHUS aNMPOKCUMAIINA HEU3BECTHOTO BHEIIHETO BO3JICUCTBUA B PEKUME OHJIANH, U
YCTAHOBIIEHA €T0 CXOAUMOCTb.

KiroueBble c1oBa: OHJIANH HASHTH(UKAIMS, BHEIIHEE BO3MYIIEHUE, TPOOHAS TIPOU3BOI-
Has KamyTo

B HacTosi1iee BpeMsi akTUBHO ITPOBOIMMBIE UCCIIEI0BAHUS, OCBSIIEHHbBIE CUCTEMAaM IPOOHOIO Mo-
psiika, Bce Oosiee nepexoasT 0T TEOPETUUYECKOM HAIPaBIEHHOCTH K npuknagHoi [1]. Taxxke Bce 60mb-
11ee BHUMaHHUE YyJeNsIeTcs 3ajjauaM yIpaBieHHUs B pa3IMYHbIX IOCTAHOBKAX M CMEKHBIM MM 3a/1a4aM
uaeHTuGuKanuu. Mbl OyZeM paccMaTpuBarh 3a/lady JIWHAMMYECKOTO BOCCTAHOBJICHUS HEU3BECTHOM
XapaKTePUCTUKU CHCTEMBI IPOOHOTO MOPs/IKA, MPUCYTCTBYIONIEE B HEl BO3MYIICHUE, €CIIH alpuopH
M3BECTHO, YTO BO3MYILEHHE HOCUT HENPEPBIBHBIN xapakTep. PaccMaTpuBaercs ynpasisiemas CUCTEMA

JpoOHOro Mopsiika BUja
DYa)(t) = f(t,a(t)) + Bu(t), teT:=Io,0], ve(0,1), (1)

* PaboTa BEIIIOJTHEHA B paMKaX HCCIIEIOBAaHUH, IPOBOJUMBIX B YPaIbCKOM MAaTeMaTHYECKOM LIEHTpe MpH GHHAHCOBOH mopnepxke Mu-
HHUCTEpPCTBA HAYKU U BbIcIIero oOpaszoBanus Poccuiickoit @enepanuu (Homep cornamenus 075-02-2024-1377).

274



rne x(t) € R? — ¢asoBslit Bektop, t € T — KOHEUHBIH OTPE3OK, u(-) — BHENIHee BO3eiicTBUE,
u(t) € P C RY, P— Boimykislii KoMnakT, f(-, ) — 3ajaHHasi HempepbiBHAs (YHKIIHSI, YIOBICTBO-
pstrotiiasi ycJioButo JIMMIMIa mo BTopoMy apryMeHTy, Tak:Ke UCTIOIb30BaHO 0003HAYCHHUE IS IPOOHO#M
npousBonHou KamyTo [2, c. 91].

3a1aH0 HaYaIbHOE MOJIOKEHHE cucTeMbl (o) = x,. Bueninee BosueiicTBue u(-) 3apaHee Hew3-
BECTHO, U TPACKTOPHSI CACTEMbI TAK)KE HCU3BECTHA, HO IOCTYITHA JUTS AUCKPETHBIX H3MEPEHUH C HEKOTO-
PO¥i OTPEITHOCTBIO B PEXKIME OHJIAMNH, T.€. B JOCTaTOUHO YaCThle MOMEHTHI BpeMeHu 7; € 1, 7, < 7; 4
umerotcs Bektop £ € RY, ynosneTsopsiioniye HepaBeHCTBY

lz(7;) — fzh”[Rd <h, (2)

rne h € (0,1) — momycTumas norpemHocTb. Pemaercs cienyromas 3axa4a. B npeamnonokeHuu, uto
TpaekTopust (- ) ¥ BHEIIHee Bo3eicTBre U (+) 3apaHee HEN3BECTHBI, 8 HH(POPMAIIHS O TIO3UI[HH CHCTE-
MBI TIOCTYTIAET OJHOBPEMEHHO C €€ (GYHKIIMOHUPOBAHUEM B BUJIC BEKTOPOB flh, YAOBJIETBOPSIOMUX (2),
TpeOyeTcs MOCTPOUTD aJalITUBHBINA paOOTAOLIHIA B PEKUME OHJIAWH YCTOMYUBBINA K MHPOPMAITHOHHBIM
ToMeXaM M TIOTPENIHOCTSM BBIYUCICHHIT aITOpHTM HAXOKIEHHS anmpokcuMamun v’ (-) BosneiicTBus
u(+) GnU3KOM K HEMY B paBHOMEPHO# MeTpuKe. [IJist peleHus paccMaTprBaeMOi 3a1auu UCTIONb3YeTCs
MeTOJ AuHaMHu4Yeckoro oopameHus [3]. JlaHHBI METOI OCHOBBIBAECTCS HAa HMCIOIB30BAHUH MTPHHIIUIIA
skcTpemaisHoro npuinenvuBanus H.H. Kpacosckoro B codueranuu ¢ meronom perynsipusanuu A.H. Tu-
XOHOBa. B kauecTBe BCrioMoOrarenbHOW CUCTEMBI (MOJIENN) BEIOMpAETCS CIeMyomasl CucTeMa ¢ nepe-
KJIFOUEHUEM

[Dly)(t) = g(t,&" (1), s(t)) + Bv"(t), ylo)==z,, teT,

raAc UCIOJIb3YHOTCA 0003HAYCHUS:

£h<t> = f:lv S(t) =1, g(ta gh(t)7i> = f(%‘?é?)v te [Ti7Ti+1)'

VrpasieHue B MOJENIU BBIOMPAETCs KyCOUHO-TIOCTOSHHBIM MUHUMHU3UPYIOIIUM CIVIaKUBAIOIUI (PyHK-
LMOHAJ
V() == v} € argmin{2(y(r;) — &, Bv) + a(h)lga},  t € [7700),

rze (-, -) — CKaIsIpHOE TIPOU3BE/ICHHE B €BKIIMI0BOM IIPOCTPAHCTBE.
CrpageinBa cieyronias TeopemMa.

Teopema 1. ITycmos mampuya B necuneynspuas, u(-) € WL (T;RY) := {u(-) € C(T;R%),u(-) €
h

Lo (T; R}, u evibpano pasbuenue A" := {r/}:* mh =1l +6, 1l =0, 7., = 0. Toeda, ecu
BbINOIHEHbI COOMHOULEHUSL
h d7(h)
h) —0, 6h)—0, —=—=0 — 0 h —0
C\f( ) ’ ( ) Y O{(h) Y Oé(h) npu Y

uu(o) = 0, mo umeem mecmo cxooumocmo v"(-) — u(-) 6 C(T;RY) npu h — 0.
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On the properties of solutions to some system of discrete
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We consider a system of two ordinary discrete third-order equations. For a
general solution of this system, we present some statements characterizing the
integrability property of this system.

Keywords: System of discrete equations, invariant, Somos recurrence

Given any (a, b, c,d) € C%, let us consider the system of two recurrences

b ntonss = aly pits pao + bl oo g, M

tontints = dlg ity o + Clo oty nyq-

The system of discrete equations (1) is a slight generalization of system (2.15), which appeared
recently in the work [3] in the context of the theory of cluster algebras [1]. More exactly, the
system (2.15) in [3] compared to (1) is burdened with the conditions a = d and ¢ = 1.

The following lemma can be verified by direct calculations.

Lemma 1. The system (1) has an invariant

H=ua <t2,nt1,n+1 + t2,n+1t1,n+2> +d (tl,nt2,n+1 + tl,n+1t2,n+2>
tl,ntQ,rH»l tl,n+1t2,n+2

t2,nt1,n+1 t2,n+1t1,n+2
+bt2,nt1,n+2 ctl,nt2,n+2

)

tl,ntQ,n—i-Z t2,nt1,n+2 .
In turn the following theorem connects the system (1) with the Somos recurrence. Let us
recall that the Somos-N recurrence is a bi-linear relation of the form
[N/2]

tnthrN == E Oéjtn+jtn+N7j'
J=1

Theorem 1. Let a = ad — be, B = a’c + d*b+ beH, where H is defined by (2). Given any
solution of (1), both sequences (t; ,,) and (t5,,) satisfy the same Somos-5 recurrence

tntn+5 = atn+1tn+4 + /Btn+2tn+3' (3)

It should be noted that the Somos-5 recurrence (3) is currently a fairly well-studied integrable
equation the general solution of which is expressed in terms of the Weierstrass o-function [2].
Thus, we can give a similar representation of a general solution for the system (1).

The following statement indicates the compatibility of system (1) with another similar
system of a higher order.

* This work was supported by the Project No. 121041300058-1 of the Ministry of Education and Science of the Russian Federation..
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Proposition 1. Any pair of sequences (ty ,,,t5,,) that is a general solution of (1), also satisfies
the system

tintonys = Tl pisto pio T YLy piats i,

“4)
to ptings = Wiy i3ty pyo + 2t 4ty i
with coefficients (z,y, z,w) € C* defined by
a d b c
x:_ﬁa w:_ﬁv Yy=——a, 2= —70.
c b c b
Let us now consider a more general system
tntontN = T niN—gl2,ntqg T Yl nt N—pl2,nip (5)

t2,nt1,n+N = th,n—i—N—qtl,n—i-q + ZtQ,n—i—N—ptl,n-‘rp

compared to (4), where (p, g, N) is supposed to be an arbitrary triple of positive integers such
that N >4 and 1 <p < q < N — 1. Actual calculations support the following assumption.

Conjecture 1. Any pair of sequences (t;,,,t,,) that is a solution of the system (1), also
satisfies the system (5), if and only if N > 5 is odd, while the coefficients (z,y, z,w) in (5) are
uniquely defined as rational functions of variables (a, b, c,d, H).

A proof of this assumption is one of the trends in further work. This conjecture suggests the
existence of corresponding coefficients (x,y, z, w); however, it would also be interesting to find
their constructive description
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On the free boundary problem for the
reaction-diffusion-advection logistic model

Takhirov J.O, Anvarzhonov B.B.

V.I.Romanovskiy Institute of Mathematics of Uzbekistan Academy of Sciences
Tashkent, Uzbekistan
prof.takhirov@yahoo.com, bunyodbek.anvarjonov@bk.ru

In this paper, the free boundary problem is used to describe the process of
bacterial reproduction. The existence, uniqueness and uniform estimates of the
global solution are established, as well as the behavior of the components of
the solution and the unknown boundary. Sufficient conditions for the spread or
disappearance of bacteria have been found.
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O 3axa4e co CBOOOAHOM rpaHMIell AJIsl TOTUCTHYECKOM MOJIETH
peakuusa-1u¢y3us-aaBeKuus

XK. O. Taxupos, b.b.AnBapxoHOB

Nucruryt marematuku AH PY3, 1. Tamkent, Y30ekucran
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AHHOTanus. B nanHoii 3aMeTKe 3a1a4a 0 CBOOOTHOM TPaHMIICH HCIIOJIB3YETCS IS OTTH-
CaHMs IMPOoIecca pa3MHOKEHUS OaKTepuil. YCTaHOBJICHBI CYIIIECTBOBAaHHE, €INHCTBEHHOCTD
Y paBHOMEPHBIE OLICHKH INI00ATBLHOTO PELIEHUs, a TAKXKE MOBEACHNE KOMIIOHEHT PEIeHUS
¥ HEU3BECTHOU r'paHUIIbI. HafmeHm AOCTATOYHBIC YCJIOBUA IJIA paCIpOCTpaHCHUSA WU UC-
Ye3HOBEHUs OaKTepHil.

KiroueBble cjioBa: MOJIEINb 3MUEMUH, CBOOOHAS I'PaHUIIA, PACIIPOCTPAHEHHE U UCUE3HO-
BEHUE, Pa3peIIMMOCTh 3a1a49H

1. OcHoBHBIE pPe3yJIbTaThI

3HauMTeNbHBIE UCCIEA0BAHNUS 10 MOJECIHPOBAHHUIO, 0€3yCI0BHO, PACIIUPUIIN HAIIH 3HAHUS O CIO0XK-
HOW MPOCTPAaHCTBEHHO-BPEMEHHON JAMHAMUKe MH(EKLIMOHHBIX 3a0oneBaHuid. OnHAKO MPU U3YUEHUU
IPOCTPAHCTBEHHOI'O PaclpoCTpaHeHHs] MH(MEKIMOHHBIX 3a00JI€BaHUN C MCIIOJIB30BAHUEM COBPEMEH-
HBIX MOJIeJIel 0CTaeTCsl HeMaso TPyAHOCTel U mpobieM.

PacnpocTpaHeHne HOBBIX U BHOBb BO3HHMKAIOIIMX MH(EKIIMOHHBIX OakTepuii 00BIYHO HAUMHAETCS
B MECTE MCTOUHHUKA U PACIPOCTPAHSIETCA HA pallOHbI, Il IPOMCXOAUT KOHTaKTHas nepenada. Kpaiine
Ba)XHO U MHTEPECHO U3YyUUTb, KaK OAKTEPUU PACHPOCTPAHSAIOTCSA B IPOCTPAHCTBE Ha OOJIBIIYIO TEPPU-
TOPHIO, BBI3bIBAsI HKOJIOTMYECKYIO ITPpolIIeMy.
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B pa6ore [1] aBTOpBEI paccMOTpean MOJEIN ¢ MOHOCTAOMIIBHONW HEITMHEHHOCTBIO U CBOOOIHBIMU
I'paHULIaMU. Onn MOJIy4nJIn m100aIbHOE CylICCTBOBAHUEC U €AMHCTBCHHOCTD PCIICHUA, a4 TAKXKE paCllln-
PAIOLIYIOCS U MCUE3AIOIYI0 AUXOTOMUIO. A B [2] nccnenoBaHa 3agada

uy = du,, — fu, —au + cv, g(t) <x < h(t), t>0,

v, = —bv+ G(u), g(t) <z <h(t), t>0,
u(t,z) =v(t,z) =0, x=g(t)mwmx = h(t), t >0, (1)

9(0) = —hy, g'(t) = —pu, (t; 9(t)), t >0,

h(0) = ho. W () = —pug (15 (1)), £ > 0,
u(0,2) = (), 0(0,2) = vy(2), —ho < 2 < hy,

e a, b, ¢, 5 — nonoxuTenbHble KOHCTaHThL, U(t, ) 1 v(t, ) 0003HAYAIOT KOHIEHTPAIIMIO HH(EKIIU-
OHHOTO areHTa B OKpYXarolei cpene U MHPEKIIMOHHON MOMyJISIHA YeJI0BEeKa ,cOOTBETCTBEHHO. Ko-
¢ durrenHTs! ¢ U b mPeaCcTaBIsAIOT cO00# COOCTBEHHBIC CKOPOCTH paciajia HHPEKIIMOHHOTO areHTa 1
MH(PEKIMOHHON OIMYIISIIUH JIFOAEH COOTBETCTBEHHO, C IPEACTABIISET CKOPOCTh Pa3MHOKEHHU S MH(EKIIH-
OHHOTO areHTa 3a cYeT HHPUIUPOBAHHOI Tomysiuy moeit. @yukuus G (u) 0603HaYaET CUITy 3apaxe-
HUSI YEJIOBEUECKON MOMYISAINY 32 CUeT KOHIICHTPAUU MH(PEKIIMOHHOTO areHTa , CBOOOIHBIE TPaHHIIbI
x = g(t) u x = h(t) npeacraBistor cob0it GPOHTHI PACTIPOCTPAHECHHUS ITHACMHU.

B nannoit pabote npeanaraercs MmareMaruyeckas 3ajada JUisi M3y4eHHUs: IPOCTPAHCTBEHHOTO pac-
npocTpaHeHus HHPEKIMOHHOTO 3a0oseBanus. Mbl monbITaeMcsi 0000IIUTh U3BECTHBIE PE3YNIbTAaThl U
pPaccMOTPHUM MOJIENb SIUASMHH CO CBOOOIHON TpaHUIICH

ky(w)u, = dyu,, — Bu, —au + cv, g(t) <x < h(t), t >0,
ky(v)v, = dyvy, — Pov, —bv 4+ G(u), g(t) <z <h(t), t>0,
u(t,z) =v(t,x) =0, =g(t) mmx = h(t), t >0, 2)
9(0) = —h, (t) = —pug(t,9(t)), ¢ >0,
h(0) = hqg W (t) = —pug (L, h(t)), t >0,
u(0,z) = ( ), v(0,2) = vy(x), —hy <z < hy.

Z[OKEBLIB&IOTCH CYII€CTBOBAHUEC, CITUMHCTBEHHOCTb U paBHOMEPHBLIC OLICHKHU 100aILHOIO peuicHu,
a TAKIKC IMOBECACHNC KOMIIOHCHT PCIICHHUA U HEU3BECTHOM rpaHulbl Ha OOIBIINX HMHTCpBaJlaX BpCMCHU.
C MMOMOIIIBIO OCHOBHOI'O PCIPOAYKTHBHOI'O YHCJIa RO CO30ar0TCA NOCTATOYHBIC YCJIOBUA IJIA pacCIipo-
CTPAaHCHHUA NI UCUC3HOBCHU 6aKTepI/II/I.
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On one optimality criterion for solving the traveling
salesman problem
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The paper describes a method for solving the traveling salesman problem
using a three-element replacement operation. The technology for solving transport
problems using a modified distribution method is used. The necessary criterion
for optimality is formulated. The possibilities of constructing effective algorithms
for solving the traveling salesman problem are indicated. A method has been
developed for conducting massive computational experiments on automatically
generated problems with a previously known optimal solution.

Keywords: keywordsoptimality of solution, traveling salesman problem, three-
element replacement operation

1 The main results

Introduction. The study relates to the problem of a traveling salesman, which consists in
finding the most profitable route passing through each of the specified cities once and then
returning to the original city. The purpose of a bypass is to minimize the function associated
with transportation costs, distance traveled, or time spent.

According to its mathematical formulation, the traveling salesman problem is a transport
type problem. It occurs in many situations that are not very similar to transport ones:
in computer science to optimize data paths between different nodes, to create cost-effective
manufacturing, to plan drone missions, to develop better software systems useful for technologies
such as self-driving cars, and helping companies save money. The need to solve the traveling
salesman problem arises when developing software for processing large amounts of information.

In general, methods for solving the traveling salesman problem can be considered approxi-
mate, not always providing an optimal solution in an acceptable time, with the exception of
the exhaustive search method for small problems.

Purpose. The purpose of the research is to develop a computational algorithm for solving
the traveling salesman problem, based on the use of a three-element replacement operation
and technology for solving transport problems using the potentials method.

Results. Let ¢ be the matrix of transport costs, z, 3 , T4 p,s s Lo p, arbitrary admissible
cyclic solution to the traveling salesman problem. We form combinations of three non-zero
elements from this solution. If for any combination z; ; =1, 2; ; =1and x; ; =1 the
following relation holds

1272

Cirjy T Cigjy T Ciygy SMIN(C; 5 +Ci gy +Cijps Ciggy +Cig, + Ciyjy)

then the solution to the problem has been found. If

Civjy T Ciggy T Ciggy > MIN(Ciy5 + ¢ + s Ciggy + G, + Cig)
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then a three-element replacement operation is performed z; ; =1, T, =1, x5, =1
orw; ; =1, 2, =1z ; =1 depending on which of the two terms is smaller and, in any
case, x; ; =0, x; 5 =0, 2; ; =0.

This three-element replacement operation is used to obtain a new feasible cyclic solution
with a lower cost value, and the solution is again tested for the final one.

The criterion for the optimality of a solution is that for any cyclic solution it is impossible
to carry out a three-element replacement operation. Based on this optimality criterion, it is
possible to construct schemes for solving the traveling salesman problem within the framework
of the potentials method technology for solving the transport problem [1].

For example, for a positive element of the evaluation matrix corresponding to the zero
element of the matrix z, a cycle is constructed

(ilvjl)a (i27j2)7 (i37j3)’ (i47j4)’ ) (ikflajkfl)a (ik7jk)7

where k is even and k < 2n. Next, the unit elements of the matrix x are selected, standing at
the even positions (ig, j5), (i4,74), -, (i, Jj.) of this cycle. In this way, a cyclic (for k = 2n)
or partially cyclic (for k < 2n) solution is formed x; ;, =1, z; ; =1, ..,x; ; =1, for which
the fulfillment of the optimality criterion is checked.

Testing of algorithms built on the basis of the optimality criterion and massive computa-
tional experiments were carried out on automatically generated traveling salesman problems
with a previously known optimal solution [2].

Conclusions. The conducted computational experiments based on the optimality criterion
showed that the developed schemes for solving traveling salesman problems can be classified
as optimal in terms of calculations due to the efficiency of the three-element replacement
operation and the choice of different initial cyclic solutions at each iteration of the modified
distribution method. Such algorithms are recommended for use for the accelerated and
acceptable solution of traveling salesman problems in conditions of processing a sufficiently
large amount of information.

The work was carried out in accordance with project No. 23.00208.5007.09/PD II of the
State Register of Projects in the Field of Science and Innovation.
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The group behaviour analysis of the high-frequency
traders based on mean field games approach*
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We present an approach to describe the group behaviour of the high-frequency
traders (HFTS) in the stock market based on Mean Field Games and Optimal
Control theory with a turnpike effect. The problem is formalized as a system of
coupled PDEs: Kolmogorov—Fokker—Planck, evolving forward in time with initial
condition, and Hamilton—Jacobi—Bellman, evolving backwards in time with terminal
condition. Under certain assumptions, the system of PDEs can be reduced to
Riccati ODEs. We solve the inverse problem to describe the behavior of HFTs
during the Chinese stock market crisis in 2015.

Keywords: Mean Field Games, ill-posedness, turnpike effect, optimal control syn-
thesis

1 The main results

The impact of the large amount of HFTs can be modelled via mean field term. A Mean
Field Game is a coupled system of PDEs: a Kolmogorov—Fokker—Planck equation, evolving
forward in time and describing evolution of the HF'Ts probability density function spread by
the amount of asset shares; and a Hamilton—Jacobi—Bellman equation, evolving backwards in
time and defining the strategy of the HFTs. These equations form a boundary value problem.
We consider the model of the HF'Ts’ behavior in the stock market with reference to [1]. A

coupling condition of this system is a = ﬁg—;:

om o2 9%m 1
ot T 2 oxz T2k

m(0,z) = my(x),

uw(T,z) = —0(z — a)?,
where m(t, x) is a probability density function of HFTs, x(¢) € R is the amount of asset shares
held by HFT at time ¢ € [0,7T], a(t) € R is a turnpike function, k > 0, A >0, 0 > 0, a € R.

Let V(m) = Inm, my(x) be the Gaussian probability distribution with mean p, € R and
dispersion ¢, > 0, i.e.

1 1 2}
my(x) = exp | —==(zr — , x€R,
R S S
then the solution of the system of PDEs is
u(t,z) = Cy(t) + C,(t)x + Cy(t)z?, xRt €[0,T],

* The research is supported by RSF, project No. 23-21-0028]1.
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m(t,x) = exp [Dy(t) + Dy (t)x + Dy(t)z?], = €R,t€(0,T],
where the functions D (t), Dy (t), Dy(t), Cy(t), Ci(t), Cy(t) are defined as Riccati-type ODEs:

’

Dy = —5C\Dy = £Cy + 5D + 02Dy, Dy(0) = — 4 — 3 In (2763)

D, =—1C\D, — +C,D, + 202D, D,, D,(0) = 4,

Dy = —3CyDy +20°D3,  D5(0) = —555, 0
Co=—24C%—02Cy — Dy + a2, Cy(T) = —a?0,

C, =—10,Cy — D; —2)G, C\(T) = 2ab),

(Cy=—1C2—Dy+ ), Cy(T) =—0.

Sz |

This is an extension of the ODEs presented in [1].

The asset share price is based on the geometric Brownian motion that is used to model
stock prices in the Black—Scholes model in mathematical finance. We suppose that the asset
price S(t) satisfies the following ODE:

= Sn(M(t) + f(1)), @
where n > 0, M (t) = C,(t) — Cy(t) g;gg is the influence of the HFTs, f(¢) is the influence of

the professional traders.
Denote by S(t) the statistic asset price. We pose an inverse problem of finding such
turnpike function a(t) of the HFTs that would reproduce the statistic asset price:

T
J = / (S — S(t))gdt — min 3)
0

To do this, we apply the Pontryagin maximum principle to the problem (1)-(3). With it help
we construct an optimal control synthesis:

1 d?(InS(t))

- t
1 8 1 L
a(t> =—1In T - ()/f(T)dT T Ho + 2)\f<t) B 2>\7] dt?

2kn S(0) 2k

To satisfy the optimal control conditions, the initial and the terminal conditions of Riccati-type
ODEs (1), the following expression on the parameters should be true:

(), 151) 1
(0) 2779§(T) 26

U

1
,uo—a—i—anln

U

7)o [ fmrar=o.

We apply the Mean Field Games approach to describe the Chinese stock market crash in 2015.
The HFTs wanted to make profit through the transactions. The behavior of the professional
traders can be described as the behavior of one rational representative trader. We solve an
inverse problem of reproducing the asset price and explain the strategies of the HF'Ts and the
professional traders in the stock market during the Chinese stock market crisis in 2015.

The research is carried on with support of RSF, project No. 23-21-00281.
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The [-capture problem in a differential game with
conflict-controlled inertial players
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We investigate the [-capture problem for Pontryagin’s control example in a
differential game with two conflicting controlled players, where the controls of both
players are subject to geometric constraints. The goal of the first player (the pursuer)
is to [-capture the second player (the evader) by closing the distance between them
to a value of [. Conversely, the goal of the second player is to prevent the pursuer
from approaching it at a distance of [. The problem is divided into two parts. In
the first part, we assume that both players have the same movement dynamics, and
we construct an approach strategy for the pursuer, thereby identifying sufficient
conditions for [-capture. In the second part, we examine the [-capture problem
in the differential game when the players have different movement dynamics. We
directly solve the problem by applying the II-strategy.

Keywords: Differential game, players, strategy, guaranteed time

1 The main results

Differential game problems began to be examined systematically by Isaacs [1] in the 1950’s.
Fundamental results of differential games were obtained by Krasovsky [2], Pontryagin [3] and
others. The problem for the case of l-approach [4] was first studied by Indian mathematician
Ramchundra. Similar effects in the cases of geometric and integral constraint were considered
in the works of Chikrii, Rappoport, Pshenichnyi, Ostapenko, Petrosjan, Satimov, Grigorenko,
Azamov, Ibragimov, Samatov and etc.

Assume that a player P (the pursuer) chases another player E (the evader) in space R™.
Represent by x a state of the pursuer and by y that of the evader in R". Let us consider the
l[-capture problem when the players’ movements are based on the differential equations with
initial conditions

E: §+ki=v, y0)=uyy, Y0)=uyp,

where z,y,u,v € R", n > 2, k > 0; 1y, y;o are the initial states of the players accordingly,
and it is presumed that |x;q — y19| > I, ¢ > 0; x4, y;; are the players initial velocity
vectors correspondingly; the acceleration vectors u, v act as control parameters of the players
respectively, and they depend on the time ¢, ¢ > 0.

The temporal variations of u and v must be Lebesgue measurable functions u(-) : [0, +00) —
R™, u(-) : [0,400) — R™, and these functions are involved fulfilling the geometric constraints
(shortly, G-constraints)

ess sup |u(t)| < a, ess sup |v(t)| <,
o<t<tr o<t<tr
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where «, (8 are the given positive parametric numbers which represent the maximal acceleration
values of the players [6].

Introduce the denotation: z = x — vy, 2150 = 19 — Y105 211 = T11 — Y11-

We will construct a solution to the l-capture problem using the provided initial states z;
and z;,. It is important to note that there are only two possible cases in this situation:

Case 1. Players have the same movement dynamics, which is supposed to be z,; = y;; or
the vectors z;, and z;; are collinear, meaning that there exists a finite number 7 such that
2’11 - 7“2’10.

Case 2. The vectors z;, and z;; are non-collinear, meaning that they are linearly independent.

Definition 1. Let a > (. Then in the l-capture problem, we term the function
u(210,v) = v+ A, (219, 0) (M(210,v) — 219) the I1;-strategy of the pursuer, where

At (210, 0) = [{v,219) +al + \/((v, 210) +al) + (@2 — [v]2) (2102 — £2)| /(210> — €3,

m(z19,v) = —(v— )‘HZ(Zl(): v)z10)l/(Jv — )‘Hl (210, v)210])[5]-

Definition 2. Let o > 5. Then in the l-capture problem, we call the function
u(v) = v+ A\ (v)&;4, the l-strategy of the pursuer, where

An(v) = (v, 211) + V(v 210)2 + 02 — ]2, & = 291 /|211)-

Proposition 1. If a > 3 and r <0, then the equation

@Bk o Rl
a— B+ krlzl a— B+ kr|zy|

e ft =_At+B, A=

has a positive root with respect to t, and we denote it by t7.

Proposition 2. If o > (3, then the equation

2 x| 1 o
o—k(t—) = —k(t—7)+C, C:1+k (I3l =) T:—lna B+ |21k

a—p3 7 k a—pf

has a positive root with respect to t, t € [1,+00), and we denote it by 6. Here zj, = z(n),
(n €10,7]) and n is the time at which the players’ velocities coincide.

Theorem 1. Let a > [ and let the vectors z;, and z, be collinear in the l-capture problem.
Then the I1;-strategy is winning on the interval [0, t}].

Theorem 2. Let oo > 3 and let the vectors zyy and z;; be non-collinear, then in the l-capture
problem, using the II and II;-strategies can complete the l-capture in the time interval [0, t3],
where t5 =T+ 6.
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The inverse problem of determining the optimal
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fractional equation with a Gerasimov-Caputo operator
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The paper considers the direct and corresponding inverse problems for a quadrat-
ically nonlinear fractional equation with a Gerasimov-Caputo type differentiation
operator of variable order. In mathematical modeling of various processes using
the mathematical apparatus of fractional calculus, the parameter that determines,
for example, the order of the fractional is usually unknown. The inverse prob-
lem is formulated in order to restore the order of the fractional derivative or its
defining function, based on experimental data. For this purpose, the Newtonian
method of unconditional optimization is used, implemented in the form of the
Levenberg-Marquardt algorithm. The test examples show that it is indeed possible
to restore the value or type of a function of the order of a fractional derivative in
mathematical models based on the fractional analogue of the Riccati equation.

Keywords: inverse problems, unconditional optimization, Levenberg-Marquardt,
fractional derivatives, memory effect, nonlinear, implicit finite difference schemes

1 The main results

Fractional derivatives allow us to describe the memory effect and the heredity observed in
many dynamic processes [1]. Therefore, there is interest in using methods to find optimal
values for the model parameters that are responsible for this effect, based on observed data.
For example, when describing geological and geophysical processes, where direct measurements
deep underground are impossible, the order of the fractional derivative can be related to the
intensity of the process due to changes in the characteristics of the medium [2].

The Cauchy problem for a nonlinear fractional equation in the domain Q = {(¢) : 0 <t < T}
is considered as a direct problem of the form:

1 (o) — _a(Du(t)? u c N P
R ) | e = —oOu? 4o + (), 0 <a(t) <1, u0) = .
1

where, on the left is a fractional derivative of the Gerasimov-Caputo type of variable order
a(t); u(t) € C?[0,T], a(t), b(t), c(t) € C[0,T], a(t) € C(0,1); T'(-) — Euler’s gamma function;
U = %; — simulation time; ¢ — current simulation time; u, — constant. Task (1) serves as
the basis for a mathematical model of the volumetric activity of radon gas (RVA) [3]. RVA is
considered an informative and operational precursor of seismic events, which determines the
relevance and importance of solving inverse problems for (1).

* The research was funded by a grant from the Russian Science Foundation, project number 23-71-01050, which can be found at
https://rscf.ru/project/23-71-01050/
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Let a(t) € A be a function of some known class, and its type is determined by a certain
set of parameters. Then, according to [4], the solution to the inverse problem boils down to
finding X = [X,, ..., Xz_;), X € RX € R - unknown parameters characterizing o(t).

Let in a uniform latmce domain € = {(t; =i7) : 0 < i < N} with a sampling step 7 = T'/N,
where classes of lattice functions U € Qand A € Q the forward and inverse problems are
discretized: wu(t) = u(t;) = u,; € U, at) = a(t; ) = «; € A, similar to a;,b;,¢; € A.
The difference direct problem is represented by a non- local implicit finite dlfferenee scheme
(IFDS) [5]. Then the difference inverse problem can be represented as:

i—1
4; Zw; (“i—j - ui—j—l) + aui —bu; —¢; =0, ug = 6y, u; =0,
3=0
(X)) . B B (2)
A = , wh = (j+ 1)17(04()()) — (X)) 1<i<N,

"2 (X))

where, u; = 6, — known experimental data 6 = [0,,...,0,_,] about the solution (1) in the
domain of Q. Let w(X) = [wy, ..., wy_1] be the solution of the difference direct problem (1)
for some given X, then in terms of the theory of unconditional optimization [6], the solution
of the difference inverse problem (2) is reduced to minimizing the ¥ bias functional:

N-1
— 1

win ¥ (D) = M(nD), MEE)=EY 6w ©
S =0

[\

Assuming that at least U(X) € C'(G c R¥), G — convex set, the minimization problem (3)
is solved by the Levenberg-Marquardt method [7], in the form of an iterative procedure:

AX = (= (JTx J+~vE) ) x (JTx 7)),

where, J = J(X ) 8771 /8Xk ,i=0..N—1,k=0..K —1 - Jacobi matrix approximated by

finite difference; 5X —small increments X: X X initial estimate for X: n — iteration number;
~ — regularization parameter defining the step and the direction of convergence of the method.
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The aim of the paper is to study the cores of the famous Aubin extension for
so-called almost positive games. These games are characterized by nonnegativity
of the Harsanyi dividends of their non-singleton coalitions. So, being convex, these
games have their Shapley values inside the classical core. We prove that for the
Aubin extension of these games much more stronger result holds: the core of this
extension of any almost positive game consists of its Shapley value. The approach
we develop is based, mostly, on the close interconnection between the cores and
super-differentials of fuzzy cooperative games, mentioned by J.-P.Aubin.

Keywords: almost positive game, Aubin extension, Shapley value, core, super-
differential of a fuzzy game

O sape pacuunpenus O03Ha
MOYTH MOJIOKUTEIbHOI KOONEePATHBHOM UTPbI®
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Pabora mocesiniena aHaan3y B3auMOCBSI3U Mexay 3HaueHusmu Llleru u sigpamu pac-
muperHus O0’HA OYTH TOJIOKHUTEITBHBIX KOOMIEPaTUBHBIX Urp. [locienHue, ¢ TOUHOCTHIO
JIO aITUTUBHON COCTABIISIIONIEH, XapaKTEPU3YIOTCSl HEOTPUIATEIIBHOCTHIO CBOUX JUBUICH-
noB Xaprranbu. [loaTomy, Oyayun BBITTYKIIBIMH, ITOYTH MOJOKHUTEIBHBIE UTPHI COJEPKAT
3nauenus Lllernnu BHYyTpU CBOMX KiTacCHYECKUX siiep. B pabote moka3biBaeTcs, 4To JIs pac-
mpenust O69Ha OYTH MOJIOKUTENBHBIX UTP UMEET MECTO e1iie O0JIee CHIThbHASI KOPPEIIALINS:
UX fJIpa MOJHOCTHIO UCUEPIBIBAIOTCSI COOTBETCTBYIOMMME 3HaueHusamu Lllemnu. Mcnomns-
3yemas aprymeHTaius onupaercs Ha orMedeHHY0 JK.-I1.O03HOM BO3MOXHOCTh OIUCAHHUS
sJIep HEKOTOPBIX KJIACCOB HEUETKUX KOONEPAaTUBHBIX UTP B TEpMUHAX cynepauddepeHima-
JIOB UX XapaKTEPUCTHUECKUX (PYHKIIUHA.

KawueBble cjioBa: TOYTH MMOJIOKUTENbHAS Urpa, 3HaueHue Lllernu, pactmpenne O03Ha,
sapo, cynepanddepeHnman HeYeTKONH UTPhl

* Pabora BBIIONHEHA IIpH (PHHAHCOBON MOANEPIKKE IPOrpaMMbl (yHIaMEHTAIbHBIX HaydHbIX HccaenoBanuii CO PAH (Homep TeMsl
FWNF-2022-0019)
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1. OcHoOBHBIE pe3y/IbTaThI

O003HaYNM V(N ) COBOKYITHOCTD (KJIACCHYECKHNX) KOONIEPATUBHBIX UTP 71 JIMII, 3a/1aBa€MbIX Hea/l-
JMTHBHBIME (yHKIMAMH MHOKecTBa v : 2V — R, tme N = {1,...,n} - MHOXeCTBO MTPOKOB, a
3HadeHus v(S) TPaKTyrOTCs KaK MaKCHMAbHBIE FapaHTHPOBAHHBIC BBIMTPBIIIH, JOCTHXHMBIE KOOTIE-
panueii urpokoB, oobenunuBImxcst B Koamuiuu S (v(()) := 0). PaccmarpuBaeMble nanee noumu no-
n0drcumenvhvie upsl coctansior kouye Vi (N) = {v € V(N) | vg > 0, [S] > 2}, me
Vg = ZTCs(—l)‘ST‘U(T), a |\S| - uncio snemeHTOB B S.

HamoMHMM OIpeJie/ieHHe HEUeTKOH KOOIepaTHBHOH wurpel u ee supa. Ilomoxmm IV =
{(ry,...,7,) € RN | 7, € [0,1], i € N}. Henynesbie snementsi runepky6a [ naswisatorcs nevem-
Kumu koanuyusamu (cM., Hatpumep, [ 1]). KomnoHeHTa 7; He4eTKOi KOATUIUK T HHTEPIIPETUPYETCS KaK
YPOBEHB yJaCTHsI UTPOKa ¢ B 00nbIoi koautmu [N . Jlanee, Ui KaxKI0# HEUSTKOM KOATHUIIMH T HOIOKHM
N(1):={i € N | 1; > 0}. Kak u B ciry4ae ¢ KJIACCHUECKUMH UTPAMH, HEYCTKHE KOOIICPATHBHbIC HI-
PBI OTOXKIECTBIIAIOTCSA C UX XapaKTePUCTHUECKUMH QYyHKIMAMH U : 0 — R [1], tne o := 1 N {0}.K
HanboJee BAXKHBIM IIPHUMEPaM HEUETKHX KOOTIEPATHBHBIX UTP OTHOCSITCS TAK HA3BIBAEMBIC PACUUDEHUSL
Obsna v 4,, 0OBIYHBIX KOOIEpaTHBHBIX UIP U € V(N) : vy, (7) == ESGUO vs Il g Ti1/|5\7 T E Op,
e oy = 2V {0}.

I[TpuBe/eM elie ABa KITFOUEBBIX TIOHATHS - OJIOKHPOBAHUE B HEYETKOM UIpPe U OMpeesIeHre ee sapa
(nanee e - nauKatopHas ynkius maokectsa N : (ey); = 1,7 € N, u G (ey) := {z € RY |
> ey Ti < v(ey)}). ByneM rosoputs, 4T0 KoamMUUA T € O f GIOKUPYeM PACTIPEIEICHHE BEIATPbI-
weil (kpatko: BeMrpbim) x € G, (ey) HEYETKOH UIPBI v, €CIH CYLIECTBYET BEKTOP Y = (Y;)ien(r)
Taxoi, uro (bl) y;, > x,;, 9 € N(7);(b2) ZieN(T) 7,9; < v(7). CoBokymHoCcTs C(V) BBIMIPBILIEHT
z € G,(ey), KoTopbIe He OJIOKUPYIOTCS HUKAKON HEUSTKOH KaJUIUel T, Ha3bIBACTCS Z0POM HEUSTKOM
UTPBI V.

OCHOBHOI1 pe3ynbTar paboThl OMUPAETCs Ha TECHYIO B3aUMOCBS3b sEp U cynepanddepeHnaios
HEKOTOPBIX KJIACCOB KOOIIEPATUBHBIX MIP. HallOMHNM CHavana MOHATHE CYIeprpaineHTa HeYeTKON Ur-
poi: Bektop ¢ € RY HaspBaeTcs cymeprpaguenToM UIpsl v : 0 — R B Touke 79 € 0, ecrn BBIMON-
nsteres yenosue v(7) — v(70) < ¢+ (1 —19), T € 0. Tlonowum ex = Le . Muoxkectso dv(en*)
CyIMeprpagieHTOB UTPBI U B TOUKE € p* OyleM Ha3bIBaTh cynepoudepenyuaniom uepel v [2]. Yenopus
cosmagennst C'(v) n 51}(6*]\,) yKa3aHsl B [2].

Hapsiny ¢ pesynbraramu u3 [2], npu aHanuse siapa pacmmperus O03Ha UCTIONb3yeTCS U OHO M3

CIIEZICTBUI M3BeCTHOHN Teopembl Mopo-Pokadennapa, otHocsmeiics k Gopmyne cyonuddepenmnmana
cymmbl Gynkimit [3] (ke dom f; := {z € RN | f,(z) < oo}).
Caexncrue [3] [Iycmb cobcmeennvie binykavie Qyukyuu fy, ..., f,, Maxkogvl, umo Kaxcoas u3 Hux
ABNAEMCsL HenpepbleHOUL 6 Hekomopotl mouke T € X, 20e X = N dom f;. To2oa é kaxcooi mouxe
x € X cyboughghepeyuan ux cymmol pasen cymme (no Munxosckomy) cyooughgepernyuanod smux
@yHrkyuil.

[IpuBenem ocHOBHOM pesyibrar pabotsl. Huxe ®(v) = (P(v)q, ..., P(v),,) - sHavenue Lllenmu
urpsl v € V(N): @(v), := ZSGUi vg/|S|, i€ N,tme o, :={S C N |ieS}

Teopema Eciu v € V(N) sgnsemes noumu nonoscumenvrou uepoi, mo C'(vy,,) = {®(v)}.

Cnucok aureparypsbl
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[2] Vasil’ev V.A. Core and super-differential of a fuzzy TU-cooperative game //
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On identity for dyadic coverings of closed sets with zero
measure”

Andrei Vasin
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We relate a dyadic covering of a closed set with zero measure in Euclidean space
and a dyadic covering of its complement. We apply an identity proved for certain
porous and weakly porous sets

Keywords: entropy, Dyn’kin inequality, Borichev-Nicolau-Thomas characteristic

1 Background

A set E of the unit circle T is called porous if there exists C' such that for any arc I C T there
is a subarc M (I) C I containing no points of F and satisfying

|M(I)| > C|I|.

Dyn’kin proved uniform discrete entropy characteristization of the porous set [2]:

> Wltog g < 1) (tos i + € m

seilme— o

where C'is not depending on [.

The porosity condition and estimate (1) appear naturally in the free interpolation problems
for different classes of analytic functions smooth up to the boundary of the unit disc D C R?
(see [2]).

Another characterization of porosity with application for the weak embedding property
of singular inner functions on the unit circle T was found by Borichev, Nicolau and Thomas

in [1, Lemma7]: a set F is porous if and only if there exists C such that for any arc I C T one
has

>, Mo, @)

JNE+), JeD(I)

where D(I) is a dyadic decomposition of I.

So, in the Dyn’kin inequality, the description of a porous set involves arcs free from points
of the set, while in the Borichev-Nicolau-Thomas characteristization, arcs intersecting this set
are used. Our main goal in this paper is to extend the related characterization on the higher
dimensional case. In fact, we will show that the discrete Dyn’kin inequality (1) coincides, in a
sense, with the Borichev-Nicolau-Thomas property (2).

* The research is supported by RNF, project No. 23-11-00171.
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2 Main results

We deal with a certain generalization, and consider general closed sets of zero Lebesgue
measure in R?. The dyadic formulation is convenient from the point of view of our proofs.
The dyadic decomposition of a cube R € R? is

D(R) = | | D;(R)

Jj=0
where each D(R) consists of the 2/ pairwise disjoint (half-open) cubes @, with side length
0(Q) = 2774(R), such that
R= |J @
QED;(R)

for every j =0,1,....

Theorem 1. Let E € R? be a closed set with |E| =0, and let R € R? be a cube.

Define two families of dyadic cubes. The first one D(R,E) ={Q € D(R): QNE #+ 0} is
a family of all dyadic cubes intersecting E. The second family F (R, E) consists of all pairwise
disjoint dyadic cubes Q" € D(R) such that Q' NE =0, but tQ" NE # 0. Then Q' NE =10,
but 1Q" N E # (. Then

R
> lRl= > IQ’Ilog% 3)

QED(E,R) Q' €F(R,E)

Remark 1. The sums in (3) are bounded for a set E of finite entropy over R:

/1 g L dx <
0g ————dzx < 00,
r  dist(z, E)

otherwise, both the sums diverge to infinity.

We apply Theorem 1 two precise characterization of weakly porous sets.
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Complex wave solutions to the M-fractional Kuralay-1IA
equation via unified solver method
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In this study, one of the complex wave solutions of M-fractional Kuralay-ITA
equation is get by unified solver method in terms of He’s variations method. In
accordance with basic properties of proposed technique, it extracts vital solutions in
explicit way. It is an easy-to-use method applied to obtain various exact solutions
of nonlinear partial differential equations arising in mathematical physics.

Keywords: M-fractional derivative, wave Solutions, Kuralay-ITA equation

1 Statement of Problem

Consider the M-fractional Kuralay-IIA equation given as [1]:
iDy;u— Dypl (D%Eu) —vu =0, (1)

D%ﬁrv — QGDR"/A’,’Wt |u|2 =0, )

here u = u (x,t) is a complex valued function while v = v (z,t) is a real valued function. The
conjugate of complex valued function v is u*, € = 41 where x and t are the spatio-temporal
real variables.

2 Unified Solver Method

This section contains description of unified solver technique [2]. Consider the nonlinear
partial differential equation of the following form:

E (), b4, b0y P11 s ) - (€)

Applying the wave transformation ¢ (z,y,t) = ¢ (£), & = kyx + kyy + kst, (where k; = 1,3
are velocity of the wave ) into (3) the following equation is obtained:

N(¢7 ¢27¢/7¢//7 ) = 07 (4)

here N is a nonlinear ordinary differential equation that has partial derivatives of ¢ dependent
on ¢. Based on He’s semi-inverse method [3,4,5], the variational model for (4) can be obtained
by the semi-inverse method [5] which reads:

10) = [ < g
where £ is Lagrangian function connected with the derivative of ¢ given in the form:
1 /
L£=5(0)-0Q (©)
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here @) is the potential function. We look for a solitary wave solution in the form

¢ (x,y,t) = Asech (ug) , ¢ (x,y,t) = Asech? (u€) , ¢ (2,y,t) = Atanh (1), (7)

where A and p are constants determined later. Assume that systems of equations can be
reduced to the form:

L@ + Lyd® + Ly = 0, (8)

in which L;, i = 1,3 are real coefficients. Multiplying (8) by ¢’ and taking integral according

to &
1

’ 2 4 2
- L, =0, 9
where L is a constant of integration. Thus (8) can be written in the form:
24 aQ
o =54 @=— (1t T+ ), (10)
where 7 I
2 3
=2 g =2 gy =—L,. 11

Implementing the semi-inverse method [3,4,5] to solve (8) that constructs the following
variational formulation from (9):

1 /
I= / [5 (¢)" + 70" +716° + 7 | dé. (12)
Substituting (7) into (12) then making I stationary according to A and p:
ol oI
_— = 0' _— = 0. 13

Solving (13), we get A and p. Thus the solitary wave solution given by (7) is well determined.

2.1 The first family

First family of solution is as follows:
6 (€) = Atanh (6) 0 = . (14)

Substituting from (14) into (12), we have

|

1
[}P (72/\2 + §/~02> sech® § — A? (29,A% + 7, ) sech® 9] dg

I= A2 p? sech® @ + v A% tanh? 6 4 v, A? tanh® 0 4 70] do

=~
N =

= oS~ 8o~~—3

tl'—‘

+; (72)\4 + ’}/1>\2 + ’}/0) /d@
0

Under the condition
Yo = —\? (’72)\2 + ’71) ) (15)
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we find that )

I= En [47,A2 + 3y, — 2] (16)

By resolving the two requirements, the values of A and p that makes I to be stationary with
respect to A and p are found:

ol —\
— = = [169,A2 + 679, —24%] =0 7
ox = 3 10722+ 6% =27 =0, (17)
ol A2
o 32 [47920% + 3y, + p?] = 0. (13)
Solving (17)-(18) and using (14), solution of (10) take the form:
O() =[5+ tanh (£y/=76). (19)
2

As a result, the first family of solution in (8) has the following structure:

_ =L | Ly
p(&) ==+ I tanh (:I: 2L1g>. (20)

3 Implementation of the proposed method

Let us consider the following travelling wave transformations:
rQa
u(z,t) =U(§) X exp (z (% (Tx® + ut"‘))) , (21)

v(a,t) =v(e), £ = LT

here 7, 1,2 and A are the parameters. By using (21) into (1) and (2), we gain the real and
imaginary parts respectively as:

(Qz™ 4+ At?),

2XeU3 — (Q(pu (T —1) —¢)) U + AQ2U” =0, (22)
A—TA—puQ) U’ = 0. (23)
From (23) , we get the speed of soliton given as:
Q
A= (24)
1—7

3.1 The first family solution
Considering (20),(21) and (24) the first family complex solution of (1) is obtained as:

2 _ 9T —
u(x,t):j:i\/m- UT —cT+pu+c
2ue

ut? —2ur — et +pu+cl (14 7) iy
Qx® te
tanh (\/ 22 - x* + T

v €<Z( I‘(1a+W) ) (T$a+uto¢)) .
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In this paper, elliptic optimal control problems with L!-control cost and box
constraints on the control are considered. Motivated by the efficiency of the
multilevel heterogeneous alternating direction method of multipliers (mhADMM)
and the primal-dual active set (PDAS) method in solving optimal control problems,
we combine the efficiencies of the two methods and propose an efficient two-phase
strategy. In Phase I, we use the mhADMM algorithm, which is highly efficient in
obtaining a moderate accuracy solution. In Phase II, the PDAS method is used
as a post-processor of the mhADMM algorithm to get a more accurate solution.
Numerical results show that the two-phase strategy is highly efficient.

Keywords: optimal control, mhADMM, PDAS, two-phase strategy

1 The main results

In this paper, elliptic optimal control problems with L'-control cost and box constraints on
the control are considered:

1 a!
. R T a ,
(yﬂglel{}XUJ@’u) N 2Hy yd||L2(Q) T 9 HUHL2(Q) + 6”””[,1((2)

s.t. Ly=u+y, in €, (P)
y=0 on 0f),
ueU,;={v(x)|a<v(z)<baeon} CU,

where Y := H}(Q),U := L*(Q2),Q C R*(n = 2, 3) is a convex, open and bounded domain with
CY1- or polygonal boundary; the desired state y, € H'(2) and the source term y,. € H'(Q)
are given; parameters o, 5 > 0, —00 < a < 0 < b < +00; L is the uniformly elliptic differential
operator.

To numerically solve problem (P), we apply the First optimize, then discretize approach.
First, we consider using mhADMM [1] to solve (P). Specifically, we introduce the artificial
variable z and use the solution operator S to rewrite (P) as a two-block separable convex
optimization problem with linear equality constraints. Then, we give the iterative scheme of
the inexact ADMM in Hilbert space. Second, we employ the finite element method to discretize
the subproblems in each iteration. Different from the classical finite-element-based algorithm,
the mhADMM algorithm introduces the idea of gradually refining the grid rather than fixing

* This research was funded by the National Natural Science Foundation of China (No. 12301477, No. 42274166), the Fundamental

Scientific Research Projects of Higher Education Institutions of Liaoning Provincial Department of Education (No. JYTMS20230165),
the Fundamental Research Funds for the Central Universities (No.).
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the mesh size during the computation process. In the initial iterations of the algorithm, the
precision is relatively low. Thus, employing a coarse mesh does not deteriorate the precision
but reduces the computational cost. While as the iteration process proceeds, the iteration
precision becomes higher and higher. In this case, it is necessary to use a finer mesh. Finally,
we rewrite the subproblems into matrix-vector forms. We can see that the u-subproblem is a
saddle point problem and the z-subproblem has a closed form solution. The u-subproblem
can be solved by the generalized minimal residual (GMRES) with the preconditioned variant
of modified hermitian and skew-hermitian splitting (PMHSS) preconditioner.

However, mhADMM is only efficient in obtaining medium accuracy solutions. For more
accurate solutions, we consider combining the mhADMM algorithm and the PDAS method [2,3].
Therefore, we introduce a two-stage strategy. Specifically, in Phase I, we utilize the mhADMM
algorithm to obtain a moderate accuracy solution as a initial point, in Phase II, the PDAS
method is used as a post-processor for the mhADMM algorithm.

We use the following example to illustrate the numerical performance of our two-phase
strategy. All of our computational results are obtained by MATLAB R2023b with the FEM
package iFEM [4] running on a desktop computer with Intel Core i7 CPU (2.10 GHz) with
32GB of RAM.

Example: Consider:

e T0) = gyl + Sl + Bl
4 s.t. —Ay=u+y, inQ=(0,1)x(0,1),
y=0 on 0f),
L u€ U,y ={v(z)la <v(x) <b, a.e. on N},

where the parameters « = 0.5, = 0.5,a = —0.5,b = 0.5, y* = sin(7x,) sin(7x,y) and p* =
2Bsin(27xy ) exp(0.5z4 ) sin(4mz,y). The optimal control solution u* = II; (L soft(p*, B)),
the source term y, = S~1y* — u* and the desired state y, = y* — (S*) " !p*.

We present the numerical results obtained by the proposed two-phase method. As a
comparison, numerical results obtained by the PDAS method are also presented. In our two-
stage strategy, we terminate the mhADMM when the KKT residual n < 1073 to warm-start
the PDAS algorithm which is terminated when 1 < 1071°. In the PDAS method, we terminate
the PDAS method when the KKT residual n < 10710,

From the numerical results, it can be observed that our two-phase strategy is faster and
more efficient than the PDAS method in terms of the computational time with different final
mesh sizes. Moreover, with the final mesh size becomes smaller, our two-phase strategy has
an evident advantage over the PDAS method in the computational time.
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The first initial-boundary value problem for a
pseudohyperbolic equation™

Ma Xin

Novosibirsk State University, Novosibirsk, Russia
s.ma20@g.nsu.ru

We consider the first initial-boundary value problem in a cylinder for an equation
unsolved with respect to the highest time derivative. This equation belongs to
the class of pseudohyperbolic equations. In one-dimensional case, it describes the
propagation of waves with consideration of the surface tension. In this work, the
existence and uniqueness of a generalized solution to the first initial-boundary value
problem in Sobolev space are proved, and estimates for the solution are obtained.

Keywords: pseudohyperbolic equation, first initial-boundary value problem, gener-
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1 The main results

We consider the first initial-boundary value problem for a strictly pseudohyperbolic equation
(see [1]) in a cylinder Q= {(t,z) € R :t € (0,T),z € G C R"}:

((agl + a1 A + asA?)D3u + (byI + by A + byA%)D,u
+(doI + dy A + dy A% + d3 A% )u = f(t, ),

) u‘t:o = ¢1(2), Dtu‘tzo = po(z), (1)
_ 0 _ 92 _
\U‘S_O’ 8_55_0’ 8_1/’L2L|S_0’

where a3 —4agay < 0, asby < 0, asb; >0, agby <0, agdy > 0, asd; <0, agdy > 0, agyds < 0.
Here G is a bounded domain with smooth boundary 0G, v is the unit vector of the outer
normal to 0G,

S={(t,z) €Qr: t€(0,T), z€dG}.

This equation is called the generalized Boussinesq equation [2-3]. In one-dimensional case,
it describes the propagation of waves in a liquid with consideration of the surface tension.

Let us discuss the existence and uniqueness theorem for the first-initial boundary value
problem (1).

Theorem 1. Let f(t,x) € Ly(Qr), p1(x) € W3 (G) and py(x) € W2(G). Then the initial-
boundary value problem (1) has a unique generalized solution u(t,x) € W21’3(QT) such that
there ezists D, Au(t,x) € Ly(Qp); moreover, the estimate holds

lut, ), Wy (Qq)]| + | Dy Au(t, x), Ly(Qr)]

< C(Hf(t,w), Ly Q)| + o1 (2), WEHQp)] + 02 (), W22<QT>H)'

* The work is supported by the Mathematical Center in Akademgorodok under agreement No. 075-15-2022-282 with the Ministry of
Science and Higher Education of the Russian Federation.
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Algorithms for rasterizing two-dimensional objects and
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The aim is to study the rasterization algorithms and create tools for rasterization
of closed surfaces. The implemented tools are used for rasterization of three-
dimensional objects.
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AJITOPUTMBI pacTepu3anuu AByMEPHbIX 00bEKTOB U IPAJIHEHTA

B. A. SIxoBies

WHCTUTYT MaTeMaTUKy U MHPOPMALMOHHBIX TEXHOJIOT Uit
WpxyTckuil rocynapcTBeHHslil yHuBepcurer, Upkyrck, Poccus
zedark890@gmail.com

Lenb paboTHI 3aKIII0YaETCS B U3yUYSCHUH AITOPUTMOB PacTEPU3ALIUHU U CO3/1aHUH HHCTPY-
MEHTapHsI AJIs1 pacTepHU3alny 3aMKHYTBIX TIOBEPXHOCTEH C LETbI0 AATbHEHUIIIETO HCIIOIb30-
BaHUS PEaIN30BaHHOTO MHCTPYMEHTApUS Ul pacTepU3aluy TPEXMEPHBIX OOBEKTOB.

KiroueBble coBa: AJITOPUTMBI paCTCpU3allvuu, MpsAMasa, MHOI'OYyTrOJIbHUK, IBET, TPAAUCHT

B nokinane paccMOTpeHbI alrOpUTMBbI paCTEPU3ALMH ABYMEPHBIX H TPEXMEPHBIX 00bEKTOB U TPa/In-
€HTa M WX peau3alls Ha s3bIKe IporpaMMHUpOBaHus python ¢ uconp3oBaHreM OHOIMOTEKH pygame.

B paboTe paccMOTpeHHO Ba)KHOE MOHATHE pacTepu3anuu: 4- u 8-CBSI3HbIE pa3BepTKH. Peanm3ona-
HBI aJITOPUTMBI OTPUCOBKHU TPSIMBIX: HHTEPIIOISLUS MPSIMOI 1o opMylie y = ax + b; HHTEPIONSAUSI
no ¢opmyne y[i+1] = y[i] + a; anropurm bpesenxeiima. Ha ocHOBE 0HOTO U3 aJITOPUTMOB OTPHCOB-
KU TIPSIMBIX pa3o0paH crocoObl pacTepr3aiud MHOTOYTOIBHUKOB M pacTepU3allii OJJHOTOHHOTO 1IBETa
MIPU MOMOIIH AJITOPUTMa OTPUCOBKHA MHOXKECTBA TOPU3OHTAIBHBIX MPSIMBIX BHYTPH BCEH TOBEPXHOCTH
MHOTOyTOJIbHHUKA. Pa3paboTan mporpaMMHBIN HHCTPYMEHT, O3BOJISIOLINHA OTOOpakaTh MOBEPXHOCTb,
3aJMTYIO TpagueHToM. [IporpamMmma, COIEpKUT ClIeAYIOMNI HHCTPYMEHTAPHA: (PyHKIIMH Pa3IMYHbIX ajl-
TOPUTMOB pacTEpU3aLUN NPSIMOM; pacTepr3alus KapKacHOrO TPEyTroJIbHUKA; pacTepU3aLns TPEYTroib-
HUKAa C OTHOTOHHBIM LIBETOM; pacTepu3alusl TPEYroJIbHUKA C OJHOTOHHBIM LIBETOM U IApaMETPOM TEHU;
pacTepu3alus TPEyrojbHUKA C TPAJIUEHTOM.
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Sparse optimal control problem governed by
cyber-physical systems using PQA method

Dongyao Yang, Jinlong Yuan
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We examine a linear time-invariant system influenced by a static state feedback
control mechanism. Its form can be written as Ka(t—7(||K||,)), where K represents
its gain matrix and || K|, means the number of nonzero entries of the matrix K. And
the varying delay 7(||K||,) is arises due to the time required for the transmission
of the state information and the computation of the control input. Governed by
this linear time-invariant system, we minimize the conventional cost functions,
which are written as J(K) in this study, to obtain the optimal feedback matrices
K7. Nevertheless, the resulting K} matrix obtained by conventional computational
methods is always dense. The objective of this paper is to minimize ||K||, while
satisfying the constraint |JO(K) — J°(K7)| < e. The sparsity of the gain matrix is
approximated by a piecewise quadratic approximation (PQA) model. Then, we
formulate an iterative algorithm to solve the transformed problem, and undertake
a numerical experiment to illustrate its practical utility and efficacy.

Keywords: sparse optimal control, sparse feedback matrix, iterative thresholding
algorithm
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A minimization method with sequential use of constraint
functions when constructing embedding sets*
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We propose a cutting method with approximation of the constraint region to
solve a constrained minimization problem. The developed method is characterized
by the fact that the constraint functions are used sequentially when constructing
approximating sets. This approach of taking into account constraints is implemented
as follows. At the initial step only one constraint is used and the number of involved
constraints increases as the iteration points reach the admissible set. As a result, the
volume of computational operations performed when constructing approximating
sets is reduced, which makes the proposed cutting method convenient from a
practical point of view for problems with a large number of constraints. The
convergence of the developed cutting method is proven, and the estimate of the
accuracy of the solution is obtained.

Keywords: constrained minimization, convex function, cutting methods, cutting
plane

Let f(z), g;(z), j € J = {1,...,m}, m > 1, be convex functions defined in the n-
dimensional Euclidean space R,,, G; = {z € R, : g;(v) < 0}, G' = jQJGj, G"" C R, be a
convex closed set, G = G’ N G”. Let us immediately note that the interior of the set G' can
be empty. We solve the problem min{f(x) : z € G}.

Suppose f* = min{f(x) 1z € G}, X' = {2 € G+ [(x) = ['}, " € X" g(x) = max g,(x),
df(x), dg;(z), j € J, are subdifferentials of the functions f(x), g;(x), j € J, at %he point
x € R, respectively, K = {0, 1, ... }, I(z, J) = {je Jix¢ G;} , where JcJ.

The proposed method constructs points z;, k € K, as follows.

0. Choose a convex closed set M, C R, such that z* € M,. Put k = 0, J} = {1},
JE=J {1}.

1. Find the point z,, € M, NG”" N{zx e R, : f(z) < f*}.

2. Form subsets J;, J; C J as follows. Put J| = I(xy, J}). If I(z), J2) = 0, then J;” = 0.
Otherwise, J; is chosen as any non-empty subset of the set I(zy, JZ). Put J, = J, |JJ;. If
Jy, = 0, then the iterative process is stopped, and z, is a solution of the optimization problem.

3. Choose finite sets A} C dg;(xy,) for all j € Jy, and put

M., =M, r} {xERn:gj(xk)—l—(a,x—wk)gOVaeAi}. (1)
J€Jk
4. Put JE, = JEU T JE ., =JE J), k:=k+ 1, and go to Step 1.

In cutting methods with approximation of the constraint region (see, for example, [1,3,2/4]),
to construct the next approximating set, a certain subset of constraint indices is formed

* This paper has been supported by the Kazan Federal University Strategic Academic Leadership Program (“PRIORITY-2030").
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at each step. The process of forming such a subset of indices can be very labor-intensive,
since all the constraint functions that define the admissible set are involved. Therefore, in
practice, there is a need to consistently take into account the restrictions involved in the
construction of approximating sets, and this method of using restrictions in the proposed
method is implemented as follows.

The transition from the current approximating set M, to M,  ; occurs by separating the
point z;, from the set G’ by cutting planes according to (1). In order not to use all the
restrictions that define G’ in this transition, the set J is divided into two parts. The first part
J ,i includes numbers of restrictions that are allowed to participate in the construction of cuts
at the kth iteration, and in the second part J ,:f there remain unused numbers of restrictions,
and in a certain way can be transferred from J? into the first part of J}! 41 indices to carry
out sequential accounting of all functions g,(z), j € J. In particular, for I(z,, J 2) £ 0 it is
permissible to put the number j, € I(z,, J?) of some constraint g;, (x) or a small group of

numbers J, C I(x, JZ) into J;’. Then the set of constraint numbers J;’ that were not taken
into account at previous iterations according to Step 4 will go into the set J}! 41 and the numbers
from J;/ from the next iterations will be taken into account when cutting iteration points
from the set G’. Due to this feature of the constructing the set J;/, consistent consideration
of constraint functions is implemented when constructing approximating sets.

The convergence of the method is substantiated and the estimate of the accuracy of the
solution is obtained.

Theorem 1. Let the proposed method constructs the sequence {x.}, k € K. Then any limit
point of this sequence belongs to the set X*.

Theorem 2. Let g]f(x), j € J, be a strongly convex function in R, with strong convexity
constant 17 > 0, x € G, and at some step k € K the inclusion j € Jy, is performed, the points
x;, are constructed, y, = T + a(x, — ), where a € (0,1) is a fivzed number. If for some & > 0

the inequality g;(x),) — g;(yy,) < & holds, then the estimate f* — f(z;) < ||.§||\/2§/(,ujfo?(1 —a)
is valid, where s € 0f(x).
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Interacting particles

in continuous-discrete signal estimation*

Olga Yufereva
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The work studies a class of Monte Carlo methods for state estimation problems,
i.e. for the objective is to retrieve the state by its noisy observations. These methods
not only model the underlying process but also help to attenuate observation
noises. We explore what types of particle interactions can be utilized, highlighting
their respective advantages and drawbacks. The novelty of this work lies in the
adaptation of the known methods for a continuous-discrete estimation problem,
revealing unexpected similarities and complexities in the modification process.
Our findings suggest that the direct application of these methods may not always
produce the expected results.

Keywords: particle filters, interacting particles, linear filtering, state estimation

1 Setup

1.1 State and its observations
Let us consider R™-valued continuous-time state process
dz, = Az, dt + G dw, (1)
with RP-valued discrete-time observations
Yy, = Ca(r,) + v, The1 = Tpy k€N )

where 7, are the arrival times of a Poisson process N,, w, is an R"-valued standard Wiener
process, v, ~ N (0,V) for each k € N. We let (2, F,P) denote the underlying probability
space. The matrices A € R"*™ C' € RP*"™ and G € R™*™ are assumed to be constant.

The intensity A > 0 of the Poisson process is counted as a parameter; it affects the
properties of the filter such as stability. Notice that NV, is associated with 7, as a counting
process, i.e. N, = ZZ 0,,<¢ Hence its range of values is a.s. the set of natural numbers with
zero. The observations (2) restricted to an interval [0,], as {y,, | 7, € [0,]} generate the
sigma-algebra ¥,.

1.2 Optimal filter

Let us recall that such filtering system has an optimal solution z, = E[z, | ¥,]. It can be
described for each sample path of the observation process, as shown in [2, Th. 7.1]. For our
case, it is more convenient to reformulate it in according to [3, Th. 3.3] as follows

dz, = AZ,dt + K,(y, — CZ,)dN,, 3)

where K, = P,C"(CP,CT +V,)~! and the covariance matrix P, = E[(x, —Z,)(z;, — %,)" | Y,]
satisfies dP, = (AP, + P,A" + GG")dt — K,CP,dN,.

* The work was performed as part of research conducted in the Ural Mathematical Center with the financial support of the Ministry of
Science and Higher Education of the Russian Federation (Agreement number 075-02-2024-1377).
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1.3 Particle approach

Due to the linearity, and Gaussian noise, the distribution of the optimal estimator is Gaussian
and it suffices to have only its first and second moments. However, the evolution of z, :=
E[x, | Y,], depends on the evolution of the error covariance matrix and the computation of P,
is often costly for higher dimensional systems.

On the other hand, using the particle approach, it is possible to compute (an approximation)
of the conditional distribution without solving the differential equation for the evolution of
covariance matrix. This can be done by finding a process that implicitly describes the optimal
filter. Namely, the following condition (4) is on the consideration.

Law (s, | ¥;) = Law (z, | Y,) vVt >0 4)

Afterward, such a process is approximated by interacting particles.

2 The main results

Different processes might play the role of exact filters. It turns out that there are several
ways to construct exact filters that can be approximated by computation-friendly methods
and provide sufficiently good efficiency. Taking particular solutions one can obtain analogues
of particle filters for the purely continuous case, described in [1]. Indeed, for particles s’

1t =1,...,m, let the empirical mean and the empirical covariance be
1 m
sm — Si m = — — S — §m T. 5
t m ;_1 t Q4 E t ) (5)

The gain matrix becomes L7* = QCT(CQM™CT +V,)~L. The corresponding m-particle filters
have the following forms:

1. ‘Transport-inspired’ particle filter:

. . 1 )
dst := Astdt + —GGT(Q'{”)_ (St —&)dt + <L;nyt L Cst + 2" (si — 5 ))de (6)

Tk TN Tk =1y W \ STy =1

2. ‘Vanilla’ particle filter:
dsi i= Asidt + Gdwi + L™ (yt _Csi— v;;) dN,, ®)

The noises wi ~ N (0, I),vi ~ N(0,V,) are independent copies of w, and v, respectively, while
the Poisson process NV, is common for all the equations. One should note that the ‘vanilla’
filters resembles its continuous analoque while the ‘transport-inspired’ one differs significantly:
the matrix-valued coefficient Z does not appear in continuous case. In contrast, the dependence
on the covariance, hidden in =, becomes inevitable in the case of our consideration.
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Abstract

The motion model of a four-wheel car is a class of nonlinear dynamic system in two-
dimensional plane. The Koopman operator is a linear infinite dimensional operator,
which can describe the evolution process of a nonlinear system. Extended dynamic
mode decomposition(EDMD) is a variation of dynamic mode decomposition method
based on the Koopman operator, which can elevate the nonlinear system state
into an approximated linear space with higher dimensions so as to improve the
accuracy and interpretability of models. Our work is to build a predictor based
on EDMD method to predict a four-wheel car motion trajectory. By using three
different types of base functions, the prediction performance of the predictor based
on EDMD method is better than other two predictors.

Keywords: Nonlinear dynamic system, Kooperman operator, Model predictive
control
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This paper presents a new bundle method for solving generalized variational
inequalities. This method introduces inexact data to accelerate the convergence
rate of the algorithm. Finally, the effectiveness of the proposed algorithm is verified
by numerical experiments.

Keywords: non-smooth optimization, bundle method, inexact information

1 The main results

Let I" denote a monotone multivalued operator defined on a real Hilbert space H equipped
with the inner product (-,-), let C represent a nonempty closed convex subset of H, and
let I : H— RU{+o0} be a lower semicontinuous (l.s.c.) proper convex function. We are
concerned with the following general variational inequality problem:

P) Find z* € C' and o(x*) € T'(z*) subject to, for every z € C,
(o(x*),x —a*) + l(z) — l(z*) > 0.

In this paper, we assume that C' C int(doml).

Then, we make the following assumption: at each given point x € R", for € > 0, call the
oracle to obtain [ € R satisfying I(z) := l(x) —e.

It is expensive to solve the subgradient of a non-smooth function, so we use the subgradient
at some point T near x, expressed as g(¥), instead of the approximate subgradient at that
point x .

Proximal Bundle Algorithm For Solving Problem (P).

Step 1. Let an initial point 2° be given, together with a tolerance p € (0,1) and a positive
sequence {py,},cy. Compute o(z°) € T'(2°). Set y° = 2%k =0,i=1.

Step 2. Choose a piecewise linear convex function # <[ and solve

min{6 + (o ("), & — %) + it [n(w) — n(=") = (Va(ah), z —a*)]}

Where 7 is a strongly convex function, so we get a unique optimal solution 3* € C.
Step 3. Determine whether candidate point y* is suitable, if

~ ~

i(@*) = 1(y") = pli(a™) = 0(y")] + (1 = p){o(a),y —2¥).

* the National Key Research and Development Program of China (No.2022YFB3304602), the International Postdoctoral Exchange
Fellowship Program 2020 by the Office of China Postdoctoral Council (N0.2020003), the National Natural Science Foundation of China
(No.11701063, 11901075), the Project funded by China Postdoctoral Science Foundation (N0.2019M651091 and 2019M661073). The
corresponding author: Ming Huang.
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then make a Serious step, set **! = ¢ and increase k by 1; otherwise, make a Null step, z*

is kept fixed for the next inner iteration and set z**1 = z¥.
Step 4 Increased 7 by 1 and go to Step 2.
Example 1. Consider the following problem:

{ min,eo{w + (0(z"), 2 — %) + g (@) — n(a®) — (Vn(a*), 2 — %)},
subject to w > U(y") + (9(¥"), = — y").

where
3 — 92y — 1;
[(r) = max { e*11%2;
J;‘ll + m%,
and ['(z) = Az (A, denotes a second-order identity matrix),
and x = [ry, 2], m(x) = 2 — 25|
Solution:

Table 1: The results of Example 1.

Algorithm T x* fr k STNT Time
exact (0.5,0.5) (—0.2825,—0.1727) 0.1912 15 9 5  0.3303842
inexact  (0.5,0.5) (—0.2825,—0.1727) 0.1813 15 9 5 0.163582

Where , denotes the initial point; represents the stable point; denotes the value of the function
at the stable point; k represents the total number of iterations, with ST and NT representing
the Serious steps and Null steps; Time represents the running time of the algorithm.

It can be seen from Table 1 that the inexact algorithm obtains better optimal values and
takes less time, which proves the actual effectiveness of the algorithm. We will introduce more
examples to enhance the generalization of the algorithm.
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On boundary value problems with nonsmooth solutions
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We study boundary value problems with nonlinear boundary conditions. The-
orems for the existence and uniqueness of solutions are proved, the qualitative
properties of solutions are studied and formulas for representing solutions in explicit
form are presented.

Keywords: Stieltjes integral, functions of bounded variation, nonlinear boundary
condition

1 The main results

We study boundary value problems with nonsmooth solutions and nonlinear boundary con-
ditions. Such problems model deformations of elastic systems having localized interactions
with the environment. We assume that the movement of one of the ends of the investigated
physical system is limited by a bounded, closed, convex set C. Depending on the applied
external force, this end either remains an internal point of C or touches the boundary of C.
This leads to a nonlinear boundary condition at the corresponding point.

The deviation of the investigated physical system from the equilibrium position is described
by an integro-differential equation with the Stieltjes integral, that makes it possible to take
into account singularities localized at separate points (concentrated forces, elastic supports)
and to carry out point-by-point analysis. The corresponding equation is an analogue of the
Euler equation and together with boundary conditions it is obtained by the variational method
from the problem of the energy functional minimizing.

We obtain the necessary and sufficient conditions for the extremum of the energy functional,
prove the existence and uniqueness theorems, find explicit formulas for solutions, study the
qualitative properties of solutions and dependence of solutions on the size of the set C.

Moreover, models of oscillations of string systems are studied under the assumption that
the limiter can move in the perpendicular direction to the plane where the investigated physical
system is located in the equilibrium position. For such problems, existence and uniqueness
theorems for solutions are proved, an analogue of d’Alembert’s formula is obtained, problems
of boundary control of oscillations are solved.
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